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Polynomial integrals of reversible mechanical systems
with a two-dimensional torus as the configuration space

N. V. Denisova and V.V. Kozlov

Abstract. The problem considered here is that of finding conditions ensuring that
a reversible Hamiltonian system has integrals polynomial in momenta. The kinetic
energy is a zero-curvature Riemannian metric and the potential a smooth function
on a two-dimensional torus. It is known that the existence of integrals of degrees 1
and 2 is related to the existence of cyclic coordinates and the separation of vari-
ables. The following conjecture is also well known: if there exists an integral of
degree n independent of the energy integral, then there exists an additional integral
of degree 1 or 2. In the present paper this result is established for n = 3 (which
generalizes a theorem of Byalyi), and for n =4, 5, and 6 this is proved under some
additional assumptions about the spectrum of the potential.
Bibliography: 14 titles.

§ 1. Introduction

In this paper we consider natural mechanical systems with two degrees of free-
dom that have a two-dimensional torus as the configuration space and admit an
additional first integral that is a polynomial with respect to momenta. Such systems
are, of course, completely integrable. Their polynomial integrals are representable
as sums of homogeneous polynomials in momenta with coefficients that are smooth
single-valued functions on the configuration space.

Birkhoff [1] considered a local problem of the existence of linear and quadratic
integrals that are polynomial in velocities. He discovered that the existence of a
linear conditional integral is related to the existence of a ‘hidden’ cyclic coordi-
nate, while a quadratic conditional integral allowed one to separate the canonical
variables. Global versions of these results are known ([2], [3]) in the case when
the configuration space of the system is a two-dimensional torus. The problem of
polynomial integrals of degree at most 2 was discussed also in [4] and [5].

The problem of polynomial integrals of the geodesic flows on two-dimensional
tori has been studied in [6] for metrics that have a trigonometric polynomial as the
conformal factor. It is shown there that if the geodesic flow admits an irreducible

This research was carried out with the financial support of the Russian Foundation for Basic
Research (grant no. 99-01-01096), the Federal Program “State Support for the Integration of
Higher Education and Fundamental Science” (grant no. 2.1-294), and also the Program ‘Univer-
sities of Russia’ (grant no. 5581).

AMS 1991 Mathematics Subject Classification. Primary 58F05, 70HO05.



190 N. V. Denisova and V.V. Kozlov

additional integral polynomial in momenta, then the degree of this polynomial is
at most two. This result was improved in [3].

In [7] the authors discussed the problem of the existence of a complete collection
of independent polynomial integrals for systems with configuration space diffeo-
morphic to the torus T™ = {z1, ..., z,, mod 27}, the kinetic energy

e~ ..
T= 5 Zaijmimj, a;; = const, (1.1)
i,

and a potential V': T™ — R that is a trigonometric polynomial. They found that
there exists a complete collection of polynomial integrals if and only if the spectrum
of the trigonometric polynomial V' lies on k& < m mutually orthogonal straight
lines through the origin. It that case it was shown that there exist m independent
integrals of degrees at most 2. By Weierstrass’s theorem, trigonometric polynomials
are dense in the space of smooth functions on the torus. Nevertheless, the approach
of [7] cannot be applied to systems with potential of general form.

As pointed out in [8], a natural mechanical system on a two-dimensional torus
with kinetic energy

T = (5 + ) (1.2)

can have no irreducible integrals of degree three or four: in these cases it necessarily
has integrals of degrees one or two, respectively. This result has gained recognition
and is often cited (see, for instance, [9]-[11], where this range of problems is dis-
cussed). However, only the proof for integrals of degree three can be found in [8];
moreover, it has a gap, which is fortunately not very essential for metrics of the
form (1.2). Still, if we have a metric of the general form (1.1), then repairing this
gap requires additional effort (we discuss this in greater length in §4). For integrals
of degree four the method of [8] does not work even in the simplest case of the
metric (1.2).

Polynomial integrals for systems of interacting particles with potentials

Y flai—ay), (1.3)
1<j
have been studied in [12]. In all the integrable cases discovered the periodic func-
tion f has poles on the real axis. As shown in [13], if the potential of pairwise
interaction is periodic and has no singularities, then the system with potential
energy (1.3) cannot be completely integrable.

In the present paper we study the problem of polynomial integrals of degree n
with kinetic energy of the general form (1.1) and an arbitrary analytic potential.
We generalize Byalyi’s theorem in the case n = 3 and prove similar results for
n =4, 5, and 6 under additional assumptions about the spectrum of the potential.

§ 2. Auxiliary results

We consider now a Hamiltonian system whose configuration space is the two-
dimensional torus T? = {q1, g2 mod 27 }. This Hamiltonian system has the following
form:
ap? + 2bpipz + cp3

2

H = +Wi(aq1, q2), (2.1)
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where the potential W is a 2m-periodic function in ¢; and ¢o; a, b, and c are real
constants such that a > 0 and ac—b? > 0. We shall look for a potential W such that
there exists an integral F' independent of the energy integral H that is a polynomial
of degree n in momenta, with 27-periodic coefficients.

