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Lagrange
Hamilton
Poincaré
Bohr
Any system is a subsystem of a Hamiltonian one.
We ask: is the whole system Hamiltonian or not.

Part I. Classical Approach:

Part I. Classical Approach: In the Canonical Coordinates
pi, , qj every Hamiltonian H(p, q)
defines time evolution: dq/dt = ∂H/∂p; dp/dt = −∂H/∂q

Part I. Classical Approach: In the Canonical Coordinates
pi, , qj every Hamiltonian H(p, q)
defines time evolution: dq/dt = ∂H/∂p; dp/dt = −∂H/∂q
Symplectic Geometry works in the arbitrary coordinates in
terms of differential forms.

Part I. Classical Approach: In the Canonical Coordinates
pi, , qj every Hamiltonian H(p, q)
defines time evolution: dq/dt = ∂H/∂p; dp/dt = −∂H/∂q
Symplectic Geometry works in the arbitrary coordinates in
terms of differential forms.
For PDE partial derivatives should be replaces by
”variational derivatives”. The indices i, j became continuous
like (i, x), (j, y): ∂pi(x)/∂t = δH/δqi(x),
∂qj (x)/∂t = −δH/δpj (x)
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pi, , qj every Hamiltonian H(p, q)
defines time evolution: dq/dt = ∂H/∂p; dp/dt = −∂H/∂q
Symplectic Geometry works in the arbitrary coordinates in
terms of differential forms.
For PDE partial derivatives should be replaces by
”variational derivatives”. The indices i, j became continuous
like (i, x), (j, y): ∂pi(x)/∂t = δH/δqi(x),
∂qj (x)/∂t = −δH/δpj (x)
Phenomenon of Complete Integrability by the Inverse
Scattering Transform (IST) was discovered by M.Kruscal et al
for KdV (1965-1968)

Fig 1 Solitons before interaction Fig 2 Solitons after interaction
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The Modern Approach
is a by-product of the Theory of Solitons (IST).
It is based on the Field-Theoretical Poisson Brackets.
They should satisfy to the Jacoby and ”Leibnitz Identity”:
{f g, h} = f {g, h}+g{f, h}. This approach allows degeneracy:
Function f is called ”Casimir” or ”Annihilator”
if {f, g} = 0 for all g.
For ODE the relations
{pi, pj } = {qi, qj } = 0, {pi, qj } = δij define
the canonical coordinates,
for PDE we have {pi(x), qj (y)} = δij δ(x − y)
In the Modern Approach Poisson Brackets are presented
in the Noncanonical Coordinates
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It became also a base of Kinetic Theory for multiparticle systems.

Heisenberg Landau
The Poisson Brackets for Hydrodynamics were written by L.Landau
in 1940 as ”quantum commutators” for superfluid He4.

It was not realized till the late 1970s that they immediately imply
Hamiltonian structure for the Euler equations.

It was not realized till the late 1970s that they immediately imply
Hamiltonian structure for the Euler equations.
For Lie Algebras and Representations Hamiltonian ideas were
invented in 1960s in Symplectic terms not knowing XIX Century
results of S.Lie about linear Poisson Brackets.
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with differential Poisson operator A = Aij on target space::
Pk=m k
A = k=0 Aij (u(x), u0(x), ..., uk (x))∂xk
The Hamilton Equation is PDE for local Hamiltonian (and Jacoby Identity
Should be carefully checked!)
R
{J, H} = δJ/δu(x)A[δH/δu(x)]dx
ut = A[δH/δu(x)]
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(energy), P = u2dx (momentum) and C = udx (Casimir)
Another local P.B. for KdV is the LM Bracket:
A1 = ∂Rx3 + 3/2(u(x)∂
x + ∂xu(x)) and
R
H1 = u2dx, P1 = udx, The Casimir C1 is nonlocal.
The KdV equation is Bihamiltonian, i.e.
Hamiltonian corr to all Poisson operators in the
”pencil” λA0 + µA1.
The Recurrence Operator”
2
is defined by this pencil R = A1A−1
=
∂
x + 3/2u(x) + 3/2∂x ×
0
u(x) × ∂x−1
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5.The Local Symplectic Structures define the equations
A0[∂u/∂t] = δH/δu(x) where A0 is a local operator as above.
The Poisson Bracket is nonlocal in this case.
In the same way we define Weekly Nonlocal Symplectic
Structures where the operator A0 = A−1 is weekly nonlocal.
For KdV the recurrence operator R defines a family of nonlocal
Symplectic Structures with operators A0p = R−pA0, p > 0. It
was proved that they are Weekly Nonlocal.
The theory of Weekly Nonlocal Structures was developed few
years ago but many examples appeared much earlier. Some
other important classes of Poisson Brackets were developed in
the Theory of Completely Integrable Systems, f.e. the ”YangBaxter Brackets” which will not be discussed here.
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The matrices aij = A are 2-tensors in the ”target space”. They
are diagonal if coordinates u are the Riemann Invariants.
Examples: Gas Dynamics and Whitham Modulation Equations
For gas dynamics we have (u1 = p, u2 = ρ, u3 = s), densities of
momentum, mass and entropy for n = 1.
In the Theory of Solitons such systems appear in the asymptotic
studies of ”Rapidly Oscillating Solutions” like Nonlinear Analog
of WKB approximation or ”Averaging Procedure” against the
family of quasiperiodic N -gap solutions found through Riemann
Surfaces and finite-pap potentials
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What do we know about Whitham Equations?
1.They admit Riemann Invariants, Whitham for N = 1,
Flashka-McLaughlin for all N , identifying Riemann Invariants
with branching points of Spectral Riemann Surfaces of finitegap Schrodinger Operators.
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Riemann Invariants.
3.Conclusion (Tsarev Theorem): Every Hamiltonian H.T. System with Riemann Invariants is Completely Integrable. The integration is based on Diagonal Riemannian Metric.
The Hamiltonian property (i.e. Riemannian Metric) plays fundamental role in the solution of this problem. Hydrodynamic
Type systems were studied since times of Riemann but no Riemannian Geometry appeared here until Hamiltonian Theory was
developed.
Actually, Differential Geometry is not enough: The important
solutions were found using combination of Numerical methods
and Riemann Surfaces.
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u¯2, c = ū. Poisson Brackets are calculated in these coordinates.
2. The flat coordinates s.t. Riemannian Metric is constant.
They exist by the Geometrization Theorem and give densities of
Casimirs for the ”Averaged” Hydrodynamic Type P.Bracket.

