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SYMMETRIES AND THE TOPOLOGY
OF DYNAMICAL SYSTEMS WITH TWO DEGREES OF FREEDOM
UDC 517.9+531.01

V. V. KOZLOV AND N. V. DENISOVA

ABSTRACT. The problem of geodesic curves on a closed two-dimensional surface and
some of its generalizations related with the addition of gyroscopic forces are consid-
ered. The authors study one-parameter groups of symmetries in the four-dimensional
phase space that are generated by vector fields commuting with the original Hamil-
tonian vector field. If the genus of the surface is greater than one, then there are
no nontrivial symmetries. For a surface of genus one (a two-dimensional torus) it is
established that if there is an additional integral polynomial in the velocities, even or
odd with respect to each component of the velocity, then there is a polynomial inte-
gral of degree one or two. For a surface of genus zero examples of nontrivial integrals
of degree three and four are given. Fields of symmetries of first and second degree
are studied. The presence of such symmetries is related to the existence of ignorable
cyclic coordinates and separated variables. The influence of gyroscopic forces on the
existence of fields of symmetries with polynomial components is studied.
Bibliography: 9 titles.

1. INTRODUCTION

Let M be a closed two-dimensional surface that is a configuration space of a
dynamical system with two degrees of freedom. Local coordinates on M will be
denoted ¢q;, ¢>. In mechanics they are usually called generalized coordinates. Let
D1, P2 be the canonical momenta conjugate to gy, g, . Thus,

x=(ql9q2’plap2)

are local coordinates in the phase space T* M (the total space of the cotangent bundle
of M). An essential role in the geometry of phase space is played by a symplectic
structure, a closed nondegenerate 2-form

w=">_dpsNdg;.

Let H be a real function on T*M . It is uniquely associated to a vector field vy
according to the rule
(1.1) o, -)=-dH.
The field v is termed Hamiltonian. It generates a Hamiltonian dynamical system
on T*M
(1.2) x =v(x).
In the local coordinates ¢, p these equations take the usual form of Hamilton’s
canonical equations

OH OH
1.3 js = =—, Ds=— , s=1,2.

(1.3) =35 P="5,
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As a Hamiltonian H we take some Riemannian metric on M , a positive definite
quadratic form in p,, p, whose coefficients are uniquely determined functions on
M . In mechanics the equations (1.3) with such a Hamiltonian describe the inertial
motion, and in Riemannian geometry they are the equations of geodesics of the
Riemannian metric under consideration. Equations (1.3) possess the following simple
property: together with a solution ¢(¢), p(t) they admit the solution g(—t), —p(—1).
Following Birkhoff, such dynamical systems are said to be reversible.

As generalized coordinates we can take isothermal (conformal) coordinates of the
Riemannian metric H . Then the Hamiltonian will have the following form:

A
(1.4) H =20} +p),

where A is a positive function of ¢q;, ¢> .

We are interested in the problem of symmetries of the dynamical system (1.2)
that are generated by vector fields ¥ on 7*M which commute with the original
Hamiltonian field v :

v:[u,v]=0.

Such fields will be called fields of symmetries. It turns out that the presence and

shape of fields of symmetries depend in an essential way on the topology of the

configuration space M . All the objects occurring below will be assumed to be C>.
The operator of differentiation along the vector field v has the following form:

o 0 1 0A o 1 0A 0
Ly=Api— +Apy— — === (p? + p3)— — === (p* + p3)—.
"= Maa T AP5g, T 25g, P TPy T 2g, 1 P 5y,
Let u be a vector field with differentiation operator
a 7] 0 3]
L,=0Q— +0,—+P — 4+ pp—-.
u Ql@ql Q26q2 e Pzap2

If u is a field of symmetries, then the operators L, and L, of course commute.

Definition. If Q;, and @, are polynomials of degree #n — 1 in the momenta, and
P,, P, are polynomials of degree n, then the field u is called a homogeneous field
of degree n .

The degree of a homogeneous field # will be denoted degx . In particular, degv =
2. Afield u of symmetries can be expanded in a formal series in homogeneous fields:

U=tup+u +uy+---, deguy =k, k>1.

The operator of differentiation along the vector field uy has the form

i)
“op " “op

where a;, a, are functions on A . We have a simple

Proposition. Each homogeneous piece of the vector field u is itself a field of symme-
tries.

The field ug is obviously equal to zero. Otherwise A = 0. Therefore we can
restrict consideration to homogeneous fields of symmetries of degree > 1.
A field of symmetries u is said to be Hamiltonian if

w(u, -)=—-dF,
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where F is a uniquely determined function in phase space. If F is a homogeneous
polynomial of degree m in the momenta, then degu = m. We set u = vp . Then,
as is well known,

[ve, vrl =vH Fy,
where {-, -} is the Poisson bracket. If # and v commute, then

{H, F} = const .

Since the Hamiltonian is quadratic, this constant is equal to zero. Hence, the Hamil-
tonian F is an integral of the dynamical system (1.2). Integrals that are linear in the
momenta p,, p, generate Hamiltonian symmetries, which were studied by Emmy
Noether.

A field of symmetries u will be called locally Hamiltonian if the 1-form w(u, +)
is closed but not exact. In this case the equations (1.2) admit the closed 1-form as
an invariant, which can be called a many-valued integral.