Let

+oo
W = Z[W]wlw et(wiaitwz2qz)
—00

be the Fourier series of W. We mean by the spectrum of W the following (generally
speaking, infinite) subset of the integer lattice:

S ={w=(w1,wz) € Z* : [W]w,w, # 0}

The map w — —w takes this subset into itself.
Assume that there exists a polynomial (in the momentum variables) integral

F=F,+F, 1+F, 2+-+Fp

of degree n, where Fj, is a homogeneous (in momentum variables) polynomial of
degree k with coeflicients that are smooth functions of ¢; and ¢2. Note that the
Poisson bracket of two homogeneous polynomials of degrees r and s in pi, po is
a homogeneous polynomial of degree r + s — 1. Hence if F is an integral of a
Hamiltonian system with Hamiltonian (2.1), and then the functions

¢ =F,+F, o+--- and ®p=F, 1 +F, 3+

are also integrals of this system. Hence we can assume that F' is a sum of homoge-
neous polynomials that have only even or only odd degrees.

Conditions for the existence of linear and quadratic integrals are well known
([1]-[3]). For n =1 the spectrum of W must lie on a straight line passing through
the origin. If n = 2, then the spectrum must lie on two lines orthogonal in the
intrinsic metric generated by the kinetic energy. Note that this is not a standard
situation for metrics of the general form: there do not necessarily exist orthogonal
lines passing through nodes of the integer lattice.

Assume that the spectrum of the potential lies on some straight line. Then
W = f(mq1 + ng2), where m and n are coprime integers and f is a 2w-periodic
function. In that case the system has the integral F} = mps — np;, which is linear
in momenta.

Assume now that W lies on two lines intersecting at right angles at the origin.
Then

W = fi(miq1 +n1qz) + fa(maqi + n2q),

where we assume that the orthogonality condition is
amims + b(ming + mani) + cning =0,

and the functions f; and fy are, of course, 2w-periodic. Then there exists a qua-
dratic integral

Fy 4+ Fo = (a(r1 4+ r2) + 2b)p; + 2(c — ary1ra)p1ps
— (e(r1 +r2) 4 2bri7r2)p3 + 2(r1 — r2)(f1 — fa),

where r; = m;/n;.
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Let (2.1) be a natural mechanical system admitting an additional independent
integral F' of degree n > 3. If n is even, then

F:Fn+Fn—2+"'+F2+F07
where Fj is a function of ¢; and g¢s. If n is odd, then
F=F,+F, o+---+ F3+ F;.

The kinetic energy can be conveniently put in diagonal form by means of a linear

transformation
<m1> 17 <(]1>7 IT| # 0.
x2 q2

We now pass to the new variables z; and x5, which are conformal in the covering
plane of the torus. We extend this to a canonical transformation ¢, p — z,y, where

(o) =)

Then
2 2
H=Hy+ V(zy,z2), Ho=2 ‘2””, (2.2)
+oo P +oo .
V=) W™ 0 = [ W,e ), w ez
—00 — 00

Clearly, I "'w ¢ Z? in general: the spectrum of W lies after this transformation in
the nodes of some lattice of parallelograms.

Let "
Fn = szn]y?_zyé7

1=0
n—2

Frg = b0 Sy =2 iy, (2.3)
=0
n—4

Fn—4 = bin_4]y?_4_1y§:
=0

Poincaré showed ([14], see also [11]) that one can assume the functions F,, and
Hj to be independent — otherwise there exists an integral of lower degree. As
proved in [4], F,, and Hy are dependent if and only if

b([)”]—b[2”1+b£1”]—---=0, b[ln]—b:[;n]—l—b[;]—"'zo-

We shall call the sums on the right-hand sides of equalities (2.3) the Birkhoff sums
(see [1]). They are equal to the real and the imaginary parts of F,, for y; = 1 and

ygzi.
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Using the Poincaré method one can prove the following results (see [11]; Chap-
ter IV). First, the leading polynomial F),, has constant (in other words, indepen-
dent of z; and x3) coefficients bgn]. Next, assume that a point with coordinates m;

and msy, m3+m3#£0, lies in the spectrum of the potential. Then
1tms

yg% — yl% =0 for myys +moys = 0. (2.4)
An equivalent result: the polynomial
my % + ma %
oy )

is a multiple of myy1 + may2. Let Gin,m, be the ratio of these polynomials; this is
a homogeneous polynomial of degree n — 2.
Our central result is as follows.

Theorem 1. The following equality holds on the line myy; + mays = O:

O0G 1y ms m O0G 1myms
8y1 2 8y2

This supplements Poincaré’s classical result (2.4). For better understanding of
conditions (2.4) and (2.5) we consider the special case when the spectrum of the
potential lies on the vertical line (m; = 0). Then the Poincaré condition (2.4) is

equivalent to b[ln] =0, while (2.5) becomes the equality b:[;n] =0.

