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Historical Background
The Lambek calculus L was introduced by J. Lambek [13] for defining natural language syntax using categorial
grammars [17][16]. This calculus uses syntactic types built from primitive ones using three binary connectives: multiplication, left and right division.
Chomsky [6] suggested another family of grammars, called the Chomsky hierarchy. The most well-known class
grammars from this hierarchy is the class of context-free grammars. Context-free grammars are widely used for parsing
artificial languages (e.g., programming languages [1]), but for natural languages categorial grammars have significant
advantages. In particular, they enjoy the lexicalisation property: all the information about syntax is kept in the
categorial dictionary, and the analyser needs only that part of the dictionary, which is relevant to the text being
parsed. Categorial grammars also allow to do semantic analysis, e.g., using Montague semantics [5].
We focus on comparing classes of languages generated by different classes of grammars just as sets of words, without
syntactic structure. In this (so called weak ) sense Lambek grammars are equivalent to context-free ones: the class of
languages generated by grammars, based on L, coincides with the class of all context-free languages without the empty
word [18]. Similar questions can be posed for grammars based on variants of the Lambek calculus (its fragments and
extensions). It is known [4] that all context-free languages without the empty word can be generated by grammars
based on the fragment of the Lambek calculus with only one division. Kanazawa [12] considered languages generated
by grammars based on the Lambek calculus with additive conjunction and disjunction. This class of languages
strictly contains finite intersections of context-free languages and lies inside the class of all context-sensitive languages.
Moortgat [15] enriched the Lambek calculus with two modalities; as shown by Jäger [11], this extension does not enlarge
the class of languages. Dikovsky and Dekhtyar [7] considered categorial dependency grammars (CDGs) based on a
fragment of the Lambek calculus without multiplication, but with additional connectives for nonlocal dependencies,
with a restriction: all the denominators are primitive types. Languages generated by CDGs form a special class that
strictly contains the class context-free languages and is closed under finite unions, intersections with regular languages,
and taking image or preimage of a homomorphism. As shown by Buszkowski [3], any recursively enumerable language
can be generated by a grammar based on an extension of the Lambek calculus with a finite set of axioms.
The Lambek calculus is complete with respect to models interpreting Lambek types as formal languages over an
alphabet (connectives of L correspond to multiplication, left and right divisions of languages) [20]. Such models are
called L-models.
Derivability problems for L and its fragments L(\, /) and L(·, \) are NP-complete as shown by Pentus [21] for L and
by Savateev [23] for L(\, /) and L(·, \). On the other hand, if the complexity of types is bounded (this is the usual case
in practice), then there are polynomial (O(n5 )) time algorithms. These algorithms were independently presented by
Pentus [22] and Fowler [9]. Fowler used such algorithms for parsing English sentences from CCGBank [8]. Derivability
problem for L(\) is decideable in polynomial time [23].
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Main Results
1. The class of languages generated by L1 -grammars coincides with the class of all context-free languages.
2. The derivability problem for L1 (\) is decidable in polynomial time.
3. The class of languages generated by L(\; p1 )-grammars coincides with the class of all context-free languages
without the empty word.
4. The derivability problem for L(·, \; p1 ) is NP-complete.
5. We present a calculus LR for the unary operation of language reversal and prove its completeness with respect
to models on subsets of free semigroups (language models); the class of languages generated by LR -grammars
coincides with the class of all context-free languages without the empty word.

Extended Abstract
In Chapter 1 we define notions to be used further and state known results.
Define the Lambek calculus L. A countable set Pr = {p1 , p2 , p3 , . . . } is called the set of primitive types; p1 is also
denoted by p. Types of the Lambek calculus are defined recursively:
(1) every primitive type is a type;
(2) if A and B are types, then (A \ B), (B / A), and (A · B) are also types.
The set of all types is denoted by Tp. For types we use capital Latin letters, and capital Greek ones denote finite
(possibly empty) sequences of types. A sequent is an expression of the form Π → C. Sequents are the objects to be
derived in L.
The axioms and rules of L are as follows: pi → pi (ax);
A Π → B (→ \), where Π is not empty;
Π → A\B

