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BBE/IEHUE

OcHOBHBIMEU 00'bEKTAMY U3yUEHUS aIredpandecKoll TeOMETPUN SBJISIOTCs ajrebpanvyecKne
MHOr006pas3usa (miu cxembl) 1 MOpdu3Mbl Mex, 1y HuMu. Kaxkioe aarebpandeckoe MHOT006-
pazure X —3TO OKOJIbIIOBAHHOE TOTIOJOIMYECKOe IIPOCTPAHCTBO M, TAKUM 00pa30M, OCHAIIIEHO
Tomosoruedi (Yare Bcero 3apucKoro) m myuKoM KOJell peryiapHerx dbyakmmii Ox. ! .

Nzyuenune anrebpanydeckoro MHOroobpasus — 3T0 B OOJIBIION CTENEHN U3YUEHUE MYIKOB
Ha 3TOM MHOroobpasum. U, Tak Kak IIpPOCTPAHCTBO OKOJIbIIOBAHO, TO €CTECTBEHHBIMHU ITyYKa-
mu, aeasgtorcs mydku Oy -Moy/eil, cpean KOTOPBIX CBOel aarebpamvecKkoil TpupoIoii Bhl-
JIEJIATOTCA KBA3UKOTEPEHTHBIE M KOrepeHTHbIe nydku. Hanomunm, 4o nydok O x-mozynei
HA3BIBAETCS KBA3UKOTEPEHTHBIM, €CJIN OH JIOKAJBHO MPEICTABISETCS KaK KOAJIpo 0ToOpa-
JKEHUs CBODOJIHBIX IIYYKOB U HA3BIBAETCS KOI'E€PEHTHBIM, €CJIM 9TU CBOOOJIHBIE YUK UMEIOT
KOHeUHBIH panT. (JIoKaaBHO CBOGOHBIE MyYKHM HA MHOTO0ODA3UH OJHOZHAYHO COOTBETCTBY-
OT BEKTOPHBIM PACCJIOEHUSIM, TTO9TOMY B JAJbHEHIIEM 9TH TEPMUHBI yIOTPEOIIIOTC KaK
9KBUBAJICHTHBIE).

Takum obpa3oM, ¢ KaxKIbIM ajJrebpamdecKuM MHOTooOpasmeM X CBsSI3aHBI abeaeBbl Ka-
reropun (KBas3u)korepeHTHBIX my4ukoB Ha Hem coh(X) (u Qcoh(X)). Mopduszmbr mex iy
MHOT000Pa3uaMu HHAYIUPYIOT (DYHKTOPHI 00PATHOTO U MPIMOro 00pa3a Mex Iy ITumMu abe-
JieBbIME KaTeropusiMu. OQIHAKO 3TU (DYHKTOPBI HE SBJISIIOTCS TOYHBIME, TO €CTh HE TEPEBOIST
TOYHBIE [IOCJIE/IOBATELHOCTU B TOUYHBIE. /laHHOE 00CTOSATENBCTBO CO3/Ia€T HEMAJIbIE TPYIHO-
ctu pu paboTe ¢ abe/ieBbIMY KATETOPUIMY U HETOUHBIMHU (DYHKTOPAMY MEXK Y HUMU. ITOOBI
coxpanuTh dyHKTOpUAIbHOCTH, Kapran n Diinenbepr ([11]) BBesin moHsTHE IPOM3BOIHBIX
(bYHKTOPOB, KOTOPBIE AT HEOOXOAUMbBIE TIOMPABKY K HETOUYHBIM (PYHKTOpPAM. DTa TEXHUKA
Oputa passuta 'porenaukom B pabore [15] u B manbHeiilmeM HpuBesa K BBEJICHUIO HOBBIX
MOHATHUIN: TTPOUZBOAHON KATErOPUN U MPOU3BOIHBIX (DYHKTOPOB MEXKIy HUMHU.

B npou3BogHBIX KATEropusix B OTJIUYUU OT aDEJEBbIX HET KOPOTKUX TOUYHBIX MOCIEI0-
BaTEJBHOCTEN U HE MOTYT OBITH ONPENEIEHBI Sapa U Koaapa MOpdH3MOB, HO TeM He Me-
Hee [IPOM3BO/IHbIE KATeropuu o0JIa/Ial0T HEKOTOPO BHYTPEHHEN CTPYKTYPOil, KoTopas ObLia
odopmiiena Bepjpe B moHsATHE TPHAHTYIMPOBAHHOM KaTeropun [44].

[Tepexos or abe/teBbIX KATErOPHil K TPOU3BOAHBIM OT HIX MO3BOIAET PEIUTE MHOTHE TIPO-
0/1eMBl, CBA3aHHBIE C TPYAHOCTSIMHU TPU U3YUEHUN e€CTeCTBEHHBIX (YHKTOpOoB. B KadecTBe
OJIHOT'O U3 TEPBLIX IPUMEPOB HYKHO OTMETHUTBH CO3/iaHue riobajbHOil Teopun IepecevdeHust
M JI0Ka3aTe/JLCTBO TeopeMmbl Pumana-Poxa. 1o O6bL10 caenano ['poreHaukoM u coaBTopa-
mu B [41] 1 cTano BO3MOXKHBIM C BBeJIEHUEM TPUAHIYJIUPOBAHHON KATEropuu COBEPIIEHHBIX
KOMTLTEKCOB.

Jpyroit npuMep CBsS3aH C BBEJIEHUEM TPEBPATHBIX ITYUYKOB U YCTAHOBJIEHUEM COOTBETCTBHUS
Pumana-I'uinbepra MexK Iy rOIOHOMHBIME MOIYJ/IME C PETYASIPHBIMA OCOOEHHOCTSIMU 1 KOH-
CTPYKTUBHBIMHU [TyYKaAME, KOTOPOE CTAI0 BO3MOXKHBIM TOJBKO C MPUBJEUYEHUEM TOHATHS W

TeXHNKW TPUAHTYJINPOBAHHBIX KaTeropmii (em. [4], [23]).

1y1a paboTa BBHIMOJMHEHA TIPU 9aCTUIHON moaaepkke POOU (rpant € 02-01-00468), Donma mommepxRKu
Beaymwmx HayIHbIx WKOJ (rpanT € 00-15-96085) m rparta INTAS-OPEN-2000-269. Uccnenosanus, onucan-
Hble B JAHHON pabore, OBLIN CE/IaHbI [IPU YACTUYHON MOIIEPKKH AMepUKaHCKOro (hoHIa TPakIaHCKHUX
nccnenosanuii (CRDF € RM1-2405-MO-02.) ABTopy Tak:Ke NPpUsATHO BBIPA3HUTH CBOIO Giaromapuocts Pon-

Iy COMENCTBUS OTEUECTBEHHON HayKe.