Remark. It makes sense to conjecture a more general result: all coefficients of the
polynomial F,, with odd subscripts are equal to zero. Unfortunately, we could
not prove this; in any case this would not enable us to establish completely the
conjecture concerning irreducible integrals that we mentioned in the introduction
(see §5).

§ 3. Proof of the central result

From the equation {F, H} = 0 we deduce relations on the coefficients of the

integral F'. We write down the equations corresponding to the monomials yiy%
such that ¢+ j = n + 1. This is a group of n + 2 equations:

8()[-n] 8b['”]1
-1 _ - [n] _gln]  _
8;1 8;32 =0, j=0,...,n+1, b =br, =0. (3.1.n)
As already mentioned, these equations have only constant solutions; let
G const, i=0,...,n.

K] K]
Setting equal to zero the coefficients of monomials yiy% such that i +j =n —1,

we obtain the following group of n equations:

apln=2 gpln-? oV oV
J i=1 o, Y ] 9V
81?1 + 8.112 - (n .])a] 81?1 + (.] 1)(1]+1 8.112 )

j=0,...,n—1, plr;A=pnA o (3.1.n—2)

n
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The remaining equations are similar:

apln=4 gpln4 RY% 1%
j j—1 N ['n—2] . ['n—2]
8.1?1 + 8152 N (n 2 J)bj 8.1?1 + (J + 1) itl 8152 ’
j=0,...,n—3, b U =pH =, (3.1.n —4)
opln =2 gplr- 2l 1% oV
j—1 [n—2(1-1)] [n—2(1-1)
=(m—20-1 A
81?1 8.112 (n (l ) )b T =+ (.] =+ l)b]-i-l 8.112 )
j=0,...,n—20+1, b =plr 2~ (3.1.n—21)

Now, if n is even, then the last group contains two equations:

0
88%1 = 2b] gg‘; + 88_3‘; : 88(;[?2] ol 38;/1 + 20 3—3‘; . (3.1.0)
If n is odd, then the last equation is as follows:
0= b g;/ +b 3:2 (3.1.-1)
Equations (3.1.n—2) are linear; we can solve them by the Fourier method. Write
+00 g
V= Z[V]uvei(um1+vwz)7 bgp—2} _ Z[bgﬁ—2]]uvei(uw1+vxg)7 j=0,...,n—2
—oo

where the [V],, and the [bg-n_m]w are the Fourier coefficients. It is easy to show
that for each choice of v and v we obtain the system

[n] (n]

—u 0 0 ... O0 0 nag u+aj v [bE”_Q]]uv
—v —u 0 ... 0 0 (n — l)a[ln]u + 2a[2n]11 [b[ln_2]]uv
0 —v —u ... 0 0 (n — 2)a[2n]u + 30,[3”]11 [b[2n—2]]uv -0 (3 2)
—v  —u 2a£Lnl2u +(n— l)aLnllv (D
0 —v aLnllu + naLn]v V]uw

The system (3.2) has non-trivial solutions only for u and v such that the determi-
nant of the system vanishes. We calculate the determinant of the (n X n)-matrix
expanding it along the last column:

0= (na[ Ju + a[n] Wt —((n — l)a[ Ju + 2a[n] Yup™ 2
+- 4+ (=1D)" (Q(IKLlQU +(n-1) L] w2y 4 (1) 1(a[ n] 1w+ nalMo)un 1.
We can transform this identity. Let z = u/v; then z is a zero of a polynomial of

degree n:
n

S0+ 1)y — (n— i+ 1)al) 2t = 0. (3.3)

=0
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Here the constants ag-n] (where a[ﬂ = aﬁil = 0) are such that (3.3) has at least
one real 100t 2, = Upm/Um. Let V be a function of the following form:

n
V=" fu(umes + vmz2),
m=1

where
—+o0

PR S

A=—00

that is, assume that the spectrum of V lies on at most n straight lines in the real
plane. We shall call these lines containing the spectrum of V' the spectrum lines
of V. Counsider, for instance, the kth line. Rotating the plane about the origin
we can make this line vertical. Extending this to a canonical transformation we
obtain a Hamiltonian function of the kind (2.2), but the potential energy now has
the following form:

n

V= fkt(vkth) + Z fm(umml + 'UmJ:Q)- (34)
Tk
Note that
%:Umfy/n:’u_m%, m:l)_..7n, m;ﬁk
Oz U OT1