It should not be assumed that fields of symmetries of (1.2) are always Hamiltonian
(or locally Hamiltonian). Here is simple counterexample: if A = const, then the
quadratic vector field with differentiation operator

1l _p 2
0q1 'oq,

is a field of symmetries. However, it is not even locally Hamiltonian relative to the
standard symplectic structure @ .

(1.5)

2. MAIN RESULTS

First we discuss the problem of the structure of Hamiltonian fields of symmetries.
It is obvious that if the equations (1.2) admit a smooth integral

F: T"M - R,

when any homogeneous form of its Maclaurin series expansion in the momenta is
also an integral.

In [1] the case is considered when the Euler characteristic y of the surface M is
negative, and it is proved that equations (1.2) do not admit an integral independent
of the energy integral H. According to the Gauss-Bonnet formula, the condition
x(M) < 0 is equivalent to the assumption of the negativity of the mean Gauss
curvature of the Riemannian metric on M . Later, Kolokol'tsov [2] gave another
proof of the result of [1], based on the introduction of a conformal structure in M .
This method goes back to Birkhoff [3), who studied the problem of the existence
of local integrals of first and second degree in the momenta, Birkhoff considered
conditional integrals, whose derivative vanishes for some value of the total energy
H = k. He showed that the existence of a conditional linear integral is connected with
the existence of an ignorable cyclic coordinate (on which the Hamiltonian function
does not depend), and the existence of a conditional quadratic integral is connected
with the existence of ignorable separated variables. Global versions of these results
of Birkhoff, concerning the existence of conditional linear and quadratic integrals
of dynamical systems with a configuration space in the form of a two-dimensional
torus, were established in [4].

Recently Bolotin proved [5] that under the condition y(M) < O there are unstable
closed trajectories with transversally intersecting separatrices on the energy surfaces
H = const > 0. From this we obtain the presence of domains with stochastic
behavior and, as a consequence, the absence of an additional integral.
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For y > 0 the surface M is homeomorphic to a sphere or a torus. A description
of the metrics on the two-dimensional sphere and torus that admit nontrivial linear
and quadratic integrals is given in Kolokol’tsov’s paper [2] in the spirit of BirkhofPs
theory.

We discuss the case y = 0 in more detail. Here

M =T?={q,, gymod 2n}.

It is known that a Riemannian metric on the torus can always be reduced to the form
(1.4) in the large. The question is whether there exist polynomial integrals of degree
> 3 that are independent of H and do not reduce to polynomials of degree < 2.
Bolotin conjectured that there are no such integrals for the case of the torus. This
conjecture has not yet been completely proved. However, we do have

Theorem 1. Assume that equations (1.3) with the Hamiltonian (1.4) admit an integral
F homogeneous in the momenta and independent of the energy integral, and that one
of the following additional conditions holds:

a) F is an even function of p, and p,;

b) F is an even function of p\ (resp., p;) and an odd function of p> (resp., py).
Then the equations (1.3) admit an additional integral of degree < 2.

In case M is homeomorphic to a two-dimensional sphere, the situation is different.
There are examples of metrics on the sphere for which the equations of geodesics
admit integrals of degree 3 and 4 in the momenta that do not reduce to polynomials
of lower degree.

We shall indicate the scheme for constructing such examples. With this goal we
consider the problem of rotation of a heavy rigid body with a fixed point. This system
admits the rotation group around the vertical. Fixing the zeroth constant of the
corresponding Noether integral (which in mechanics is usually called the area integral)
and factoring by the orbits of the action of the symmetry group, we reduce this
problem to a system with two degrees of freedom on the sphere S2. The Lagrangian
has the form 7 —V, where T is some Riemannian metric on M = S? (the kinetic
energy of the reduced system) and V':S? — R is the potential energy (see [6]). If
the Goryachev-Chaplygin or Kovalevskaya conditions hold, then the equations with
Lagrangian 7—V admit an additional integral which is of degree 3 or 4, respectively,
in the velocities. For example, in the Kovalevskaya case it has the form

2.1) F=F+FK+F,

where Fy is a homogeneous polynomial of degree k in the velocities.
We now use the Jacobi least action principle. For this we fix the energy constant

h=T+V >maxV.
M

According to Jacobi’s principle, the trajectories on A with energy h are geodesic
curves of the Riemannian metric

(2.2) (h—WT.

It is clear that the homogeneous function

T T\’
F4 +F2h——V +F0 (h——V)

of degree 4 in the velocities is an additional integral of the metric (2.2).
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In the Goryachev-Chaplygin case the integral has the form F;+F; . In an analogous
way one constructs a Riemannian metric on the sphere for which the equations of
the geodesics have an integral of degree three.

We do not know any examples of Riemannian metrics on the two-dimensional
sphere that admit nontrivial integrals of degree > 5. It is possible that such metrics
simply do not exist.