Π → A Γ B ∆ → C (\ →);
Γ Π (A \ B) ∆ → C

Π A → B (→ /), where Π is not empty;
Π → B/A

Π → A Γ B ∆ → C (/ →);
Γ (B / A) Π ∆ → C

Γ → A ∆ → B (→ ·);
Γ∆ → A · B

Γ A B ∆ → C (· →);
Γ (A · B) ∆ → C
Π → A Γ A ∆ → C (cut).
ΓΠ∆ → C

The set Tp(\) is the set of types without · and /. The calculus with axioms (ax) and rules (\ →) and (→ \) is
called L(\). (The \ connective can be replaced by /, and the resulting theory will be symmetric to the \ one). Calculi
L(·, \) and L(\, /) are defined in a similar way.
Tp(p1 , . . . , pN ) stands for the set of types that use only primitive types from {p1 , . . . , pN }. Restricting the Lambek
calculus to this set of types yields the calculus L(p1 , . . . , pN ); its fragments with restricted sets of connectives are
denoted by L(\; p1 , . . . , pN ), L(·, \; p1 , . . . , pN ), L(\, /; p1 , . . . , pN ).
The calculus L∗ is obtained from L by removing the Π 6= Λ constraint of the (→ \) and (→ /) rules. Adding a
constant 1 as a special primitive type gives the new set of types Tp1 . The calculus L1 is obtained by adding a new
axiom → 1 ((→ 1)) and a new rule
Γ ∆ → A (1 →);
Γ1∆ → A
to L∗ . For the set of types we now use Tp1 .
The substitution of type A for z (z ∈ Pr ∪{1}) into A is denoted by A [z := A]. Here A can be any syntactic object:
a type, a sequence of types, a sequent, or (see further) a categorial grammar. The expression A [z1 := A1 , z2 := A2 , . . .]
(or A [zi := Ai ]) means that all substitutions are performed simultaneously.
Now we define the central notion of the thesis.
Definition. Let L be one of the variants of the Lambek calculus (L, L1 , LR (defined further), or a fragment of one
of those calculi) and TpL be the corresponding set of types. A grammar based on L (an L -grammar ) is a triple
G = hΣ, H, Bi, where Σ is a non-empty finite set (alphabet), H ∈ TpL , and B ⊂ TpL × Σ is a finite correspondence
between types and elements of Σ. The language generated by G is L(G) = {a1 . . . ak ∈ Σ∗ | ∃B1 , . . . , Bk : Bi B
ai and L ` B1 . . . Bk → H}. Such languages are called L -languages.
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Theorem 2–3 1 (C. Gaifman, 1960; W. Buzkowski, 1985; M. Pentus, 1993). The class of L-languages coincides with
the class of all context-free languages without the empty word. [2][4][18]
Introduce the calculi MCLL0 , MCLL, and MCLL1,⊥ , that are variants of multiplicative linear logic.
The set Var = {p1 , p2 , . . . } is now called the set of variables; At = Var ∪ {q̄ | q ∈ Var} ∪ {1, ⊥} is the set of atoms.
Formulae of MCLL1,⊥ are built from atoms using two binary connectives O and ⊗. Sequents of MCLL1,⊥ are of the
⊥
form → Γ, where Γ is a finite non-empty sequence of formulae. Negation is defined externally: p⊥
i = p̄i , p̄i = pi ,
⊥
⊥
⊥
⊥
⊥
⊥
⊥
⊥
1 = ⊥, ⊥ = 1, (A O B) = B ⊗ A , (A ⊗ B) = B O A . Sequents → pi p̄i and → 1 are axioms of MCLL1,⊥ .
The rules are as follows:
→ Γ A B ∆ (→ O); → Γ A → B ∆ (→ ⊗);
→ Γ (A O B) ∆
→ Γ (A ⊗ B) ∆
→ Γ ∆ (→ ⊥); → Γ ∆
(rot).
→ Γ⊥∆
→ ∆Γ

b = 1,
The standard translation of Lambek types into MCLL1,⊥ formulae is defined recursively: pbi = pi (pi ∈ Pr), 1
⊥
⊥
\
\
b ⊗ B,
b A
b O B,
b B
bOA
b . If B1 , . . . , Bm , C ∈ Tp1 , then L1 ` B1 . . . Bm → C ⇐⇒
[
A
·B = A
\B = A
/A = B
⊥
⊥b
b
b
MCLL1,⊥ ` → Bm . . . B1 C. The fragment of MCLL1,⊥ without constants 1 and ⊥ is called MCLL and corresponds
to L∗ . The original Lambek calculus L corresponds to the calculus MCLL0 , obtained from MCLL by adding the
restriction Γ∆ 6= Λ to the (→ O) rule.
We use Pentus-style proof nets to study derivability in MCLL and MCLL0 , and, using the standard translation,
in L∗ and L. Let Γ = A1 . . . Am . Write it as  A1  . . .  Am and enumerate all the symbols in this string except
brackets (an atom is counted as one symbol). Denote the set of pairs hsymbol, numberi, called occurrences, by ΩΓ .
For α, β ∈ ΩΓ let α <Γ β if the number of α is less than the number of β. The ≺Γ relation is defined as the transitive
closure of parse trees of the formulae A1 , . . . , Am (if α is in the subtree of a tree in which β is the root, then α ≺Γ β).
A occurrence of a subformula is the corresponding subset of ΩΓ . If X is such an occurrence, then l(X) is the occurrence
of the nearest connective or  to the left of X, and r(X) is the occurrence of the nearest connective of  to the right
of X (if there is no such occurrence, then r(X) = h, 1i). The set of all O (resp., ⊗, ) occurrences is denoted by ΩO
Γ
O
O