Here the dash indicates the derivative with respect to the argument of the function.
From the first three equations in (3.1.n — 2) we shall determine the functions

bgl_Q] and b[ln_Q]. To this end we write down explicitly the first three equations in

the group (3.1.n — 2), where a[ln] =0:

by 2 ] OV
p— _— 3-5
8.1?1 nao 8.1?1 ’ ( )
[n—2] [n—2]
8.1?1 8152 8152
36[2n_2] 36[1n_2] (n] OV (n] OV
= (n—2)aM I 2. .
8.1?1 + 8152 (n )a2 8.1?1 + 3(13 8152 (3 7)
We can express bgl_m from (3.5):
bgl_m = nagl]V + cgl_m (22),
where cgl_m is a function of zo alone. We can find this function from (3.6):
bl ml (e = U Ofin ) | dl ml (e = Vm Ofm
il S Gk Um Gm ) 4 %0~ _ o I Gk Ym GJm ),
0x1 +nag (dmg + zz:l Wy, OT1 ) + dzs @2 (dmg + zz:l Wy, OT1 )

m#k m#k
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This is an equation of the following form:

oA (dcr? m ()
— (2 — “E ) = 3.8
8.1?1 ( dl?g ( @2 nao ) dl?g ) 07 ( )

where

n— n n - Um
A:b[1 2]—(2a[2]—na[0])<z u_fm>

m=1 "
m#k
It is clear that the only functions in (3.8) containing harmonics of the form e®®2

are cgl_m and f,. They satisfy the equation

deg ™™ ool alnly A
—— — (2a5" — — =0.
s (205" —nag") dzs
c . [n—2],
This gives us ¢ “:
& = @al? el + o)
where a[on_2] = const. Thus, we have found b[on_Q]:
bgl_Q] = nagl]V + (2a[2n] — nagn])fk + a[on_Q]. (3.9)
From equation (3.6) we can determine b[ln_Q]. Recall that we have transformed the
function (3.6) to the form (3.8), where
0A
— =0.
8.1?1
Here "
_ v _
7 = o el (32 g )+l ),
m=1 Um
m#k
where c[ln_2] is a function of xo alone. We get it from equation (3.7) after writing

it down explicitly:

36[2n_2] [n] [n] " o 2 Ofm dc[ln_2]
Tm+(2a2 —nao )(Z E 8—111 +d—m2

ok
o o w OV w (A x Vm Ofm
= (n —2)as pr + 3ag (de —l-mzz:lum oz, )
m#k

This is an equation of the following form:

[n—2]
oY n (dq _3a:[3n]%> =0, (3.10)

8—151 dl?g dl?g
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where
n 2 n
n— n n Um n n Um
T = b[2 2]+(2a[2 ] —na[o ])<Z (u_> fm> —(n—2)a[2 ]V—Sa:[g]<z u_fm>
mzk mZh

The only functions in equation (3.10) containing harmonics of the form 2 are
c[ln_2] and f;. For these functions we have the equation

dey ™", dfi

= 0.
dl?g 3 dl?g
This gives us c[ln_2]:
C[ln—Q] 3(13 ]f + an 2],
where a[ln_2] = const. Thus, we have found b[ln_ )
b[”—Q] -3 (n] 9 [n] (n] Um. - [n— 2]' 3.11
1 ag " fr + (203" —nag") mz::lumf ta; (3.11)
m#k

We now proceed to the first equation in the group (3.1.n — 4). Substituting for
b[on_Q] and b[ln_Q] in this equation their expressions (3.9) and (3.11) we obtain

D = )V + 2 — )+ o) 2L
mak mk
=n(n— 2)6%”% 88—‘;2 +(n—2)(2a" — nag“])aaf% +(n—2)al"? 83_;/1
mZk

Um

n 2
n]zvm Ofk fm m)_ . 1 9 3 i
+3a Ory + (2az" — nag )2 Oz \\ 2 umfm
m;ék

n
[n—2] VU Ofm

+a —_— .
! mz::l Uy OT1

m#k

This equation has the following form:

ov n) (n—2]\ A% [n] s Ak [N~ Um
24" _ (S 2] =0, (312
pr + (3a3 fr +ai )dmg + (2a5 nag )d umf 0 (3.12)
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where
_ 2 n n n n—
U= %a[o W24 (n—2)@2ad" — nal™) fiV + (n - 2)af PV
n n— " Um 1 n n S Um ’ =
+ 3y fi + df %(Z:;%0+5@@]‘mpm§:?%0 o
nt ik

Clearly the only functions in (3.12) containing harmonics of the form e?*2 are
f7. and fi fr.. For fi we have the following equation:

2]

(3ay" fi + al' 7 4 ) f, = 0, (3.13)

where s is the mean value of

2! —naf) (3 225,

m=1 Um
m#k

By assumption fi is a non-constant analytic function. Since the ring of analytic

functions contains no zero divisors, it follows that a:[gn] = 0, as required.

§ 4. Integrals of degree three

Theorem 2. If a system with Hamiltonian (2.1) admits an integral F3 + Fy of
degree three with F3 # 0, then the spectrum of the potential energy lies on a single
line passing through the origin.

Corollary. Under the assumptions of Theorem 2 the Hamiltonian equations have
an integral linear in momenta.

For a = ¢ and b = 0, Theorem 2 becomes Byalyi’s theorem [8].

Proof of Theorem 2. Since F3 # 0, the algebraic equation (3.3) has at most three
real roots. Thus, the number of spectrum lines of the potential energy is at most
three.