Remark. On the two-dimensional torus the Liouville metrics are well known, for
which the geodesic flows are integrated via linear or quadratic integrals. A Riemann-
ian metric is said to be nondegenerately integrable (see [9]) if its geodesic flow is
integrable via a smooth integral such that all the critical points of its manifold on a
constant energy surface are nondegenerate. A. T. Fomenko conjectured that on a two-
dimensional torus any nondegenerately integrable metric is Liouville. In particular,
this means that any polynomial integral reduces to an integral of degree < 2. This
conjecture has not yet been proved. However, T. Z. Nguyen, L. S. Polyakova, and
V. V. Kalashnikov, Jr., have proved that the conjecture is true at least as regards
complexity of metrics (the concept of complexity was introduced in [9], Definition
8). Namely: the complexity of the geodesic flow of an arbitrary nondegenerately
integrable smooth Riemannian metric on the 2-torus is equal to the complexity of
the geodesic flow of some Liouville metric. A similar assertion holds for metrics
on the 2-sphere. Therefore, as to complexity, the integrable metrics with linear and
quadratic integrals “approximate” an arbitrary integrable Riemannian metric with an
arbitrary smooth integral.

We now proceed to study fields of symmetries of a general form. In [7] the case
when x(M) < 0 was considered. It was proved that any field of symmetries # has
the form f(H)v. Thus, there are no nontrivial symmetries, and, in particular, any
field of symmetries is obviously Hamiltonian. The function

[ ranan

is the corresponding Hamiltonian.
For x(M) = 0 there are more possibilities. We have

Theorem 2. Any field of symmetries of degree one is Hamiltonian.
It is generated by a linear integral and therefore is Noetherian.

Theorem 3. If the Gaussian curvature of the metric on the torus is identically equal to
zero, then any field of symmetries of degree two is Hamiltonian.

An analytic criterion for the metric (i.4) on the torus to be Euclidean is that
A = const. As the example of field (1.5) shows, the assumption A # const is
essential in Theorem 3.

Theorem 2 does not hold for fields of symmetries of degree > 3. Indeed, let A
be a nonconstant periodic function only of the angular variable ¢,. Then the vector
field u of degree one defined by the equations

=1, q;,=0, p =0, py=0,

is a field of symmetries. Of course, it is Hamiltonian. However the field (Hu) of
degree three, which is also a field of symmetries, is not Hamiltonian.

We do not exclude the possibility that if a Hamiltonian system with Hamiltonian
(1.4) admits a polynomial field of symmetries of degree n, not collinear to the field
v, then there must exist an additional integral in the momenta of degree < n.
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The problem of the structure of symmetries of reversible systems on the sphere is
more complicated and is not considered here.

3. IRREVERSIBLE SYSTEMS
We complicate the problem by replacing the standard symplectic structure
w=Y_ dp Ndg

on T*M by the closed nondegenerate 2-form w + ¢, where ¢ is a 2-form on M .
In the local coordinates ¢, , g, it has the form

Mg, ¢2)dqiNdg,.

If we replace @ by w+¢ in (1.1), then we obtain the following for Hamiltonian’s
equations:

W OH . _0H
) Il T 2= 30,
| o OH OH . oH o
! aqi opy’ 2 dq; Op’

Following Birkhoff [3], such systems are termed irreversible.

The terms in equations (3.1) that contain A are usually called gyroscopic forces.
Their nature can be different. Gyroscopic forces appear, for example, in passing to a
rotating system of coordinates, and also in the description of the motion of charged
bodies in magnetic fields.

Obviously the equations (3.1) admit the energy integral H . The problem of the
existence of other integrals, polynomial in the momenta p;, p,, for the equations
(3.1) on closed surfaces was considered by Bolotin in [8]. In particular, for the case
of the two-dimensional torus he established that if equations (3.1) with Hamiltonian
(1.4) have a polynomial integral independent of H, then

(32) / Adqidg, =0.
™

We shall study the more generalized problem of conditions for the existence of
vector fields of symmetries with polynomial components for equations (3.1). In
contrast to the reversible case, here the fields of symmetries will not be homogeneous.
They can be represented as a finite sum of homogeneous fields

U=Up+Upg+: deguy =k,
arranged in order of decreasing degree. The degree of the field u is
degu, =m.

It is clear that u,, is a field of symmetries of a reversible system (when 1 =0).
This simple remark allows us to use the results of §2.

Theorem 4. A nonzero field of symmetries of degree one is always locally Hamiltonian.
It is Hamiltonian only if condition (3.2) holds.

For m > 2 the situation is different. We have

Theorem 5. Assume that the Hamiltonian field (3.1) admits a field of symmetries of
degree m > 2, where the highest homogeneous pieces of the vector fields v and u are
linearly independent for

p=1, pa=i (F=-1).
Then (3.2) holds.
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It appears that in Theorem 5 it is sufficient to require that the fields ¥ and v be
independent. Suppose u is a Hamiltonian field with Hamiltonian

F=F,+F, +---.
Then the condition of independence of the vectors v and u,, at the point
n=1, D=1

is equivalent to the following: the polynomial F,, is not divisible by H .
The proofs of Theorems 1-5 are given below.

4. ADDITIONAL ASSERTIONS

In this section we consider the reversible case and do not impose any restrictions
on the degree n = degu of the field of symmetries u.

Let F be a homogeneous polynomial in p; and p,. We denote by F* its value
for pyr=1, pp=i (i?=-1).

Lemma 1 ([7)). A(P; + iP;) is a holomorphic function of z = q, + ig; .
Since A, P}, Py are smooth complex-valued functions on the torus
T = {¢1, g2 mod 2r},
they are bounded. Hence, according to Lemma 1 and Liouville’s theorem,
(4.1) AP +IPS) =7 +in,
where y;, y; are some real constants.
Lemma 2. y, =y, =0.