Mpuorue BOmpochl, CBA3AHHbIE C U3YUEHUEM MHOT000DAa3Nii, TPeOYIOT NCCTETOBAHUS W OTIH-
CaHWs MPOU3BOJHBIX KATErOPUil KOT€PEHTHBIX IIYIKOB Ha HUX. B mpocTelmx cayvasix, Koria
MHOT000pa3ne - 9T0 TOYKa W/ TJIaJiKast KpUBasi, J000i 00beKT B MTPON3BOIHON KaTEropuu

KOTEPEHTHBIX ITYUYKOB N30MOPQEH IPAMOl CyMMe HEKOTOPOro HaDOpa KOTEPEHTHBIX My YKOB,
k

B34TEIX C MOAXOISIIM CABUTOM, TO €CTh KasKIblit A € Db(coh X) umsomopden @& Fi[ng],
=1

rae F; — KOTepeHTHbIe My YKy, JlaHibie TpUMephl 0TPaKaioT TOT (DAKT, 9TO TOMOJOTHIECKAST
pasMepHOCTb abesieBoit KaTeropuu B 9TUX ciaydasx He mnpesocxojut 1. Ho gnsg muoroobpa-
3uit 6OJIBINEH PA3MEPHOCTH CYITECTBYIOT KOMILIEKCHI, KOTOPHIE He W30MOPMHBI B TPOU3BOI-
HOIT KaTeropum CymmMe CBOUX KOI'OMOJIOI'UIA. HOSTOMy OITMCaHHEe HpOI/ISBO,Z[HOfI KaTeropuum Jjid
MHOTro00pa3uii pazMepHocTr 6obIIe 1 gBIsSeTCS TPYIHON M MHTEpecHOi 3amadeii. IlepBoie
Iary B 9TOM HANpaB/IeHuH OBLIM ClelaHbl B paborax [3]| u [2|, B KoTOpBIX OblLIa OIECAHA
IPOMU3BOJHAA KATECTOPUA KOTE€PEHTHBIX ITYYKOB Ha MPOCKTUBHBLIX ITPDOCTPAHCTBAX, YTO MTO3BO-
JIMJIO B JIAJIbHEMIIIEM [IPUMEHNTD JIAHHYI0 TEXHUKY K MCCJIEI0BAHIIO MHOI000pa3us Moy ieit
BeKTOpHBIX paccioenuit na P2 u P3. B uacroocrH, B 3Tux paboTax GLLIO MOKA3AHO, UTO
IPOM3BO/HAA KATEIOPUs KOrepeHTHRIX nyukos DP(cohP") Ha mpoeKTHBHOM IPOCTPAHCTBE

9KBUBAJIEHTHA MPOU3BOJHON KATErOPUU KOHETHOMEDHBIX MOJIyJI€eil HAJl KOHETHOMEDPHONH aJi-
i=n

rebpoit A = End(@ O(i)) . D1or 104x0/1 ObLI 1I03/1HEE YCOBEPHIEHCTBOBAH, U ObLIU [10J1yYe-
=0

HBI OIUCAHUST TPOM3BOTHBIX KATErOPHii KOTEPEHTHBIX ITyYKOB HA KBAJIPUKAX U Ha (DJIArOBBIX
muOroobpasmusax (|20, 21, 22]).

BBesierne moHSTHIT HCKIIOYATEIHLHOTO HAOOPa M TIOJyOPTOTOHATIBHOTO PA3JIOXKEHNUS, TT03-
BOJIUIO CHOPMYJIUPOBATH HOBBIE TPUHIWITHI JIJId OMUCAHUSA MPOU3BOIHBIX KATErOPUil Kore-
peHTHBIX y9IkKoB ([5], [6]). Okazazock, 9T0 HAIMYNE MOTHOTO NCKTIOYATETLHOTO HAbOpa BCe-
/12 OCYIIECTBIISIET SKBUBAICHTHOCTD TPOM3BOAHON KATETOPUH KOTE€PEHTHBIX Ty IKOB C TIPOU3-
BOJIHOHM KaTeropreil KOHEIHOMEPHBIX MOIY/Iel HaJl KOHETHOMEPHOH aaredpoit sumoMmopdus-
MOB JIaHHOTO MCK/rounTesbHoro Habopa ([5]). TlonsTre 1OIyOpPTOrOHAIBHOIO PA3IIOKEHUS
MO3BOJINJIO JIaTh OMHUCAHWE TPOU3BOIHON KATErOPUE DA3JAyTHs B TEPMUHAX MTPOW3BOIHBIX
KaTeropuit pa3ayBaeMoro MHOroo6pasust # MOJAMHOr000pass, B KOTOPOM 9TO Pa3IyTHe TPO-
ucxoaur ([34]).

OpiHako I MHOTHX THIIOB MHOTOODPa3Wii ONMUCATh MPOU3BOIHYH KATETOPUIO HE TIPej-
CTaBJISIETCS BOBMOXKHBIM. TeM He MeHee, €CTECTBEHHBIH BOIPOC, KOTOPHIi BOBHMKAET MPH
mepexoJie OT MHOTOOOPa3mii K MPOM3BOIHBIM KATETOPUSIM KOTEPEHTHBIX MyYKOB, MOXKHO TDY-
60 cdhopMyMpoBaTh TAaK: KAK MHOTO HH(MOPMAIUN COXPAHAETCs MpH JaHHOM mepexone. Ha
CaMOM JieJTe, BBISICHSIETCS, YTO 9TO COTOCTaABMEHNE coxpaHseT "mouru' Bcro wrdopmannto. Bo
MHOTHX CJIy9asiX MOXKHO JaK€ BOCCTAHOBUTL CaMO MHOI0O00Opa3ue 1O ee POM3BOJHOM Ka-
TErOPUH KOTEPEHTHBIX MyYKOB — HAIPUMED, €CIM KAHOHUIeCKUil (MJIH aHTHKAHOHUIECKHIT)
Iy 90K MHOT00Opasusg sBisgercs obmababM ([8]).

Tem we menee, 1Jig HEKOTOPBIX TUIOB MHOT000OPA3Wii CyIIECTBYIOT MPUMEPHI TOTO, KOTIA
ABa Pa3HBIX MHOI‘OO6pa3HH NMECIOT 3KBHUBAJICHTHBIC ITPDOU3BOAHBIC KATCTOPHUU KOT'CPEHTHBIX
ny4gKkoB. 1lepBrIit mpuMep ABYX PasHBIX MHOTr00Opa3wii ¢ SKBUBAJCHTHBIMU TPOU3BOJIHBIMU
KaTeropusiMi KOTEPEHTHBIX My9IKoB ObLT Haiimen Mykan [29]. OH mokazas, 9TO TaKOBBIMI
SABAIOTCA JIT000€e abereBo MHOTO0DOPa3ne W TBONCTBEHHOE K HEMY. JTa KOHCTPYKIHS ObLIa

obobriena B pabore [38], rae auist KaxK 1000 abesesa MHOr00Opas3usi Obl BBE/IEH 11€JIbI KJIacC



abesIeBbIX MHOTO00OPa3wii, MMEIONNX Ty Ke CaMyI0 MPOW3BOJHYIO KATETOPUI0 KOTEPEHTHBIX
My JIKOB.

JlanHbIe TPUMEPHI TIOKA3BIBAIOT, 9TO, C OAHOW CTOPOHBI, CYIMIECTBYIOT MHOTOOOPA3ws C
9KBUBAJEHTHBIMHA MTPOU3BOIHBIMU KATETOPUAMI KOTEPEHTHBIX MYyYKOB, & C JAPYTOi, 9TO KaXK-
JbIf KJ1ace MHOroo0Opasuil ¢ 3KBUBAJEHTHLIMYU [TPOU3BOJHBIMU KATETOPUAMA KOI'€PEHTHBIX
nygkoB "masr"(BO BCeX mMpEMepax OH KOHEUeH).