At−
At+

.
);
Ω
=
Ω
∪
Ω
(resp.,
Ω
);
occurrences
of
atoms
of
the
form
p
(resp.,
p̄
)
form
the
set
Ω
(resp., Ω⊗
,
Ω
i
i
Γ
Γ
Γ
Γ
Γ
Γ
Γ
Definition. A proof net is a structure N = hhΩΓ , <Γ , ≺Γ i, A, Ei, where A, E ⊂ ΩΓ × ΩΓ , which satisfies the following
axioms:
⊗
(1) |ΩO
Γ | − |ΩΓ | = 2;
O
(2) A is a total function from Ω⊗
Γ to ΩΓ ;
−
At+
(3) E is a bijective function from ΩΓ to ΩAt
Γ , and if α is an occurrence of pi , then E(α) is an occurrence of p̄i ;
(4) the graph hΩΓ , A ∪ Ei can be drawn in the upper semiplane without intersections with its vertices lying on the
bound of the semiplane in the <Γ order;
(5) the graph hΩΓ , A ∪ ≺Γ i is acyclic.
Definition. A proof net is called strong, if it satisfies one more axiom:
e
e
(6) for any occurrence X ⊂ ΩΓ of a subformula A(l(X))
6= A(r(X)),
where
(
α,
if α ∈ ΩO
Γ ,
e
A(α)
=
A(α), if α ∈ Ω⊗
Γ.
Theorem 13 (M. Pentus, 1996). A sequent → Γ is provable in MCLL if and only if there exists a proof net for Γ.
[19]
Theorem 14. A sequent → Γ is provable in MCLL0 if and only if there exists a strong proof net for Γ. [25]
Next, we present a method of building an L∗ -grammar for a context-free language M containing the empty word [25].
Consider the language M − {}. Due to Theorem 2–3 there exists an L-grammar G = hΣ, B, Hi. In G, the type H is
primitive (let H = p1 ) and all the types occurring in B, are of one of the forms pi , pj \ pi , or pk \(pj \ pi ), k, j 6= 1.
If we consider G an L∗ -grammar, it will
 still generate the same language. Perform the following substitution in G:
substitute G D = (r \ r) \ (s \ s) \ q \ q for p1 . By means of proof nets one can prove that this grammar generates
the language L(G) ∪ {ε} = M . Thus we have established that any context-free language is an L∗ -language. This result
is very natural in view of Theorem 2–3, but yet has not been proven before.)
In Chapter 2 we consider the Lambek calculus with the unit and its fragments.
We introduce a substitution which reduces derivability in L1 to derivability in L∗ :
Theorem 16. If Π → C is a sequent with types from Tp1 and q is a new primitive type, then

L1 ` Π → C ⇐⇒ L∗ ` Π → C [pi := (1 · pi ) · 1][1 := q \ q].
This theorem yields a characterisation of L1 -languages:
1 We

keep theorem numeration from the original Russian text of the thesis. Theorems 2 and 3 are here formulated as one theorem.
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Theorem 17. Every L1 -language is context-free.
Next, we introduce another substitution to reduce L1 (\) to L∗ (\):
Theorem 18. If Π → C is a sequent with types from Tp1 (\) and q is a new primitive type, then

L1 (\) ` Π → C ⇐⇒ L∗ (\) ` Π → C [1 := q \ q, pi := (q \ q) \(pi \ q)].
[26]
Using this substitution and Savateev’s results, we prove decideability of L1 (\) in polynomial time.
Theorem 19. There exists an algorithm, that checks derivability of sequents in L1 (\), in O(n3 ) steps, where n is the
length of the sequent (the number of connective, primitive type and 1 occurrences).
In Chapter 3 we consider the Lambek calculus with one primitive type (L(p)) and its fragments (L(\; p) and
others).
We introduce a type substitution that reduces derivability in L(\) to derivability in L(\; p). Earlier a similar substitution for the whole MCLL calculus was presented by Métayer [14]. For L(\) and L(\; p) there exists a substitution
invented by Hendriks [10], but the types there are of exponential size and the proof is more complicated than ours.
The next theorem is proved using proof nets.
Theorem 20. For every sequent Π → C, where Π = B1 . . . Bm , m > 1 , and B1 , . . . , Bm , C ∈ Tp(\; p1 , . . . , pN ),
L(\; p1 , . . . , pN ) ` Π → C ⇐⇒ L(\; p) ` (Π → C)[p1 := A1 , . . . , pN := AN ],