For the proof we compute the commutator [L,, L,] and set the coefficients of
8/8q, and 0/8q; equal to zero. As a result we obtain the relations

dA 80 A 00,
4.2 Y Qur——AY Dm— + 301 +PD)Y 5= + PA=0,
42) p Qkaqk PG g 2(Pi +Dp3) PRT) |

oA 00y 1,2, 2
(43) P} Qg —AY G+ +PD Y

The index of summation k takes the values 1 and 2.
Setting p; =1, p, =i in (4.2) and (4.3), we find the equalities

aA Yo Yo
4.4 4 PA-A—=L A L=0,
(44) ZQk@(Ik ! oq laqz

. A o0 .00
4.5 i L PPA - A==2 A2 =0,
(43) ZQkaqk 2 dq 0q;

We multiply (4.5) and / and add it to (4.4). As a result we obtain
7] a
Pl +iPf=—(Q7+iQ5)+i—(07 +i@3),
| i 2 = B4, (Q7 +1i0Q3) aqz(Ql Q3)
or, using (4.1),

n+iy, 0 . .0 .
4.6 —_— e * * e * *
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Averaging over the torus, we arrive at the equality

) 2n  p2n da d
(n+ lJ’z)/ / ———q‘A 2 _y.
0 0

n+in=0,

Hence,

as required.
Lemma 3.

QT +iQ; =c +ic,
where ¢y, c; are real constants.

Indeed, equality (4.6) together with the conclusion of Lemma 2 is a criterion for
the function QF + iQ; to be holomorphic. It remains to use Liouville’s theorem.

Lemma 4. P+ Py =0.

For the proof we compute the commutator [L,, L,] and set the coefficients of
8/0p; and 8/8p, equal to zero. As a result we obtain the relations

92A oA
2, 2
—3(pi +p3) (Qna 5 Q26q 6q2> - WZPkPk

(4.7)
OA OP, _
*AZPk%;'i"i(m 2)Zaq FTA
-3} +p3) (Q1 O*A Qz ) Z %Dk
(4.8) oq qu 2q2

oA 3P2
—AZpk 2(1’1 2)2 ddr 6pk

Weset p; =1 and p, =i and use Lemma 2. Then from (4.7) and (4.8) we obtain
the equalities

or; 6Pk
—L 4 j—E =0, k=1,2.
3a, ' 9a
Hence, P; is a holomorphic function of
zZ=gqy+ iqz .

By Liouville’s theorem,
P; = py = const (ur € C).
Using Lemma 3, from the relation (4.4) it is easy to derive the equality

oM + ogsM

M=
# aq g

’

where M = 1/A. Hence,

2n 2n
ﬂl/ Mdq dg, =0
o Jo

This implies u; = 0. Analogously we can derive that u;, = 0. This completes the
proof of Lemma 4,
At the same time we have obtained the relation
ooIM oM
4.9 L— + =2 =0,
(49) oq oq;

which will be used later on.
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We set
QT=<I>1+i"I’1, Q§=(D2+l"P2,
where ®,, ¥, are single-valued functions on T?. By Lemma 3,
(4.10) P, -¥, =¢, ¥, +PD, =0,

Equality (4.9) splits into two:

oM + oo, M oY M + oV, M

4.11 =0, =0.
(4.11) aq oq oq oq
Lemma 5. The function o =¥, — O, satisfies the equation
o*M (62M 62M)
412 Clm—— = +A(oM
(412) 99104, 8992~ 042 (o M),

where A is the Laplace operator.

113

Equation (4.12) is simple to derive from (4.10) and (4.11). It plays an essential

role in what follows.

Theorem 6 ([2]). Let F be a homogeneous polynomial of degree n > 2 in the mo-

menta and suppose that F* = 0. Then
F = (p{ +p3)G,
where G is a polynomial in p, and p> of degree n—2.
It follows from Lemmas 4 and 6 that
(4.13) Pi=(p{+pDKi, i=1,2,

where the K; are polynomials in the momenta of degree n — 2. If we had proved

that
Qi=0=0

(cf. Lemma 3), then the field of symmetries u could be represented as a product
Hw , where w is a field of symmetries of degree n — 2. By induction the problem
about homogeneous fields of symmetries would reduce to a problem about fields of

symmetries of degree n < 2. Unfortunately, Q; # 0 in the general case.
Lemma 7. The following equality holds:

10Q7  100; . .

(4.14) 3 Bal + = 3 3 + K +iK! =v| + iv; = const .
Proof. 1t is clear that

—_— + _—,

a4, (P Pz)aqj
(4.15) 9P . 5.0K

] 1 i

a0, (pi +P2)—apj +2p;K;

Substituting (4.13) and (4.15) in (4.7) and (4.8), cancelling by p? + p} and then

substituting p; = 1, p» = i, we obtain two equalities:

92A 2A OA 0K} aK* A

+iK3 + AL A K

(4.16) ZQ’B 2 2Q234 dq 28q, " aq o 'og,
) 62A 92A DA _ ,9K3 K} LOA
10 84104, 2Q26 2 tKige T 1%, ~Kigg

=0,

=0.
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Again setting M = 1/A, we transform the sum

oM 82A+Q2 92A -2 (Q1 aA) 3 (Qz aA)