The case where the spectrum lies on two lines has been considered in [11]; Chap-
ter IV. It is shown there that the Hamiltonian equations admit an additional poly-
nomial integral if and only if these lines are orthogonal (with respect to the metric
generated by the kinetic energy). We emphasize that this holds for integrals of arbi-
trary degree. If the spectrum lines are orthogonal, then there exists a polynomial
integral of degree two. It remains to show that there are no non-trivial integrals of
degree three in this case.

Assume the contrary: let F3 + F; be an integral of degree three and let

F3 = aoyy + a1y3y2 + asy1 9 + asys.- (4.1)
Rotating, we can make one spectrum line vertical. Then the other line is horizontal,

because of orthogonality. By (2.4), a; = az = 0. Using Theorem 1 we obtain two
additional relations: ag = ag = 0. Hence F3 = 0, which is a contradiction.
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Remark. The case where the spectrum lies on two straight lines was not discussed
in [8] — probably for reasons of space.

Now it remains to consider the case of three distinct spectrum lines. We assume
that one of these lines is vertical. Then a; = a3 =0 in (4.1). Let (u,v) be a point
in the spectrum with u # 0. Relations (2.4) and (2.5) bring us to the equalities

3agv® + az(u? —20*) =0 and aou® + azv? = 0. (4.2)

Since ag and ap must be distinct from zero (otherwise F3 = 0), the determinant of
this linear system vanishes:

vt +2u? —ut =0, or 3zt+222-1=0, (4.3)

where z = v/u. The roots of this biquadratic equation are :I:\/g/ 3. Thus, the
angles between the spectrum lines are 7/3. Now, each equation in (4.2) gives rise
to the following relation between the remaining coefficients ag and as:

3ag + as = 0. (44)
Remark. This is the case left out in [8], where Byalyi introduces the quantities
ki = ui(al + 3az + zi(Sao =+ ag)),

where the z; = v;/u; are the zeros of (3.3), and he assumes that only one of
these quantities may vanish. In the above case, however, k;; = 0 for 1 < 7 < 3.
Still, it must be pointed out that the metric considered in [8] has the standard
form (1.2), therefore (since the biquadratic equation (4.3) has irrational roots)
oblique spectrum lines cannot pass through nodes of the integral lattice.

Thus, it remains to consider the exceptional case when the angles between the
three spectrum lines of the potential energy are multiples of 7/3. The Hamiltonian
function can be reduced to the following form:

(i +v3)
2

where the fs are non-constant periodic analytic functions.

The additional third-degree integral F' has the form F3 + boy; + b1y2, where by
and by are analytic functions on the configuration torus. In our case a; = a3 =0
and (4.4) holds. Since F3 # 0, we can set ag = 1 and az = —3.

The functions f, are defined up to arbitrary additive constants. We shall assume
that (f2) = 0, where (- ) denotes the mean value on the torus T? = {x1, z2 mod 2}.
Since f, is a periodic function, there exists z3 such that f(x3) = 0. We set

b
=t ey + & (45

The condition {H, F'} = 0 is equivalent to the following system of equations for

bo and bq:

H= +f1(\/§$1 +$2)+f2($2)+f3(—\/§$1 + z2),

ob ob ob

SN0 L3VB(L - ) =0, S 6(f 5 =0,

0xy Ory  Ory (4.6)
by '

P 3VB(fs— 1) =0, V3bo(fs— f1) —bi(fi + f5 + f5) =0.
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The first and the third equations give us the equalities
by = 3[f1 + f3 + ao(mg)] and by = 3\/§ [fg — fl + al(ml)], (47)

where ap and a; are periodic functions of one variable that are not yet known.
Substituting (4.7) in the second equation in (4.6) we obtain

d d
a°+fﬂ+2f2—0

Averaging with respect to x; and zo we see that ag = —2f> + ¢g, ¢g = const, and
a1 = c¢; = const.
Now, equalities (4.7) take the following form:
bo=3(fi—2f+fs+co), bi=3V3(fs - fi+c). (4.8)

Substituting (4.8) in the last equation in (4.6) we obtain a non-trivial relation
between the functions f,:

2i(fh—fi=5)+Blh—fi—c)+2f(A-f+3-F) =0 (49

We set o = m2 and

g1(0) = [i(VBz1 +a8) — o) + T - 5, o
ga(w1) = fo(~VBa1 +9) — falad) + 5. .
Since z9 is a critical point of fa, equality (4.9) takes the following form:
8i (9193) =0.
Hence
g193 = ¢ = const . (4.11)

Averaging the first equality in (4.8) over T? we obtain

(bo) = 3((f1) — 2(f2) + (f3) + co)-
By assumption (f1) + (f5) = 0 (see (4.5)) and (f2) = 0. Hence ¢y = (bg)/3. Clearly,

(f3) {bo)
(93) = —T—f2( 9) + 6

In view of (4.5), the right-hand side of this equality vanishes. Since g3 is a periodic
function of mean value zero, it must have zeros. Hence the constant ¢ in equal-
ity (4.11) is zero. The ring of analytic functions contains no zero divisors, therefore
either g1 or g3 vanishes identically. Then, however, (4.10) shows that one of the
functions f1 and f3 is constant. Hence (4.9) has no non-trivial periodic solutions,
which completes the proof.