Yro6bl MOMYINTH MOJHYIO KJIACCHMDUKAIIIO MHOT00GpA3uil ¢ IKBUBAICHTHBIMEU TTPOM3-
BOJIHBIMU KATETOPUAMK KOTEPEHTHBIX IYYKOB HEOOXOJIMMO MMeTh onucanue (PyHKTOPOB n
9KBUBAJEHTHOCTEH Mexk 1y HuMu. OKa3pIBAETCs, 9TO YKBUBAJEHTHOCTH BCAKHI Pa3 UMEOT
TEOMETPUIECKYIO TTPUPOLY, TO €CTh TPEICTABISIOTCS HEKOTOPBIMIA KOMILIEKCAMHI TYIKOB HA
MIPOUBBEICHAN.

JlaBaiiTe mMOSICHWM, YTO WMeeTCd BBUIY. depe3 Db(X ) Gyzem B manbHefinem 0603HAYATE
OTPAHUYEHHYE) HPOU3BOAHYI) KATErOPHUIO KOINEepPeHTHbIX mydkoB Ha X . JI0boit mopdusm
f: X — Y Mexnay rragkuM¥ TOMHBIME AIreOpandecKnMiu MHOTOODPa3UsIMI WHIYITHPYET
JIBa TOUHBIX (PYHKTOPA MEKIY OTPAHUICHHBIMU TPOU3BOIHBIMU KATETOPUSIMEI KOTEPEHTHBIX
myakos: dbyHKTOp mpamoro obpaza Rf, : DY(X) — D®(Y) u dbyskrop ofparsoro obpasa
Lf*: DY) — D®(X), xoroperii conpsizxen k Rf, ciesa. Kpome T0ro, Kazxaplii 06beKT

£ € D(X) zajaer To9HbIH (PYHKTOP TEH30PHOTO yMHOZKEHHST (}% £:DYX) — DYX). Uc-
MOJIBb3YS 9TU CTAHAAPTHBIE TTPOU3BOAHBIE (DYHKTOPHI, MOYKHO BBECTH HOBBIN HOJIBIION K/TACC
TouHBIX (DYHKTOPOB Mezk/1y mpoussoaabivn kareropusymu DP(X) u DY(Y).

I[Iycre X m Y — aBa miagkux OOJHBIX MHOroobpasma Hand moseMm k. Pacemorpum me-
KapToBO mpomsBedeHne X X Y m obosHadunMm depes p m ¢ mpoekmmun X XY mHa X m
COOTBETCTBEHHO HA, Y

X £ xxy 4,

Kaz npiit o6bexr € € DY(X x Y) 3azaer rounsiit byrkrop Pg 13 IpOU3BOLHON KATEIOPHI
D(X) B npoussonnyio kareropmo DP(Y) | Koroperii omnpeensercs 1o dbopuye:

(1) De() = Rqu(€ & p*(1).

Kax et pyHKTOD TAKOTO BUa MMEET JIEBBIH W MPABBIA COMPIKEHHBIE (PYHKTOPHI.

Takum 0b6pazom, KaKIOMY TJIAIKOMY OJTHOMY aaAredpandecKoMy MHOM00OOPA3UI0 MOXKHO
COTIOCTABUTDL €r0 TPOU3BOIHYI0 KATEMOPUIO0 KOTEPEHTHBIX MYYKOB, a ¢ KAXKJIBIM OOHLEKTOM
£ € DX xY) Ha npomsBeJeHHH OBYX TAKHX MHOTOOOPA3Mil CBSI3aTh TOYHBIH (DyHKTOD
®¢ w3 TpuanTyamposanuoil kareropun DP?(X) B Tpmanrymmposanuyio kareropmuio D(Y).
JanHas pabora OCBIIIEHA MCCIETOBAHNIO 3TOTO COOTBETCTBHSI.

O/vH U3 MEPBBIX BOMIPOCOB, BOSHUKAIOIIUX [IPU U3YUE€HUU TPOU3BOIHBIX KATErOPUi KOre-
PEHTHBIX MYyYKOB, TaKOM: 000 jin DYHKTOP MEXKY STUMHU KATEMOPUSIMHU TIPEICTABIISETCS
00bEKTOM Ha TPOM3BEIEHNHN, TO eCcTh uMmeeT Buj (1). B TpeTneil riase maercss yTBepanTe b
HBIIT OTBET Ha 3TOT BOIIPOC B CJjiy4dae€, KOTrda (byHKTOp ABJIAETCA 3KBUBAJICHTHOCTHIO.

JpyruMu eHTPaJIbHBIMUA BOMPOCAME 3/1€Ch SBIAIOTCS CIEAYIONINE TBa

1) Korma mpou3BosiHbIE KATETOPUE KOTEPEHTHBIX ITyYKOB JIBYX PA3HBIX [VIAKUX TOTHBIX
MHOTO0Opa3nit IKBUBAJEHTHBI KAK TPUAHTYJINPOBAHHBIE KATETOPUN?!
2) KakoBa rpymia TOYHBIX aBTOIKBUBAJEHTHOCTEH TPOU3BOIHON KaTErOPUN KOT€PEHT-

HBIX [TYYKOB JIJIsT JJAHHOTO (DUKCHPOBAHHOTO MHOroo6pasus X 7



HekoTopble pe3y/IbTaThl B 9TOM HAIPABICHUY OB y¥Ke N3BeCTHBL. CYIIecTByeT UCUepIThbl-
BAIOIIMIT OTBET HA JAHHBIE BOIPOCHI B CJIyYae, KOIyla KAaHOHUIECKHU MM aHTUKAHOHUYECK it
ny9oK MHOroobpasus siBjsiercst obuiabHbIM. B pabore [8] mokaszano, 4To Tyiajikoe Tpoek-
TUBHOE MHOTO00pa3ne, KAHOHWYIECKWH (MM aHTUKAHOHUYECKHUI) Myd0K KOTOPOrO OOWJIEH,
BOCTAHAB/IMBACTCE 110 CBOEHl MPOU3BOJHON Kareropuu korepentabix myakos DP(X) . Boaee
TOro, B 3TO paboTe NMpuBejeHa sfBHAsi KOHCTPYKIMs BOCTaHOBJeHus. [ljis MHOrooOpasmit
JIAHHOT'O THIA MOXKHO TaKKe OIUCATHb U I'PYIILY TOYHBIX aBTOIKBUBAJIEHTHOCTE.

Temeps omutiieM comepkanne u CTPYKTYPY CTaThbu. B cTtarhe coOpanbl pe3yabTaThl, 60Ib-
LIMHCTBO U3 KOTOPBIX B TOM WJIM UHOM BHJE MOLYT ObIThb Haiijenst B paborax |7, [8], [34],
[35], [37].