8q10q, g oq
~ (aQ;M L 0OsM ) N
oq o0 ) oaq’

The last term is equal to zero in view of (4.9). Analogously,
%A 9’A 0 dA dA
M 22 o2 ( ) ( ).
< 0q10¢> o 842 Ooaq oM g, EM oq

We multiply the first sequence of (4.16) by M , the second by iM , add them, and
use the relations just obtained As a result we get the equality

10 oA 1 0 A oA
28q; (Ql +1Q1 ) 254, (Qz + QzMa—qz‘)

0
+ — (K[ +iK3 +i— K +iK5)=0.
5 (Ki +1K3) +im (K + K3)
We transform the sum

s (0M57) + 1 (Ql )

(4.17)

_ ,-5‘9_ [(Q1 +HIQG Mo — IO M g;]
(4.18) [(Q‘ ! QZ)M S aA]

2 (et ()

i+ 5 (M50) 5 (M32)]

Here we used the identity

Qi =iQ; =a +iq
(Lemma 3). Since MA = 1, the last term in (4.18) is equal to zero. Using this
remark the sum of the first two terms in (4.17) takes the following form:

2 (o v oMY vl (omgR + oM IR

a1
However, using (4 9)
aA _0QiMA  9QsMA (6Q1M oQsM )
+ + —-A
(4 19) Ql (9(] Q2 0q, oq; odq oq
aQ, 4 8Q2
o1 O0qy

Thus, we finally obtain

0 [100; , 100; igl[lagr 1005

oq 1201 20q 0q2 |20q1  20q
Hence, by the Cauchy-Riemann theorem,

16Q,‘ + 1003

28q1 20q

+K;*+iK§]+ +K;‘+iK2*]=0.

+ K{ + iKj
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is a holomorphic function of g +iq, . Since it is bounded, it is constant. This proves
the lemma.

Let F be a polynomial in p,, p,. For brevity we write 0 F*/dp; instead of
(8F /dpi)* . Obviously,
92F*  9?F*
dprda; 04q;0pr’

Lemma 8. vi=v,=0.

Proof. Using (4.13), we differentiate (4.2) with respect to p; and (4.3) with respect
to p,, and substitute pl =1, p, = i. As a result we obtain the relations

aQ: 8A 20! 9A
S0+ Y kg + L GeL O

(4.20)
aQ* aZQ* . 62Q*
+2K{A - A —A L _jA -0,
aq 0q10p, 0q20p,
LOA =00 0N .~ 003 OA
a—ti) s tI)
(421) ZQ"aqu 2 ap, 9gy 2 Opk 4

005 ., 00 _, 9’03

oq2 84q20p> 8q10p>

Since @; and @ are homogeneous polynomials in the momenta of degree n—1,
by Euler’s theorem

ZaQ’ =n-1)Q, i=1,2.
Substituting p; = 1, p, = i, we obtain the relations
o0; 3]
(4.22) Qk+ 00; =(n-1Q;, k=1,2.

op op2
We multiply equations (4.20), (4.21) by M, add them and use formulas (4.19)
and (4.22). After simple transformations we obtain the relation

Ki+iky— 1001 1003 n-1007 n-100;

20 20q 2 oq 2 oq
18 (00 aQ;) i o (OQ‘{ ag;)
423 + s + 222y L2 + 22
(4.23) 20q; (3P1 op2 209 \0p1 0Dy
1. 8A <6Q* .6Q*) 1. 8A (aQ* 802
- M — 1 + l—l - M= 1 +i =2
27 0qy \ 9p op, 2 0q; \9p2 op2
We set .
_901 993
opy 9py

Using (4.22) we obtain the relations

0Qr 0Q; 8Qr .00 <6Q2 6Q2> .
+ = +1 - +1 ir
opr  Opy 9Oq op2 op ap>

=(rn-DEr —i(n-1)Q; -

an aQZ _ _ *
ap. ' ap, =(n-1)Q]
991 L 129 _ (n_1)05+r.

op> op,
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Substituting these relations in (4.23) and using (4.19), we obtain

(4.24)
10Q; 18Q; n-198

K'+1K2=__2_8q1_§6q2_ 3 aql(Ql+lQ2)
n-1.90 ,,., ... id6r 190r i _0A 1. A
+——2 la—qz(Q|+lQ2) 26q1+§aq2+§Ma—qlr 2M%2—r
By Lemma 3,

Q7 +iQ; = const .
It is easy to verify that the sum of the last four terms in (4.24) is equal to
ia (B, oy
2 oq 0q
As a result, (4.24) takes the form (after using (4.14))

_IA (-——arM + i———a’M) = +iv
2\ 9q o L

iy (BrM oM
2 oqt oq
Averaging over the two-dimensional torus, we obtain the relation
: 2n 2%
vy + vz
Md =0.
i /0 A q1dg; =0

Since M > 0, it follows that v; = v, = 0, and the lemma is proved.

or
) = (v + i, )M.