Remark. Equation (4.9) has aperiodic solutions. One simple example is as follows:

fi=exp(V3z1 +22), fo=exp(—222), f3=-exp(—V3z1+22),

and the constants ¢y and c¢; are equal to zero. This corresponds to the case of an
integrable Toda lattice for three particles with centre of mass separated out.
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§ 5. Integrals of degree four

Assume that equations with Hamiltonian (2.1) admit a four-degree integral

F4 + F2 + FQ, where
Fy = aoyi + a1yiy2 + a2yiys + azyiys + aays. (5.1)

We can assume without loss of generality that one of the spectrum lines is vertical.
Then the results of § 2 show that a; = a3 = 0.

Let (u,v), u # 0, be a point in the spectrum. Conditions (2.4) and (2.5) give us
the relations

2a0v3u + as (u3v —uv?) — 2a4uv = 0,

5 (5.2)

2aovu + as (uv® — uv) — 2a4uv® = 0.
They are trivially satisfied if v = 0. Hence the existence of a horizontal spectrum
line is not an obstacle to the integrability of the system in question.

What other straight lines can be spectrum lines in the case of an integral of
degree four? Dividing the left-hand sides of equations (5.2) by uv and adding up
we obtain

2(ag — aq)(u® +v?) = 0.
Hence ag = a4. Now, each equation in (5.2) can be brought into the following form:
(2a9 — az)(u? —v?) =0,
therefore 2ag = as or u = fv. In the first case the Birkhoff sum ag —as + a4 is equal
to zero. Bearing in mind the equalities a; = a3 = 0 we see that the polynomial F}
is a multiple of the kinetic energy (y? + y3)/2. However, we have already excluded
this case (see §2). Hence u = +v. This means that the bisectors of the coordinate
sectors are also ‘admissible’ spectrum lines.
Thus, we have proved the following result.

Proposition 1. If a system with Hamiltonian (2.1) admits an irreducible integral
of degree four, then its spectrum lies on three or four straight lines making angles
w/4 or m/2 with one another.

This result leaves out the system with Hamiltonian
_ Wi +9)
H ===+ filz1) + fo(zr + 22) + fa(@2) + fa(zz — 21).
Here the fy are 2m-periodic functions at least three of which are not constant. An
integral of degree four independent of the energy integral can be brought to the
following form:

4 4
F— (y1 ‘Z?b) tFy+ P
From the condition {H, F'} = 0 we deduce (as in §4) the following relation for the
functions fs, which is similar to (4.9):

V4 3fifs +2fifs — ffa+3f1fs —2f1f) — fofs = 3f2f3 — 2f3 f3
+ 1 fa+3f3fi+2f5 ) +a(fi — f3) +e2(fy = fi) =0. (5.3)
Here the dash indicates the derivative with respect to the argument of the function
and c¢; and co are constants. Unfortunately, we have not managed to show that

equation (5.3) has no non-trivial periodic solutions. Note that (5.3) has aperiodic
solutions.
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§ 6. Integrals of degree five or six

Assume now that a system with Hamiltonian (2.1) admits a fifth-degree integral
F5 + F3 + Fl, where

F5 = aoy; + a2y y3 + asyrys + asys- (6.1)

As before, we assume that one of the spectrum lines is vertical (so that we set from
the start a; = ag = 0 in (6.1)). If the integral is irreducible, then there must be
at least one extra spectrum line. Assume that it contains a point in the spectrum
with coordinates u, v (u # 0). Relations (2.4) and (2.5) give us two equations:

'yz4 +02% +ay+ S5a5z =0,

6722 4 0(32% — 222 + 1) + a4 (1022 + 4) + 30a52> = 0. (6.2)
Here v = bag — 2az, 6 = 3a2 — 4aq4, z = v/u.

In fact, if the spectrum is irreducible, then there must be a third line. For it is
shown in [11] that if the spectrum lies on two lines that are not orthogonal, then
there can be no additional polynomial integrals of any degree whatsoever. On the
other hand, if the two spectrum lines are orthogonal, then there exists a quadratic
integral, and the above integral of degree five must be reducible.

Assume that the third spectrum line contains a point with coordinates u; and vy
(u1 #0) and let z; = v1/uy. Then z; # z satisfies the same equations (6.2). Thus,
we obtain a system of homogeneous linear equations with respect to vy, J, a4, and as.
If the determinant A of this system does not vanish, then F5 = 0 and the integral
is reducible.

The determinant A is as follows:

30(22 4+ 1) (22 +1)(2 — 21)%(2 + 21)[2227 + (2221 + 1)? — (2221 + 1)(2® + 2?)]. (6.3)
Since z # z1, it vanishes in the following two cases:
(a) 21 =—z, (b) 2222 4+ (2221 +1)? — (2221 + 1)(2* + 23) = 0.
In case (a) the additional spectrum lines are symmetric with respect to the first
vertical line. The equation in case (b) is easily soluble if one sets 2zz; + 1 = =.