B nepBoii riase cobpaHbl CBe/IeHNs IIPeIBAPUTEIHHOTO XapakTepa. CHada a 1aeTcs omnpe-
JleJleHre TPUAHTYJIMPOBAHHONW KATETOPUM W HAIIOMUHAIOTCA TOHATUA TOYHOTO (BYHKTOPA
MeXK/ly TPHAHTYJIMPOBAHHBIMYU KATErOPUAME, JOKATU3ANNN TPUAHTYTUPOBAHHON KaTeropun
[0 TIOJIHOM TIOJKATErOpUn U 0bIee OmnpejiesieHre TPOU3BOIHOTO (hYHKTOPa JJIsI JTOKATH30-
BAHHBIX TPUAHTYJIMPOBAHHLIX KATErOPHii. 3aTeM BBOJUTCS ONPEJe/eHHe NOMOTOIMYECKOi
¥ TPOW3BOAHON KAaTeropwuit 0T abesieBoil KaTeropuu, a Tak:ke 0OCYKIAI0TCA CBONCTBA MPO-
U3BOJIHBIX KATErOpUil KOTEPEHTHBIX M KBA3WKOTEPEHTHBIX My9KOB Ha CXeMaxX B (PyHKTOPHI
MEXK/Iy HUMH.

Bo BTOpOIl T/IaBe BBOAUTCHA KJIACC PYHKTOPOB MEXKJYy OTPAHUYEHHBIMU MPOU3BOIHBIMU
KATeropusiMi KOTEPEHTHBIX My9YKOB Ha TJAJKUX MOJHBIX aarebpandaecKnx MHOTO0Opasusx,
KOTOPBIE MTPEJICTABISIOTC 00beKTaMu Ha TTPOU3BEJCHUU W OIMCHIBAIOTCA X OCHOBHBIE CBOTi-
cTBa. VICIOb3ys pe3yIbTaThl U3 TPeTheil TJIaBbl, HOKA3BIBAETCS, YTO €CJIN JBA IVIAJKUX TIPO-
eKTHBHBIX MHOrooOpasusg X u Y MMEIOT 3KBUBAJEHTHBIE IPOU3BOJIHBIE KATEIOPHUH, TO TO-
rja CymecTByer nzomopdusm Mexay ourpagyunposanabivu anrebpavmu HA(X) u HA(Y),

KOTOPBIE OIPEIEIAIOTC 110 CaeAyomeil popmyste:

@HAM =P P (X, ATy @ k),

i,k pt+q=i

rae Ty —KacareapHOe, a wx — KAHOHWYIECKOe paccyoenns Ha X (Teopema 2.1.8 u cieacrue
2.1.10).

Bo Bropom naparpade BTOpOii riiaBbl IPUBOIMTCS IEIbIN KJIACC IIPUMEPOB ITapbl MHOT'000-
pasunii, IMEIOINX dKBUBAJEHTHBIE TPOU3BOIHBIE KATErOPUN KOTEPEHTHBIX IMy4YKoB. JlaHHbIE
[pUMEepPbl UHTEPECHBI TEM, YTO BO3HUKAIOIIME MHOT000pa3usi OUPAIMOHAIBEHO U30MOP(HBI
(HO B 00IEM Coryuae He m30MOPMHBI) U CBA3aHBI TpeobpasoBanuem tuna ¢gyion. B wacrrocTn,
JIAHHBIE TPUMEPbI TIOKA3BIBAIOT, YTO yCJIOBHE OOUIBHOCTH KAHOHUYECKOTO (MM AHTUKAHOHU-
YEeCKOT0) KJIACCa B T€OPEME O BOCCTAHOBJIEHUU HE MOXKeT OBITH 0CJIabJIeHO.

[Iycte Y — riajiko BJIOYKEHHOE 3aMKHYTOE IOJIMHOT000pa3ue B TVIAJKOM IIOJTHOM ajred-
pamdeckoM MHoroobpasum X rtakoe, uro Y = PF ¢ mopmambubiM paccioennem N Xy =
Oy (—1)2U+D | Byjnem npegnonarars, uro [ < k. O6ozuadnm aepes X pazayrue X c nen-
TpoM BAOIb Y . B 3TOM Ciiydyae MCKIIOUMTETHHBIN JMBHI30D Y 1/130M0p<1)eH MTPOU3BEIEHUIO
IpoeKTUBHBIX mpocrpancts PF x P! . Cymecrsyer cayrue X TaKoe, 4To Y IPOEKTUPYETCS

Ha, BTOPOii coMHOknTeb P! . PaccMOTpHM JuarpaMMy TpOeKImii:

iy "’7r+
X x I xt



Bupamnmonaabaoe oTobpazkenne fl: X --» X gBagerTca mpocTeHIIM TPUMepOM TIpeobpa-
zoBanus Tuma Guun-dson u ectsb duun upu | < k wu Quon npu [ = k.

OcHorHast TeopeMa, 9TOTO Taparpada CBI3BIBAET TPOU3BOLHBIE KATErOPUN KOTEPEHTHBIX
my9KoB Ha MHOT006pasuax X u X . OHa roBopur, 9To a1 J0b0ro THHEHHOT0 PACCTIOCHTA

L ua X pyHKTOD
R, (Lr™ () ® £) : D’(XT) — Db(X)

SIBJISIETCS BIIOJIHE CTPOTUM, a nipu k = | 310T DYHKTOD SBJISETCS SKBUBAJIEHTHOCTHIO.

Tperbst TIaBa aBAsteTCsS TeHTpabHON. OHA TOCBAIIEHA T0KA3ATENIHCTBY TOrO (aKTa,
qTo .HIO6&H IKBUBAJIEHTHOCTDb MEXKJY IMPOU3BOJHBIMU KATCTOPUAMUN KOTEPEHTHBIX ITYYKOB HaA
[JIAJIKUX TIPOEKTUBHBIX MHOTOOOPA3UIX MPEICTABISIETCS OOBEKTOM Ha MPOU3BEICHUH.

Nmest nanHOe yTBEPKIEHNE, CTAHOBUTCS BO3MOYKHBIM OITUCHIBATH SKBUBAJEHTHOCTH MEZK-
Ay OTPOU3BOAHBIMU KAaTErOPUAMU KOTEPEHTHBIX MYYKOB W OTB€YATH Ha BOIIPOC, KOTJa ABa
Pa3HBIX MHOFOO6pa3I/IH UMEIOT IKBUBAJICHTHBIC TPOU3BOAHBIC KATETOPUU KOTEPEHTHBIX I1yY-
KOB.

Ha camoMm meme B To#i r1aBe mokasbiBaeTcsa Oosiee obmmit (pakT: a MMEHHO, 9TO 000
GYHKTOP MEXKIYy OTPAHMIEHHBIMU TTPOU3BOSHLIMU KATETOPUSIMHU KOTEPHETHDLIX MYYKOB HA
TJIAAKUX TIIPOCKTUBHBIX MHOI"OO6pEL31/I${X7 KOTOprfI ABJIAETCA BIIOJTHE CTPOrUM W HMMeeT CO-
MPSDKEHHBINA, MOXKET OBITH MPEJICTABACH O0OBEKTOM Ha MPOW3BEICHUM 3THUX MHOT000pa3Wii,
T.e. m3oMopden dynkropy Pg, ompenenennomy mo npasmiy (1). Boaee Toro, npegcrasis-
01T 0OLEKT OJHOZHATHO OMPEJIENIEH C TOYHOCTHIO /10 m3oMopdusma, (Teopema 3.2.1).