At the same time we have obtained the equality
orM  orM
-+ —
oq o0
which is the condition for the function rAf to be holomorphic. By Liouville’s theo-
rem,

=0,

rM =c3+ icy.
Thus, the following result holds.
Lemma 9.
00 003 .
4.25 =L Z=2 = (c3+ica)A.
(4.25) Ao~ g = e+ ic)

~ We note in conclusion that equality (4.14) (taking Lemma 8 into account) can be
rewritten in the following equivalent form:

9Q; L 903 0P 0P
+ + +
o1 O0q Opr  Op2
We summarize the results of this section:
Pl=P;=0, QI +iQ; =c1+ic;
moreover, the functions Q7 and @5 satisfy equations (4.9), (4.12), (4.25), and
(4.26).

=0.

(4.26)

5. PROOF OF THEOREM 2

For n =1 the functions Q) do not depend on the momenta (so that Q; = Qy),

and
Py = axp1 + brpa, k=1,2.
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By Lemma 4,
Pl: =aqi + ibk =0

Hence,
ak=bk50 and PkEO (k=1,2)

Since the Q, are real functions, then, by Lemma 3,

Qi = ¢, = const; k=1,2.
The field u with differentiation operator (Lie derivative)
5}
L,=c— Er) + 547

is Hamiltonian; its Hamiltonian is the linear function
F=cp+ap,

which is an integral of the equations of motion.
By (4.9), the function M = 1/A satisfies the equation
Cy % + ¢ %
oq o7}
Since u # 0, it follows that ¢Z + ¢3 #0.

If the quotient c¢;/c, is irrational, then M = const. Let ¢;/c; = k/I, where k
and / are relatively prime integers. In this case M is a function only of the variable

=0.

(5.1) p1=1q1 —kqz.

By Bézout’s theorem, there are two integers r and s such that
kr+ils=1.

We set

(5.2) @2 =rq1 +59.

The relations (5.1), (5.2) define an automorphism of the two-dimensional torus. Ex-
tending this transformation to a canonical transformation, we arrive at the case when
the Hamiltonian H does not depend on the angular coordinate ¢,. Thus, if there
is a nontrivial field of symmetries of degree one, then there is an ignorable cyclic
coordinate.

6. PROOF OF THEOREM 3

For n =2 the functions Q; and (, are linear in the momenta:

Ok = axp1 + bipa, k=1,2.
It is clear that 90 50:
L=p l=g.
ép, " op 7

Hence, g = by — ay, where o is the function from Lemma 5. By (4.25),
oM =c3+ icy = const, AlocM)=0.
Thus, equation (4.12) is simplified:
M, (8M 2y
041942 dqt  0q}

(6.1)
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We assume that

ct+c2#0.
The case ¢; = ¢; = 0 will be considered below. We use Fourier’s method. Let
M= ZMmlmZei(’"‘q’+’"2‘12) , (my, my) € Z2.

Then from (6.1) we obtain a chain of relations
(6.2) [2¢c;mymy — co(m? — m3) 1M, m, = 0.
We consider the set
B ={(m1, my) € Z* : My, m, # 0}.
In view of (6.2) for points of B we have the equality

nymy
—2————7 = const .
mi — mj
Let (n;, ny) be another point of B. Since
mm;  nn
2 _ 2 a2 g2
mi—mi; ni—n

it follows that either
1) mny=mn; =0

or
2) min +many =0,

In the first case the points lie on one line passing through the origin, and in the
second case these points lie on two lines /;, /; which intersect orthogonally at the
origin.

Let

(m?, md) # (0, 0)

be a point of the integer lattice Z2?, lying on /; and closest to the origin. It is clear
that all points of /; N Z? have the form

(my, my) = (Am, Am9), LeZ.
Since (m3, —mY) is the point closest to the origin of
(LNZ*)\ {0, 0},
then all the points of /; NZ? have the form
(my, my) = (Am3, —Am?), leZ.
Hence,
M= Z Moy, pmy@ MO maa) 4 Z My @m0t maar)

(my ,my)€l (my,mz)el

= Z M0 e tmia+mia) Z Mo _; o€ ma—mia)
i 2 2 1
f 1

= f(mdqi + m3q;) + g(mq — miq,),

where f and g are some 2z-periodic functions.
We pass to new angular coordinates x;, x; mod 2z according to the formulas

0 0 _ 0 0
Xy =miq + myqz, X2 = mMyqy — mMq;.
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We extend this transformation to a canonical transformation ¢, p — x, y, by setting
[(m)? + (m9)*ly; = mps + mip,,
[(mD)* + (m3)2ly, = mpy — mip,.
In the new variables x, y the Hamiltonian (1.4) takes the following form:
__(mh)?* + (m))?
2[f(x1) + g(x2)]
Thus, the variables x and y are separated. The function (6.3) is the Hamiltonian
of a Liouville system with two degrees of freedom. Equation (6.1) appeared in [4]

in connection with the problem of the existence of a quadratic integral.
Thus, we may assume that

(6.3) i+

M =F(q)+G(q),

where F and G are 2zn-periodic coordinates. Moreover, in correspondence with the
assumption of the main theorem (§1), M # const.
Equation (6.1) gives us that

Cz(F” — G”) =0,
Here the primes denote the derivative of a function of one variable. Since the func-

tions F and G are periodic and at least one of them is not constant, obviously
¢; = 0. Corresponding to the assertion of Lemma 3,

(6.4) a—-b,=c¢, a+b =0.

Moreover,
oM = c3 + ic4 = const .