Then 22 — z(22 + 27) + 2227 = 0. Hence x = 22 or = 2%, and therefore

2221 +1 =27 or 2zz +1=2z]. (6.4)

P (13—22>_1. (6.5)

Assume that the second (the third) spectrum line runs at angle ¢ (¢1) to the
horizontal axis. Then (6.5) is equivalent to the relation

In the first case

1 =2pt7/2.
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This gives us a simple construction of the third spectrum line: we rotate the second
line by angle ¢ counterclockwise and draw the orthogonal line. The second equation
in (6.4) has a similar geometric interpretation.

Note that each of the last two spectrum lines can also be distinguished (and set
to be vertical). Then the mutual position of the remaining two lines must also have
the above properties. In particular, assume that the vertical and the horizontal axes
contain points from the spectrum. Then the third spectrum line makes angle 7/4
with the horizontal axis.

Let Iy, 11, and Iy be straight lines through some point; we assume that [y is
vertical. Let z and z; be the slopes of [; and I3 (the tangents of their angles with
the horizontal axis). We shall say that Iy is conjugate to l; with respect to ly (and
write I — l2) if 2z and 2z are related by the equality

22 -1
2z

zZ1 =

Note that this conjugacy relation is neither reflexive nor transitive.

We can state the above results on the structure of the structure of the spectrum
of a Hamiltonian system possessing an irreducible integral of degree 5 as follows.
Let Iy, l1, and I3 be three arbitrary spectrum lines. Then /; and /5 are symmetric
relative to lg, or Iy — lo, or o — 7.

As one example we consider the case when the spectrum lies on five lines, each
making angle /5 with the preceding one. We denote them by lo, Iy, ..., 14 (Fig. 1).
We claim that the necessary condition for the existence of an irreducible integral of
degree 5 is satisfied in this case. For the table of the conjugacy relations existing
between these lines (with respect to ly, for definiteness) looks as follows:

lo—>lo, ll—>12, lQ—>l4, lg—>ll, l4—>lg.

Figure 1
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We fix ly. Then we can choose two other spectrum lines by one of the six ways:
ll and l4, 12 and 13, ll and 12, ll and 13, 12 and l4, 13 and l4.

In the first two cases the two lines are symmetric relative to [y, and in the remaining
cases one line in the pair is conjugate to the other.

We now discuss the problem of an integral of degree six. It must have the form
F6 —+ F4 =+ F2 =+ FQ, where

Fs = aoy + asyivs + aayiys + asyr1ys + aeys. (6.6)

We assume that one spectrum line is vertical, so that (6.6) contains no coefficients aq
and ag.

We can also assume that, alongside the vertical line, there exist two additional
distinct spectrum lines defined by their slopes z and z;. By (2.4) and (2.5) the
real-valued slope z satisfies the equations

6a2” + (—22° + 42%)ay + (—42° + 22)ay + (52° — 1)as — 6agz =0, (6.7)

10ag2® + (22° — 62% + 22)ag + (—22° + 62° — 22)ay + (52* — 52%)as — 10a62> = 0.
(6.8)

It is convenient to introduce the variables
Y1 = 6(10 — 2(12, Y2 = 4(12 — 4(14, Y3 = 2(14 — 6(16. (69)

In this notation equations (6.7) and (6.8) get a simpler form:

12° + Y222 + 32 + a5(5z2 —-1)=0,
10y; 2% + 42(32° — 42° + 32) 4+ 107323 + a5(302* — 3022) = 0.

Obviously, the same relations hold for z;. Thus, we obtain a homogeneous linear
system with respect to 71, 72, 3, and as. If its determinant is distinct from zero,
then these parameters must vanish. Since a; = a3 = 0 and we have (6.9), both
Birkhoff sums

a1 —az+as and ag—as+ a4 — ag

vanish in that case, which means that Fs is a multiple of (yf + y3)/2 (the kinetic
energy of the system).
The above determinant is equal to

zz1(zz1 + 1)A, (6.10)

where A is defined by (6.3). Hence we can determine the possible position of the
two remaining spectrum lines from the condition that the product (6.10) vanishes.
We have already analyzed the condition A = 0 in our discussion of integrals of
degree five. In the present case we have two additional relations: zz; = 0 and
zz1 +1 = 0. The first shows that one spectrum line can be horizontal, and the
second is the orthogonality condition for two spectrum lines.
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Now let Iy, I3, and Iy be three arbitrary spectrum lines of a Hamiltonian sys-
tem. If it possesses an irreducible integral of degree six, then one of the following
conditions must hold:

(a) 1y or Iy is orthogonal to lo,
(b) I is orthogonal to Iz,
(c) l; and Iz are symmetric relative to lo,
(d) 1 = Iz or ly — Iy (with respect to lp).
We consider now the example when six spectrum lines make angle /6 with one
another. We fix one of them, say ly. Then there exist 10 ways to select I; and Is.
It is easy to verify that in each case one of conditions (a)—(d) is satisfied.