B derBepToitl ri1aBe m3yvar0TCa TPOM3BOMHBIE KATETOPUH KOTEPEHTHRIX My4uKoB Ha K3 mo-
BepxHOCTaAX. s moboit K3 mosepxuoctu S na pererke koromosormit H*(S,Z) moxkHO

ONPEJIEUTh CHMMETPUYECKY0 OUITHHEHHY0 GOpMY 10 IpaBIILY
(w,u')=7r-8+s5-7" —a-o € HY(S,2) = 7Z

AIst Kazk Aol mapel u = (1, 8),u’ = (r', o/, s') € HY(S,Z) @ H2(S, Z) ® H*(S,Z) . Pemerxy
koromosioruit H*(S,Z) ¢ sroit Gununeiinoit dhopmoit (,) maswiBaercs pemerkoit Mykau u
obo3Hauaerca uepes H(S,Z).

Ha pemrerke ﬁ(S,Z) UMeeTCsI eCTeCTBeHHaAsI CTPYKTypa Xo/ka. B manHOM cirygae 1mof
CcTpyKTypoit XomKa MMeeTCs BBUIY TO, 9TO B MPOCTPAHCTBE ﬁ(S, C) sadukcuposano oj-
momeproe nognpocrparcrso H20(S). Hazosem pemrerkn Mykan asyx K3 mosepxmocreit
XO0I2KEeBO M30METPUIHBIMHA, €CJIU CYIIECTBYET M30METPUs MEXKIY HUMM, KOTOpas HepeBOIUT
ommomepioe mogmpocrparcrso H2Y(S)) B H20(Sy)

[naBHast Teopema 3TOM TIaBBI TOBOPUT, YTO TMPOMU3BOJHBIE KATETOPUU KOTEPEHTHBIX ITyd-
ko DY(S1) m DP(S3) meyx K3 mosepxmocreii mas mosem C SKBUBANCHTHB KaK TPHAH-
IYJIMPOBAHHBLIE KATETOPUH TOTJA U TOJBKO TOI/A, KOTJA CYIIECTBYET XOIKEBA M30METPHUA
f: H(S1,Z) = H(S2,Z) mexnay ux pemerkamu Mykan (reopema 4.2.1). Drta Teopema
UMEET U JPYTofi BAPWAHT B TEPMUHAX PEMIETOK TPAHCIEHIEHTHBLIX UK/I0B (Teopema 4.2.4).

Yunreiast reopemy tuna Topesu gust K3 nosepxuocreit [39, 27|, koropast rooput, 910
K3 moBepxHOCTb BOCCTAHABIMBACTCA MO CBOEI CTPYKTYpe XOMIKa Ha BTOPBIX KOTOMOJIOTHSX
, TOJIYYa€M OTBET B TEPMHUHAX CTPYKTYP XO/Ka Ha BOIPOC, KOTJAa MPOU3BOJIHLIE KATETOPUH

KOTE€PEHTHBIX MMYYKOB JABYX K3 HOBerHOCTeﬁ 9KBUBAJICHTHBI.



B nsgaroit rmaBe n3ydaioTcs TPOU3BOJHBIE KATETOPUH KOTEPEHTHBIX MYyYKOB HA abeeBbIX
MHOT000pa3UsIX U UX IPYIIbI ABTO3KBUBAJIEHTHOCTEH.

IMycrs A — abesieBo MHOTOOGpa3Me U A- JiBoOlicTBEHHOE abesieo MHOTOOOpasne. B pabore
[29] b0 MOKA3ZAHO, YTO MPOM3BOHBIE KATETOPHH KOTepeHTHBIX myuros DP(A) m DP(A)
9KBUBAJIEHTHDI, M 9KBUBAJEHTHOCTDb, KOTOpasi HazbiBaercs mpeobpazopannem Pypoe-Mykan,
MOKeT OBITH 3ajlaHa C IMOMOIIBIO JIMHEHOTO pacciaoenus llyankape P4 Ha IpousBeleHUN
A x A no npasuty (1): F— Rpa(Pa@pi(F)).

Dra koucTpyKIws Mykan 6buia o6obiiena B crarbe [38] ciaeayromum obpasom. Pacemor-
pum jBa abenesbix MaHOrooOpasua A u B, w uzomopdusm f Mex 1y abeseBbiMu MHOTOO0-

pasuamu A X A u B x B. BanumeMm [ B MarpuvHOM BHIE

rone ¢ — romomopdmsm uz A B B, y —u3 A B B, u tak manee. Hazosem ero msomerpud-

HBIM, ecyi OOpaTHBIH K f uMeeT Caeayromimii B

L _ (W -y
d 2 7

Ounpenemum muoxkecrso U(A X E, Bx B ) Kak MHOXKECTBO M30METPUYHBIX U30MOPMDU3IMOB
f. Ecou B = A | 10 310 MHOXKeCTBO Oyem o6ozuadars U(A X E) . Ormernm, aro U(A x j)
aBaseTcsa moarpymmnoit B Aut (A x A\) :

B crarbe [38] qokasbiBaercs, daro, ecau Jyisi AByX abesieBbIx MHOr00Opas3uii Ha i aarebpan-
YeCKM 3aMKHYThIM 1To1eM A u B cymecrByer nzomerpudnbiii nzoMopdusm Mexy A X Au
Bx B , TO TIPOU3BOJHBIE KATEIOPHHU KorepeHTHBIX mydukos DP(A) u DP(B) skpupajeHTHbI.

B sTo0it Tr1aBe 0Ka3bIBAETCA PABHOCUILHOCTD 3TUX YCIOBUH HAJ airebpandecK 3aMKHY-
THIM TOJIeM XapakTepucTurn 0, T ecTsh, mpoussognsie kareropun DY(A) uw DY(B) sksu-
BaJIEHTHBI TOIJIA, U TOJHKO TOT/A, KOT/A CYIIECTBYET H30METPUYHBIA m3oMopdmuam n3 A X A
5 B x B. Ha camom Jiesie, B OJTHY CTOPOHY 3TO YTBEPKIEHNE BEPHO HAJ MPOU3BOJIBHBIM TIO-
aeM (reopema 5.1.16). Kak cieacrue mosydaem, 9To CYIIECTBYET TOJBKO KOHETHOE YUCIJIO
HeM30MOPQHBIX abesIeBbIX MHOT006pa3nil, TPON3BOHBIE KATETOPUH KOTOPHIX 9KBUBAJIEHTHBI
D(A) nns 3amansoro abenesa muorooGpasmss A (crexcrsue 5.1.17).

[MpencTaBisia SKBUBAJTEHTHOCTH OOHEKTAME HA MPOU3BEIEHNUN, CTPOUTCST OTOOpaKEeHNE 13
MHOZKECTBA BCEX TOUHBIX SKBHBaIeHTHOCTEH Mexkay DP(A) u DP(B) B MHOXKeCTBO n30MeT-
puaHBIX M30oMOpdn3MOoE n3 A X As BxB. Jlaee TOKa3BIBAETCS, YTO 9TO OTOOpaKEHIE
dyukropuansuo (npemyoxenne 5.1.12). B wacrroctn, nonyuyaerca romomopdusM u3 rpym-
IIBI TOUHBIX aBTOIKBUBAIeHTHOCTEH KaTeropuu DY(A) B rpymmy U(A x K) M30METPUIHBIX
aBTOMOPQPU3MOB MHOroobOpasus A X A,

B maparpade 5.2 onuceiBaercs sipo 3Toro romoMopdusma, KOTOPoe OKa3bIBAETCs U30-
MOpdHO mpaAMOit cymme 7 u rpynnsl k-Todek mHOroobpazua A X A (nmpenoxkenue 5.2.3).
TexHUYIECKN 3TO OMMUCAHNE OMMUPAETCS HA TOT (DAKT, 9TO OOHEKT Ha MPOU3BEIEHUN abeIeBhIX
MHOT00O0pa3uit, 3aa10I1ii SKBUBAJTEHTHOCTD, HA CAMOM JIEJIe SIBJISIETCS MyIKOM C TOYHOCTHIO

JI0 CIBUTA B MPOM3BOIHOM Kareropuu (mpemoxkenne 5.2.2).



