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Algebraic properties of two-dimensional difference operators

S. P. Novikov

We consider the two-dimensional lattice Z2? with basic vector-periods 7%, T2. The points of the
lattice are numbered by pairs of integers n = (n1,n2), n+T1 = (n1+1,n2), n+ T2 = (n1,n2+1).
We shall also use T, T2 to denote the corresponding shift operators on functions. In the present
paper we shall only consider operators with real coefficients.

The discretization of the two-dimensional Schrodinger operator on a square lattice, where a
vertex interacts with the four nearest neighbours, does not admit transformations of Laplace type.
As the author has shown in [1], Appendix 1, we must consider a regular triangular lattice, where
a vertex has six nearest neighbours, since the periods T, Ta, T] sz, oy 1 'y 1, nTy 1 all have
the same length. The purely real self-adjoint operator

L=gan+b,T1 +cnT2 +bn,—T1 Tl—l +Cn—T2T2—1 + dn—TngTg_l + dn-—Tl T2T1——1

admits a factorization of the form L = QQt + wn, where Q = z, + ynT1 + 2. T2, T} = Tj‘l,

z} = zn, ¥} = yn, 2h = za, (ab)t = blat, and wy is the operator of multiplication by a real

function.

Laplace transforms. If Ly = 0, then we put 1];' =Qty, L =Qtw;'Q+1. It is easy to see that
fn‘[; = 0. If wy, = w = const, then the Laplace transform can be applied to any eigenfunction. Let
w=0,L=0QQt. Weput I =Q?Q, and also ¢ = Qt for any eigenfunction Ly = Ay.

Generally speaking the Laplace transform cannot be applied a second time to the whole
spectrum, except in special cases, which we shall also consider here.

Remark. In all there are six Laplace transforms, chosen as the basic periods of an arbitrary pair
(TY,T3), running consecutively in a cyclic sequence

T, T, T, T T, VT Y T,

(above we chose Ty = T1, T; = T2). The group of Laplace transforms has not been studied.
Arbitrary words in it may be used to define ‘cyclic chains’, quasicyclic chains, and so on. This
gives rise to a difference analogue of the two-dimensionalized Toda chain, by analogy with [1]
and [2].

In the present paper we shall construct distinctive g-analogues of the well-known Schrédinger—
Landau operator on a homogeneous magnetic field. This is a direct development of the idea of joint
work with Taimanov [1], Appendix 2, where g-analogues of a one-dimensional harmonic oscillator
were constructed (the earlier history is given in {1] together with the work of other authors in the
one-dimensional case).

Theorem 1. For the operators Q, Q1, where
Q=Qcdnuy=1+cu™o"2T + d(uzu_l)"1 w27y,
we have the relations
Q t 1= t 1
c,d,u,vQc,d,u,v = q(Qc’,d' ’u’uQc',d',u,v )v

where g =u"2, c=gqc', d = qd'.

Corollary 1. The spectrum of the operators L = QQT, L= QIQ forallc#0,d#0, u >0,
v > 0, acting on the Hilbert space L2(Z2), is discrete for all eigenvalues A < 1 and can lie only
at the points A\; =1 —u?, where > 0 foru < 1 and j < 0 for u > 1 (the spectrum may not
cover all these points: see below).
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Theorem 2. The equations Qo = 0 and QYo = 0 have non-zero solutions 1o € L2(Z2) in the
following cases:

(1l ud >v>u>1; (1b) u > max(v,v™Y) > 1, Qyp = 0;
Rayu3>vl>u >y (2b) u~! > max(v,v" ) > 1, Qo =0.

The solution spaces are infinite-dimensional in all these cases, with bases 1/J(()k) € L2(Z3):
(1a) p{) = cTmidFn2(—u)mtne—kpkray, o (¢)e@2(n);
(1b) ") = ck—md=mz (—yu)mtna=kiknay, (¢ 1)emQ2();
(22) 9§ = crraramh(—ya)kmimnatkniy,, i (t)emQe(n);
(2b) 9§ = cm—kdna(—yu)kmmTnagknay, (¢ 1)emQe();
here k € Z, t = v2u~2, Qa(n) = an? + 28n1n3 + anl, and the functions xm(t) have the form:

m

xo(t) =1, xm(t) =0, m <0, xm(t) = [J(1-¢), m>o0.
=1
The parameters o, 8 are such that:
(1a) u = €2, w?v~! = &2, (1b) u = &®*, v = €2, 18] < o
(2a) u =e7 2%, w2y~ ! = =28, (2byu=e"2*, v=e"%8, |8 < a.

Remark. These bases are not orthonormal, and their completeness has not been proved. Other
cases are harder, and have not yet been investigated.

Corollary 2. In cases (1a) and (1b) the spectrum of the operators Q1 Q takes up all the points
Ay =1-— w2, j > 0. The spectrum of the operators QQ' takes up all points except one:
Aj=1-— u?, j > 1. In cases (2a) and (2b), on the contrary, the spectrum of the operators QQt
takes up all the points A\j = 1 —u?/, j > 0, while the spectrum of the operators QTQ omits zero:
MN=1-2%,j>1.

The corresponding esgenfunctions are obtained from w(()k) by applying the iteration of the oper-
ators Q1 for the case (1) and of the operators Q in the case (2), with the corresponding parameters
¢, dj.
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