§ 7. On integrals of arbitrary degrees

There exists another approach to the problem of integrals polynomialin momenta.
Assume that the spectrum of the potential energy lies on n distinct straight lines
passing through the origin. As pointed out in §2, the dynamical system admits no
non-trivial additional integrals of degree k < n in this case. Hence the minimum
possible degree of an additional polynomial integral is n.

On the other hand we showed in § 4 that if a system admits an integral of degree
three and there are three distinct spectrum lines, then they make angles /3 with
one another. A similar observation holds for integrals of degree four: the four
possible spectrum lines make angles 7/4 with one another. It turns out that this
observation can be generalized.

Theorem 3. If there exists a polynomial integral of degree n independent of the
enerqgy integral, then the n spectrum lines of the potential energy make angles
T 27 (n—1)m

5 5 ey

n n n
with one another.

This indicates an interesting connection between a continuous symmetry group
(related to the additional integral) and discrete symmetries of a dynamical system.
Theorem 3 has an interesting application to systems with ‘standard’ metric (1.2).

Corollary. Assume that a Hamiltonian system with kinetic energy (1.2) has spec-
trum lying on n # 4 distinct straight lines passing through the origin. Then the
system has no additional polynomial integral of degree n.

In fact it is well known that the quantities tan(m/n) are irrational for n > 3,
n # 4. The difficulties arising in the special case n = 4 were expounded in §5.

Proof of Theorem 3. Let
Fp = aoyy + a1y gz + - + anys

be the leading homogeneous component of the assumed polynomial integral of
degree n. Suppose that the spectrum contains a point with coordinates u, v. We
can always assume that v # 0 (by rotating the plane about the origin). The
ratio z = u/v defines the spectrum line containing the point (u, v). By assumption,
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we are given n distinct quantities z1, . . ., 2, obtained in this way. By (2.4) and (2.5)
all these quantities are roots of the following two polynomials of degree n:

Zi((_l)icil+1ai+l + (_l)i_lcrlz—i—i-lai—l)? (7.1)

T
Vi

=0

7 ((—1)icf+3ai+3 + (_l)i_lcrlz—i—lcz?—i-lai-i-l

i
1

~.

L0

(_l)i_QCZ—i—HCil—lai—l + (—1)i_303z—i+3ai—3) . (7.2)

Hence their coefficients are proportional. Let w be the ratio of the corresponding
coefficients of (7.1) and (7.2).

Let n = 2m. The case of odd n can be considered in a similar way (and is even
simpler). The condition that the coefficients are proportional can be expressed as
the combination of two closed systems of linear equations:

1 1 _ 3 1 2
W(_C2j+2a2j+2 + Cn—2ja2j) = _02j+4a2j+4 + Cn—2j—202j+2a2j+2
2 1 3
= Ch_5;C55a25 + Cr 5400252, (7.3)
where j =0,...,m —1, and

W(Czlj+1a2j+1 - Crlz—2j+1a2j—1) = C'23]'+3a2j+3 - Crlz—Qj—lcQQj—i-lan-i-l
+ 0721—2j+1021j—1a2j—1 - 0731—2j+3a2j—37 (7.4)
where j =0,...,m.
We multiply each equation in (7.3) by (—1)/ and add them, arriving at the

relation

(WO + CHag —az +ag — -+ (—=1)"agm] = 0. (7.5)
In a similar way, by (7.4) we obtain
(WC! +C¥ar —az +as — -+ (=1)" tagm_1] = 0. (7.6)
The expressions in the square brackets in (7.5) and (7.6) are the Birkhoff sums
for F,,. Since F,, is not a multiple of (y? + y3)/2 (by assumption), at least one of
these sums is distinct from zero. Hence
w=-C3/C}. (7.7)
Substituting this in (7.4) with j = 0 we obtain
a1 = aCy, a3 = —aC3,

where « is a real constant distinct from zero. Using relations (7.4) and taking
account of (7.7) we successively find the a-coefficients with odd indices:

2541 = (—l)jozCZj"’l, 0 S j g m — 1.
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Hence . )
C2lj+1a2j+1 - Crlz—2j+1a2j—1 = (=1)/anCy. (7.8)
Relation (7.3) with j = 0, in view of (7.7), gives us
—Chay + Clag = BCY,

where (3 is a real coefficient distinct from zero.
By (7.3) and (7.7) we successively obtain

—CY; i aa2j40 + CL_ya0; = (—1Y BCHHL, (7.9)

Relations (7.8) and (7.9) enable us to bring algebraic equation (7.1) into the
following form:

m m—1
na Y (1) CR2% + 8 (—1)CRIt1 2 = 0. (7.10)
j=0 j=0

Bearing in mind that z = tan ¢, where ¢ is the angle between the spectrum line
and the horizontal axis, by (7.10) we obtain the equation

nacosny — Bsinnp = 0. (7.11)

Since o and 3 are distinct from zero, its solutions are the n angles cited in Theo-
rem 3, as required.
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