B nocneanem maparpade 5.3, B IpeAnooKeH, YTO OCHOBHOE TIOJIE AJIredpanviecKn 3a-
mruyTo u char(k) = 0, npuBoAuTCs JApyroe JOKa3aTeJbLCTBO yTBepKaenus u3 [38], ocuo-
BanHoe Ha dakrax u3 crarbu [30], B KOTOPOIl ONMCHIBAIOTCS TTOJYOMHOPOIHBIE PACCTIOEHNST
Ha abesieBbIx MHOroobpasuii. B yacTHoCcTH, noIy9YaeTcd OMUCAHUE JJIs TPYIIThl ABTOIKBUBA-

JICHTHOCTEH B BUAE TOYHOI II0CJIEI0BATECABHOCTHA

0— Z& (A x A)y — AuteqD?(A) — U(A x A) — 1.

1. IIPEABAPUTEJLHBIE CBEIEHW A

1.1. TpuanryaupoBaHHble KaTeropuu u TouHbie pyHkropbl. [logpobHoe nzioxenne
dakToB cobpaHHbIX B 9TO Iiase MoxKeT ObIThH Haiijeno B paborax [14], [24], [25], [44]. To-
HsITHe TPUAHIYJIMPOBAHHON Kareropun OblI0 Bliepsble BBeeHO Bepabe B pabore [44]. TTycrs
D — mekoropas agauTuBHasg kareropus. CTpyKTypa TpuaHryiupoBaHHoW kaTeropum Ha D

oTipefieisgeTcsd 3aJaHneM CJAeIYIONNX TaHHbIX:

a) agaurusHON byHKTOp capura [1] : D — D, KOTODBIN ABAAETCH ABTOIKBUBAICHT-
HOCTBIO.

b) HEKOTODBIN KJIACC BBIIETEHHBIX TPEYIOJbHUKOB!
u v w
X —Y —7— X[1],

KOTODBIE JIOJIZKHBI Y/I0BJIETBODPATh Habopy akcuom T1-T4.

T1. a) Huaa kaxgoro obbekra X TpeyroapHuk X Moy L 0-—X [1] BBLIENEH.
b) Ecam TpeyronsHuK BbIZEIEH, TO 000 M30MOP(MDHBIH My TAKKE BbIIEJEH.
¢) Jlwboit mopduzm X 5 Y MOXKHO JONOJHHTH 10 BBLIEJICHHOIO TPEYTOJIbHUKA
XSy 5z %X,
T2. Tpeyroapuuk X Sy Lz 5 X [1] BBIIEJEH TOrJIA W TOJBLKO TOIJA, KOTJIA
Wy,

T3. Eciiu mambl aBa BBIIEIEHHBIX TPEYTOJBHUKA U ABa MOpPQU3Ma MEXKIYy WX HATAIA-

BBLJIEJICH TPEYroIbHuK Y —— Z — X [1]

Mu, 00Pa3yronye KOMMYTATUBHBIN KBaPAT, TOT/A 9TA AMATPAMMA, JOTIOJTHACTCH 10

MOphU3Ma TPEYroJBHUKOB:




T4. Tna kaxaoit napsr Mopdusmos X — Y —— Z CylecrByeT KOMMYTATHBHAS [1a-

rpamMmMa

X - vy 2o 7 —— X[

[ ]

X —— 7z Yoy X[
t u[l]

X/ X = v

,
z[1]

Y[1] —— Z'[1]
T7Ie TIEPBbBIE IBE CTPOYKA U JBa IEHTPAIBHBIX CTOI0IIa — BBIIEICHHBIE TPEYTOTHHUKH.
ITycts D — TpuanryaupoBanHas Kareropus. [loiHas agaurusHas nojgkareropus N C D
Ha3bIBACTCS TPUAHTYJIMPOBAHHON ITOAKATErOpreli, ecjii 0HA 3aMKHYTa OTHOCUTEIbHO (DYHK-
TOpa CIABUTA U B3SATHS KOHyCa MOpPQU3Ma, T.€. eCIU ABa 00BEKTA KAKOrO-HUOYIb TPEYTroJibh-

HUKA
X —Y —7— X[

npuHagyexkar nogkareropun N, To u Tpernii Takxke npunaggexnt C.
Temeps omutrem hyHKTOPHI MEXK Ty TPUAHTYIUPOBAHHBIMU KATETOPUAME, KOTOPBIE NMEET

CMBICTT PaCCMaTPUBATD.

Onpegenenue 1.1.1. Addumuennviti dyrnxmop F : D — D' mescdy deyma mpuarzysu-

POBAHHBIMU KAIME20PUAMU D u D’ ra3vieaemcsa TO4YHbIM €CAU OH

a) Kommymupyem c gynkmopamu cdsuza, Mo ecmsv 3aPhuKcuUPOSan U3oMopPusm Gyrik-
mopos:
tp:FoT =T oF,
b) nepesodum rascouli ewdesentvili mpeyeosvruk us D 6 svidesennbili MpeyzoivHuk
D' (ucnoavsya usomoppusm tp, F(X[1]) samensemca na F(X)[1]).

W3 omnpenenenus cpasy ciepyer, YTO KOMIO3UIUs JBYX TOUYHLIX (DYHKTOPOB TaKKe SB-
JgeTcda TOUHbIM pyHKTOpOM. /Ipyroe cBoiicTBO, KOTOpOoe Oymer HaM HEOOXOMMMO, KaCAETC

COIIPS2KEHHBIX (PYHKTOPOB.

Jlemma 1.1.2. ([6],[8]) Ecau dynrxmop G : D' — D aeswii (uau npaswiii) conpascernmni

% mounomy Pynxmopy F : D — D', mozda dynxmop G maxosice ABAACTCA MOUHDIM.

Ceiiuac maauM ompeesieHne U OMUITeM OCHOBHBIE cBoiicTBa (byrakTopa Ceppa, abcTpakT-

HO€ OIIpe/iesieHre KOTOpOoro OblIo JaHo B crarbe [6] (cM. Takxe [§]).

Onpenesienne 1.1.3. Ilycmo D — k-aunelinga xamez0pus ¢ KOHEYHOMEDHLMU TPOCTPAH-
cmeamu, Hom wmeorcdy obsexmamu. Kosapuanmuori gyrnkmop S : D — D wnasweaemcsa
dyHkTopom Ceppa, ecau oH ABAACMCA IKGUBAAEHMHOCTDIO U CYULLCEYEm OUGyHKEmopu-

anonill usoMopPusm
¢0ap: Homp(A, B) — Homp(B, SA)*

ons a0bux obsexmos A, B € D.