Three types of coordinates were used for Whitham Equations:
1.Physical Cooordinates, used for the averaging procedure: For
N = 1 the averaged densities of energy, momentum and
Casimir
R
for the GZF Bracket are: ¯ where  = ux/2 + u3, H = dx, p̄ =
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Three types of coordinates were used for Whitham Equations:
1.Physical Cooordinates, used for the averaging procedure: For
N = 1 the averaged densities of energy, momentum and
Casimir
R
for the GZF Bracket are: ¯ where  = ux/2 + u3, H = dx, p̄ =
u¯2, c = ū. Poisson Brackets are calculated in these coordinates.
2. The flat coordinates s.t. Riemannian Metric is constant.
They exist by the Geometrization Theorem and give densities of
Casimirs for the ”Averaged” Hydrodynamic Type P.Bracket.
3.The Riemann Invariants used for the integration procedure.
They are are coming from the Periodic version of the Inverse
Scattering Transform as branching points of the Spectral Riemann Surfaces for the finite-gap periodic/quasiperiodic Schrodinger
operators.

The Dispersive Shock wave

The Dispersive Shock wave (defined and studied by physicists
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with cubical solution for N = 0

The Dispersive Shock wave (defined and studied by physicists
Gurevich and Pitaevski in 1970s) is a very special selfsimilar solution to the Whitham equation (N = 1) joined at the boundary
with cubical solution for N = 0
KdV:
ut + uux + uxxx = 0
Whitham:
i
h
K(s)
r1x
r˙1 = − r1+r32+r3 − 32 (r2 − r1) K(s)−E(s)
i
h
2 )K(s)
(1−s
r1 +r2 +r3
2
r˙2 = −
−
3
3 (r2 − r1 ) E(s)−(1−s2 )K(s) r2x
h
i
(1−s2 )K(s)
r1 +r2 +r3
2
r˙3 = −
− 3 (r3 − r1) E(s)
r3x
3
s2 =

r2 −r1
r3 −r1

Fig 5, Dispersive Shock wave: at the endpoints A, B it is
singular

As a corollary from the complete integrability we proved that
it is C 1-smooth (which is a strongly overdetermined property),

As a corollary from the complete integrability we proved that
it is C 1-smooth (which is a strongly overdetermined property),
and calculated it by the exact formulas.Quite nonstandard singular boundary conditions are needed here at the ends joining Whitham equations for different values of N . A number
of other problems (including the KdV-Burgers averaged system
with weak viscosity) were investigated later.
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Nonlinear Schrodinger System N LS±: For the ”stable”
repulsive case (+) it was investigated by D.Levermore et al. For
the unstable case (−) this problem remains unsolved.
Sine-Gordon System:: The averaging procedure might lead
to Nonhyperbolic Whitham Equation depending on the type of
”finite-gap background”. If it is Hyperbolic, it can be completely
investigated now because very effective description of finite-gap
real solutions was obtained recently by P.Grinevich and myself.
Such description was missing many years, so long period people
could not use exact periodic solutions to the SG System.
Remark. In the latest works of several people (Dubrovin
Krichever, Zakharov) geometric calculus borrowed from the Hamiltonian Theory of Hydrodynamic Type Poisson Brackets was used
for the study of 2D Topological Quantum Field Theory and for
the solution of the classical problem of Differential Geometry:

How to classify all orthogonal coordinates in Euclidean Space?
My homepage is www.mi.ras.ru/∼snovikov, click
publications
All highlighted items can be taken directly. The items nn
80,93-95, 107,109, 116, 121, 127,128, 130, 154, 155,
156 were used in this talk. I already mentioned the names of
people who participated in these investigations.