where Ak = pk+1 · ((p · p) \ p) \ p · pN −k+1 \ p,
k = 1, . . . , N.
[25]
The notation (D1 · . . . · Dm ) \ C here is a shortcut for Dm \(Dm−1 \(Dm−2 \ . . . \(D1 \ C) . . . )); pm means p · . . . · p
(m times).
The same construction works for L∗ [24]. This substitution depends on the set of primitive types used in the
sequent; there also exists a uniform substitution, but with exponential growth of type complexity.
Theorem 24. The class of all L(\; p)-languages coincides with the class of all context-free languages without the empty
word. The class of all L∗ (\; p)-languages coincides with the class of all context-free languages.
Theorem 25. Derivability problems in L(·, \; p) and L∗ (·, \; p) are NP-complete.
In Chapter 4 we introduce the Lambek calculus with the reversal operation (LR ).
Define the notion of L-model (language model). Now let Σ be an arbitrary non-empty finite or countable set.
Formal languages over Σ not containing the empty word form the set P(Σ) with the following three operations
(multiplication, left and right division): M · N = {uv | u ∈ M, v ∈ N }; M \ N = {u ∈ Σ+ | (∀v ∈ M ) vu ∈ N };
N / M = {u ∈ Σ+ | (∀v ∈ M ) uv ∈ N }.
Definition. An L-model is a structure M = hΣ, wi, where w is a mapping from Tp to P(Σ+ ), such that w(A · B) =
w(A) · w(B), w(A \ B) = w(A) \ w(B), w(B / A) = w(B) / w(A) for any two types A and B. A sequent F1 . . . Fm → G
is true in M if w(F1 ) · . . . · w(Fm ) ⊆ w(G).
Theorem 27 (M. Pentus, 1995). A sequent is derivable in L if and only if it is true in all L-models. [20]
Introduce the calculus LR . Types of LR are built from primitive types using three binary connectives \, /, · (as in
L) and one unary connective R (written in postfix form, AR ). Additional rules of inference are as follows:
Γ→C
(R → R )
ΓR → C R

ΓA∆ → C
(RR →)
Γ ARR ∆ → C

Γ→C
(→ RR )
Γ → C RR

The notion of L-model is naturally extended to LR by adding the condition w(AR ) = w(A)R = {an . . . a1 | a1 . . . an ∈
w(A) to the definition of w : TpR → P(Σ+ ).
Theorem 28. A sequent with types from TpR is derivable in LR if and only if it is true in all L-models. [27]
This completeness theorem shows that the extension is chosen correctly.
Any type from TpR is equivalent to a type in normal form, i.e. a type where the R connective is applied only to
primitive types.
Now we prove Theorem 28. Let a sequent whose types are in normal form be not derivable in LR . Then is is not
derivable without applying rules for R , therefore by Theorem 27 there exists a countermodel M for this sequent, but
this model can violate the condition w(AR ) = w(A)R for some types A. We construct a countermodel M2 satisfying
this condition for every A.
Let Φ be the set of all subtypes of the sequent in question. Define recursively a counter f (A), A ∈ Φ: f (pi ) =
f (pR
i ) = 1, f (A · B) = f (A) + f (B) + 10, f (A \ B) = f (B / A) = f (B); let K = max{f (A) | A ∈ Φ}, N = 2K + 25.
Introduce a new alfabet Σ1 = Σ × {1, . . . , N } and consider the homomorphism h : Σ+ → Σ+
1 , a 7→ ha, 1i . . . ha, N i. Let
R
+
T = {u ∈ Σ+
|
u
is
not
a
subword
of
a
word
of
the
form
h(v)
or
h(v)
(v
∈
Σ
)
or
u
starts
or ends with a symbol
1
4

R
R
of the form ha, 2ki}. Put w2 (pi ) = h(w(pi )) ∪ h(w(pR
i )) ∪ T and propagate the w2 mapping to all types from Tp
R
according to the definition of L-model for L . The model M2 = hΣ1 , w2 i is the one we need.
Finally, we state some properties of LR and its fragments:

Theorem 29. The class of all LR -languages coincides with the class of all context-free languages without the empty
word.
Theorem 30. Derivability problems for calculi LR (\), LR , and all intermediate fragments of LR are NP-complete.
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