10

Jlemma 1.1.4. [8] Beakaa sxsusasenmuocms ® : D — D' gommymupyem ¢ dynrmopamu
Ceppa, mo ecmb cywecmeyem ecmecmeennuli usomopdussm dyrnxmopos ® oS = S o & |

ede S u S — Ppynxmopw Ceppa 6 xamezopusazr D u D' coomeememeenio.

Ecnn y Hac umerorcs jiea dpyrkropa Ceppa B OJHOI KaT€ropun, T0 OHU U30MOPQHBL, U 3TOT
m30MOpMU3M KOMMYTHPYeT ¢ 6uyHKTOPHAJBHEIMI H30MOPMU3MaMI ¢4 B B OIpeIeIeHII
dynkropa Ceppa. Jeiicreurensno, mycts S u S’ — msa dpynkropa Ceppa B KaTeropuu D.

Torma jus moboro obbekra, A w3 D mmeercs ecTecTBEHHBIH M30MOPGhU3M:
Hom(A, A) 2 Hom(A, SA)* 2 Hom(SA, S'A)

PaccmarpuBast 06pas eguanarnoro Mopdusma id4 OTHOCHTENBHO TOTO OTOXKIECTBICHUS,
notydaem Mopdusm SA — S’A, xoropslit u gaer usomopduzm S — S’

Taxum obpazom, pyarTop Ceppa B KaTeropuu D, ec/i OH CYIIECTBYET, OJHO3HATHO OIIpe-
nesien (¢ TouHOCTRIO 10 m3oMopdusma). Hac B manbneiiniem Gymer nHTEpEcOBaTH (DYHKTOD

Ceppa B TpUAHTYIUPOBAHHBIX KATETOPUSIX.

JIemma 1.1.5. ([6]) @ynxmop Ceppa 6 mpuanzysuposanots KGmMe20pul AGAAECMCA MO~

HbIM.

HamomunM ompeseenne JIOKAIA3AIIMA KATETOPUH W, B YaCTHOCTH, JIOKAJIA3AIINA TPUAH-
IYJIMPOBAHHON KATETOPHUH TI0 TIOJTHON TPUAHTYTMPOBAHHOI monkareropun (cm. [13]).

[Tycte C — xareropust, ¥ % — HEKOTOPBI Kjiaacc Mopdusmos B C. Jlokannsamnus kare-
rOpHUHU MO Kjaaccy MOphU3MOB Y MMEET XOPOIee ONUCAHWE, eCJIU Y AOMYCKAET UCHUCNEHNE

JIEBbIX YAaCTHbIX, TO €CTh BBIIOJHAIOTCA CJACAYIOIIHe CBOMCTBA:

L1 Bce ToxaecTBerHble MOPMDU3MBI KATETOPUU TTPUHAIEKAT X ;
L2 xommosurus JirobbIX 1BYX MOPMU3IMOB U3 Y TaKKe MPUHAIIEHKUAT X ;
S u
L3 mobyio nmarpammy Bujga X' «— X — Y . rae s € ¥, MOXKHO JONOJHUTE J0

KOMMYTAaTUBHOT'O KBaJpaTa

— Y
I
It
A

X
|
x -

__>Y/

IS

rme t € X
L4 ecau mopdusmbr f,g u Mopduzm s € X 00/aa10T TeM CBOHCTBOM, 4T0 fS5 = g§,
TO cylecTByeT t € Y Takoii, uyro tf =tg.

Ecmm ¥ gomyckaeT medmcIeHne 9acTHBIX, To Kareropmo C[X ™! MoxkHO ommeaTh TaxmM
cocoboM. O6bexTnl C[X 1] Te xe, uro n 06bexTe C . Mopduamb 13 X B Y — 5T0 KJacCE

9KBUBaJIEHTHOCTEH nuarpamm (s, f) B C Buga

S

x Ly Sy  sex

npudem e quarpammbl (f,s) u (g,t) SKBUBAJIEHTHBI, €CJIM UX MOYKHO BKJIIOYUTDL B KOM-

MYTATUBHYIO JUATPAMMY
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Y/

2N

T

X Y Y

NIA

Y/I

TaKyo, 4To 7 € 2.
Kowmmozurust mopdusmor (f,s) u (g,t) ects mopdusm (¢'f, s't), KoTopwiit crpourcs ¢
MMOMOIIBIO0 KBaapara u3 L3:

Y’ 7z
NN
X Y Z
He tpymmo Buzers, uto C[Y 1], mocTpoennas TakmM 06pa3soM IEHCTBATEIBHO SABJIACTCH

KaTeropueil (ee 00bEKTH 06PA3YIOT MHOXKECTBO), a KAHOHUIECKUil PyHKTOP
Q:C—CET, X=X fe(f1)

obparmaer Bce MOPMU3MBI U3 X U SBJSIETCA YHUBEPCAJBLHBIM B 9TOM cMbIcae (cM. [13]).

Pacemorpum mosiayio noakareroputo B € C u obozHaunm uepe3 X N B waacc Mopdus-
MOB B B, Taxkxke npunaajgiexkammx Y . Bygem rogoputs, aro B koduHanbHas crpasa B C
OTHOCHTEBHO Y, ecau Ajd Kaxkigoro s : X — X' B ¥ ¢ X € B maiinerca mopdusm
f: X' — Y mrakoit, uto fs € X NB.

JIemma 1.1.6. ([17],[25]) Kaace XN B makoice donycraem ucHucieHue Ae6uT YacmumT, U
ecau B asasemcea xopunasvnoli cnpasa ¢ C omuocumesvno X, mo kanonuueckutl dymx-
mop

B[(xnB)™ — [z

ABNACNCA BNONHE CINPOUM.
Hamomuum onpenesnerune Brojme CTpOroro pyHKTOPA.

Onpenesnenne 1.1.7. Qyuxmop F : C — D Haswvieaemcs BNOJSHE CTPOTUM, €CAU 0AA
mobwuix deyx obsexmos X,Y € C ecmecmeennoe omobpasicenue

Hom(X, Y) — Hom(FX, FY)
asasemcs buexyued.

[Iycts Tenepn D — TpumanrynmpoBanHas KaTeropua n N — IOJHAS TPHAHTYINPOBAHHAS
nogkareropusi. O603HaUMM depe3 Y Kjaace MOpdu3MoB § B D, KOTopble BK/IIOYAIOTCS B
TOYHBIA TPEYTOJTBHUK

N — X -5 X' — N[,
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rie N € N u mazoBeM Y MyJbTHITMKATHBHON CHCTEMOIi, aCCOMMUPOBAHHOIN € MOJIKATEr0-
puit . 13 obmeil Teopun JOKATU3AINKE CJIEIYeT CyIeCTBOBAHUS aIATUBHON KATEropun
D[X7Y w agmurusroro dymkTopa mokammzanmm Q : D — D[X Y. Mowxem ocnacTuTh Ka-
teropuio D[Y 1] dbyuxropom casura, muayrmuposanmbiv dymaxropom [1]: D — D . Kpome
TOr0, OLpEe/INM BbleaeHHbe Tpeyroibauk B D[Y 1] kak Tpeyronbuuku, nzomopdubie

06pa3y BLIIEIEHHBIX TPEYTOJALHUKOB 3 D mpu jokaau3anuu. [lomoxmm
D/N = D[]

IIpeanoxenue 1.1.8. Kamezopus D/N , ocrawennas onucannoti éviwe cmpyxmypot,
CTNANOBUMCA MPUaHayAuUposannol xamezopuetd, a dgynxmop Q : D — D/N cmanosumcs

MPUAGHLYAUPOSAHHBM PYHKMODOM.