Since the function o = by —a, is real, ¢, = 0. Using equality (6.4) we conclude that

(6.5) Cy = —2(12M = ZblM.
We now use equality (4.9). From it we get the two relations
BMal BMaz 8Mb1 6Mb2
+ =0, + =0.
dq dq, oq oq
Using (6.5) we arrive at the equalities
(6.6) Mb, = ¢1(q1), Ma, = ¢9,(q2),

where ¢; and ¢, are periodic functions of one variable.
Using the first equality of (6.4), we obtain a chain of equalities

aF +¢G=cM=(a—b))M = ¢:(q2) — 01(q1),

from which we get

¢ =— F +cs, p2=0c1G +cs,
where c¢s is some constant that can be set equal to zero. In fact, we set
~ C ~ C
F=F+2, 6 G=G-2=,
C1 C1

Then

¢1=—C1ﬁ, ¢2=C|G, ﬁ+é=F+G.
Recalling that M = 1/A, from (6.5) and (6.6) we obtain the desired equalities
ay = ClGA, ay = -—CoA,

6.7
( ) b1=CoA, b2=—C|FA, Co=C3/2.
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Finally, using equality (4.14) and Lemma 8§ we obtain
26 —(a; +ib) + %ai(a2+ibz)+K,*+iK5 =0.
Since n =2, K} and K3 are real functions. Hence,

Equalities (6.7) and (6.8) lead to the final formulas for the field of symmetries u:

(6.8)

q; = c1GAp: + coApy, g = —coApy — c1FAp,,

(6.9) pl_ 'Z_(C Gaq can)(pl +p2)9
L[, G0N OAY o
P = ( aq Coaql>(pl +p2)

Hence, the field » can be represented as the sum of two fields:
LUy = colty .
It is easy to check that u; is a Hamiltonian field of symmetries with Hamiltonian
Gp? — Fp}
2(F+G) -~

The vector field u, must also be a field of symmetries. It is easy to check that the
condition that the fields v and u; commute is the equality

(6.10) AAA - (%) (:99(11\2)

Since A > 0, we can set N = InA. Equation (6.10) is equivalent to the equation
AN = 0. Since a bounded harmonic function is constant, A = const. Hence, if A
is not a constant function, then ¢y =0.

It remains to consider the degenerate case, when

P =

ca=¢=0.

We shall show that in this case the field of symmetries is collinear to the Hamiltonian
vector field v .
Indeed, the relation

Qi +ig=0
leads to the two equalities
(6.11) ag—-b=a,+b=0.
Using the relations

Pt=P=0,

we find that the functions @, and P, have the following form:

Q1 =aip — a2, Q2 = aypy + a1p2,
P = &(p + p), k=1,2.
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Furthermore, equalities {(4.26) and (6.11) give us that
g—i;—:+g—?+2&=0, g—%—g—Z+252=0.
Moreover, from (4.25) and (6.11) we obtain the relation
(6.12) a» = amA, ay = const .
The condition that the fields u, v commute leads to two equations (see (4.9))
0 ay J a 0 a 0 ay
AT 9 A T dq A 9 A
Using (6.12), they reduce to the following form:
_‘?_ a 0 a; _
dqi A g A
Hence, a; = a; A, where «a; = const.
Thus, the field of symmetries u has the form
(6.13)
a1 = Aaipi —azp2), 43 =A(aap1 + a1p2),

. 1( A BA\, , ,__1( 9A__9A
pi=—5lag - +a26q (pi +p3), p=-3 ag o T g (0 +p}).

The terms containing «; give a field proportional to the original field v . Therefore,
one can set a; = 0. But then (6.13) will coincide with the field (6.9), in which it
is necessary to set ¢; = 0. However, as shown above, it commutes with the field v
only for a; =0.

This completes the proof of Theorem 3.

7. PROOF OF THEOREM 1|

We now consider a Hamiltonian field of symmetries generated by a homogeneous
Hamiltonian of degree m:
F = fu, 000" + fn-1 D7 " 'D2+ - + fo,mPT .
Since @, = 0F/0p; (k =1, 2), it follows that

Of =mfmo+(m—1)fruo1 i+ (M=2)frnz 2%+,

Q3 = fuot, 1+ 2fme2 20+ 3fruo3 302+ .
We recall (see §4) that g =¥, — ®,, where

o =0, +1¥,, Q; =D +1¥,;.
Hence,
6=(M=2)fn1,1—~(M=6)fu_3 3+
Suppose that one of the following conditions holds:
a) the function F is even with respect to p; and p;;
b) F is even with respect to p, and odd with respect to p, .
Then obviously
fm—l,l =fm—3,3 =---=0

and, in particular, ¢ = 0. But then, according to (4.12), the function M = A~!
satisfies equation (6.1). If ¢? + ¢} # 0, then, as proved in §6, Hamilton’s equations
admit an integral of degree not greater than two.
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We now consider the case ¢; =¢; = 0. Then by Lemma 3

oy +iQ; = (aFP1+g—Fp2) =mF*=0.
p

Hence (Lemma 6), F = H®, where ® is a homogeneous integral of degree m — 2,
having the form a) or b). Applying on decreasing induction m, we arrive at an
integral of degree < 2.

In the case when F is even with respect to p; and odd with respect to p,, the
function o, as a rule, is different from zero. However, this case reduces to case b)
by a simple renaming of the variables.

8. PROOF OF THEOREM 4

Using the results of §5, a field of symmetries of degree one of an irreversible system
has the following form:

(8.1) gi=c, gy=c, n=%4, p==~_,

where ¢|, c; are some constants, and {; and {, are functions on the two-dimen-
sional torus. Here, according to §5, the function A satisfies the equality

It is easy to check that the conditions for the commutation of the original Hamil-
tonian vector field v with the field (8.1) lead to the equalities

oA a2
Cl CZ 0 ] Cl7— aql +c 3qZ 0 .

Thus, the form of a field of symmetries of degree one is the same in both the
reversible and irreversible cases. Here the functions 4 and A satisfy the same
equation. If c¢;/c, is irrational, then A = const, A = const. Otherwise (when
afc; = k/l, k,l € Z) we can pass to the new angular coordinates ¢, and ¢,
according to formulas (5.1) and (5.2). It is clear that the right-hand sides of the
equations (3.1) will not depend on the coordinate ¢,, and the field of symmetries
has the simplest form

(8.2) 91 =0, ¢b=1, y[=0, y=0.

Here y, and y» are canonical variables conjugate to @, g, . Is the vector field (8.2)
Hamiltonian? This problem reduces to the solvability of the equations (see (3.1))

_oe o0
T I

> 0= g 4 hp)g s 0=—20 - ip)g

ag; " ! BT TS

Obviously, ® = y, + a, where a is an as yet unknown function on the torus
T2 = {9, pymod 2z} . From the last two equations of the system (8.3) we obtain

the desired relations
da da

PN =AMo1), 507
Hence, a is a function only of ¢;, and a’ = 1. Hence

a= (g +4,

=0.
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where A4 is a uniquely determined function on the torus, and

1
<A>=4—n2/ﬁxd¢1d¢2.

Thus, in the irreversible case a field of symmetries is locally Hamiltonian. The
Hamiltonian @ will be a uniquely determined function in phase space if (i) =

9. PROOF OF THEOREM 5
We consider a field of third degree n > 2, defined by the equations

G=0+Si+-, G=Q+SH+--,
=P +Ri+T1+--, =P+ R+Tr+---.
Here P, Ry, Qx, Sy, Ty, ... (k=1,2) are homogeneous polynomials in the mo-
menta p;, p; of degrees n,n—1,n—-1,n—2,n-2, ..., respectively. The dots

denote terms of degree <n — 2.
Setting the coefficient of 8/3p, in the commutator of the operators L, , L, equal
to zero, we extract the homogeneous terms of degree n and thenset p, =1, p, =1.

As a result we obtain the relation
8AA OAA OA oA
T—i+ O ——Ii—R}— —RS—i+ PyiA
©.1) 5 " %5, 'oq1  oar 2
AaR .OR;} —MA(aP QP ):0.

— A +1
0q 0q, op1 op;

By Euler’s formula for homogeneous functions, the expression in parentheses is
equal to nP!. By Lemma 4, P} = Py = 0. Therefore, equation (9.1) takes the form

BlA ORIA oA OR?
9.2 — -1 Ry ——i- AL
( ) Ql aq Q2 aql 28q1 an
Setting the coefficient of & /81)2 equal to zero, we obtain the analogous equation
AN alA BR*A A R
9.3 -05 - - R} —A2
(9:3) %% " %os Taa, Nag M

We multiply (9.3) by / and add it to (9.2):
IR} +iR5))A  O(R} +iR})A

+
aq 0qz

This is the Cauchy-Riemann condition for the function (R} +iR3)A to be holomor-
phic. Since it is bounded, it is constant:

(9.4) A(R} +iR3) = dy + id, = const .

Now setting the homogeneous terms of degree n — 1 equal to zero and making
analogous transformations, we obtain the relation
Ty +iTHA  O(Ty +iTy)A
+1
Iq 0q;
If 6, + id, # 0, then by (9.4) the mean value of the function A over the two-

dimensional torus is equal to zero.
We now consider the case when d, =d, =0, i.e.,

(9.6) T4+ iRy =0.

*

=0.

=0.

=0.

(9.5)

+ Ani[A(R? + iR})] = 0.
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Now setting the terms of degree n—1 in the coefficients of 8/9q, and /8¢, equal
to zero and using relation (9.6), we obtain the equation
o(Sy +1i83)  .0(ST+1iS3)
+1
oq 04>

If ¢;+ic; # 0, then the mean value of A is equal to zero. Since for p;—1, p; =i
the functions P;, P, vanish, the highest homogeneous pieces of the vector fields v
and u at the point p; =1, p, =i are equal, respectively, to

(A,Ai,0,0) and (Q7,Q5,0,0).
These vectors are linearly independent if
Qri— Q3 =i(Qy +iQ3) =i(c1 +ic2) #0.

This completes the proof of the theorem.

(9.7) +4i(n — 1)(c1 + icy) = 0.

Remark. By induction one can show that if the mean value of the function A over
the torus is different from zero, then

Q) =iQ; =S} +iS;=---=0.

If the field of symmetries is Hamiltonian, with the Hamiltonian F,, + F,,_y + -,
then it follows from this that all the polynomials F, (k < m) are divisible by H .
Hence, in turn, we get the assertion of Bolotin’s theorem [8].
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