OTmernm, 9TO B JAHHON CHTyallMu CHCTEMa Y JOIYCKAeT HUCYUC/IEHHE JIEBBIX (U mpa-
BBIX) YACTHBIX, TOSTOMY y KaTeropun D/N  cymecTByeT xoporee onmcanue, KOTOpoe ObLIO
MPUBEJIEHO BHIIIIE.

Teneps, caenyst dennuio [12] (cm. Takxke [25]), onmimem obIIy0 KOHCTPYKITUIO TTPOW3-
BOJHBIX (DYHKTOPOB s JIOKAJU3AINKA TPUAHTYIUPOBaHHBIX Kareropuii. [lycte C u D —
TpHAHTyIupoBannble Kareropun, u F : C — D — rounniit ¢yskrop. Ilycrb M C C
u N C D — mojHble TPHAHTYIMPOBAHHBIC KATErOpHH. Tak Kak He MpeIIroJaraeTcs, 9To
FM C N, 1o dyskrop F me mapynupyer an Kakoro ¢pyakropa uz C/M B D/N . Oxnako
MOYKET CYIIECTBOBATH HEKOTOPOE KAHOHUIECKOE MPUO/IMKEHNe K WHIYITHPOBAHHOMY (DyHK-
TOpY, & uMeHHo Tounblit pynkrop RF : C/M — D/N u mopduszm Tounbix GyHKTOPOB
can: QF — (RF)Q . IlocTtpoenne mpoucxoanT ciaeayromum oopaszom. OGosmadnmM gepes X
MYJIbTUILINKATUBHYIO CUCTEMY aCCONMUPOBAHHYIO ¢ monkateropueit M . [lycts Y — o6bexrT
C/M . Onpenennm kourtpasapuantueiii dynkrop rFY w3 D/N B kareropuio abemeBbrx
IpyLIl 10 cieaytomemy npasuiy: snadenue rFY (X) na oobexre X € D/N — 310 Kinaccs

SKBHUBAJIEHTHOCTEN Tap (S, f)
y v, x-LoFy

rie s€ X u f — mopdusm 8 D/N . JIse Takume napot (s, f) u (t,g) SKBUBAJEHTHBI, /U

CyHIeCTBYIOT KOMMyTaTuBHble juarpammbl 8 C u D/N

Y’ FY’
Sl 7
v Fv
Y 7)> Yl/l X h> Fyl/l
x Tw X TM
Y// FY//

roe r € . Ecm dyukrop rFY npeacrasum, To ompemesmM REFY Kak o0bexT, mpen-
CTaBAdgIONHE 9T0T (DYHKTOD, U Oy/ileM MOBOPHUTH, 9TO IIPaBbIi npou3Boanbii hyrkTop RF

orpesiesien Ha Y . B arom ciaydae nmeem nzomopdusm

Hom(X,RFY) = rFY (X).
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Herpynuo nposeputsb, uto mia jwoboro mopdbusma « : Y — Z B C/M onpenenen Mop-
dusm pyukropos rFa : rFY — rFZ . Ecin Tenepsb npoussoausiit ¢byakrop RF ompe-
JiesieH Ha oboux obbekTax Y u Z, To onpejnesien u Mopdusm RFa. Takum obpazom, RF
cranosutcst dynkropom W — D/N ma mexoropoii nosHoii nojgkareropun W C C/ M,

cocrosineit u3 00beKToB Ha KOTophix RF' onpejesien.
Ilpengioxkenme 1.1.9. ([12]) Ecau
X —Y — 27— X[1]

swidenenmniti mpeyzoavruk 6 C/M , u RFE onpedeaen na X u Z , mo on onpedeaen maxoice
na Y u nepesodum damnwili mpeyzosvnux 6 ewudesennviti mpeyzoavrukx ¢ D/N . Taxum
obpaszom, W — mpuanrzyasuposannan nodkamezopus ¢ C/M u REF : W — D/N — mounwii

Pyrrmop.

W3 mocTpoennst mpon3BoaHoro hyHKTOpa, JTst JTI000r0 00bekTa Y € C HemocpeIcTBEHHO
CJIeIyeT CymecTBOBaHue KaHoHnIeckoro Mopdusma can : QFY — (RF)QY |, ecm, koneu-
Ho, RF omnpenenen na oowexre QY € C/M . Bee Takne mopdusmbl 3a1a10T €CTECTBEHHOE
npeobpazoBanne TPUAHTYINPOBaHHBIX (byHKTOpoB can : QF |yyv— (REF)Q |y .

Jleprit mpomsBonublit pyukTop LF omnpenensiercss ABOMCTBEHHBIM obpazom: st Y €
C/M onpenensiem kosapuantubiii pyukrop 1FY | smagenme xoroporo na X € D/N ecrn

KJIACChI 9KBUBaJIeHTHOCTEl 1ap (s, f)

rx' Ly,

Y 2,
rie s € X, u f —vopbusm B D/N . Torma o6bekr LFY | ecm OH CyIIeCTBYeT, IpeICTaB-
ager dyukrop 1FY | re. Hom(LFY, X) =2 1FY (X). Cymecrsyer KaHOHHYECKWiT MOPDU3M
can: LFQY — QFY .

[Ipenmnonoxkum, uro ¢pyukrop F : C — D Takoii, 4TO OH MEepPeBOAUT IogKaTeropuio M
B N . B arom ciydae npoussojnbie pyakTopsl RF u LF 06a m30MopdHB KAHOHHYECKOMY
dynkropy C/M — D/N | KoTopslit uaaynuposal GyHKTOpoM F .

IMycte j : V — C — BAOXKeHWe TOJHON TPUAHTYIUPOBAHHON MOIKATETOPUH, KOTOPAS
KoduHabHa crpasa otHOCHTETLHO X . [To memme 1.1.6 ungynuposanusiit dhyukrop V/V N

M — C/ M, koropsiit 06o3uadum yepes Rj, aB/sgercs BOOJIHE CTPOIHUM.

Jlemma 1.1.10. Jlas waowcdozo obsexma V €V dynxmop RE onpedeaen na V. mozda
u moavko moeda, kozda R(Fj) onpedesen nwa V , u umeemcea usomopdpusm @Gynrsmopos
R(Fj)V = RFRjV.

Teneps omuieM ycjaoBus, NpU KOTOPBIX MPABLI NPOU3BOAHBIN (DYHKTOD OIpEIeeH Ha

Bceit Kareropun C .

Onpenenenne 1.1.11. O6sexm Y € C masweaemca F-pacwenumeim (enpasa) ommo-
cumeavrno M u N, ecau RF onpedesen na Y u xanonuueckuti moppusm QFY —

(RE)QY sasasemca usomophusmom.

Crenyromiast JeMMa, TaeT XapaKTepu3amio F-pacIieniMbIX 00beKTOB.
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Jlemma 1.1.12. O6sexm Y € C asaaemca F-pacwenumvim mozda u moavko moeda, xozda
oas Kasicoozo mopdpusma s:Y — Y us 3, moppusm QFs donyckaem pempaxuyuio, m.e.

cyweemeyem p: QFY' — QFY maxot, wmo po QFs =id.

Bynem rosoputs, aro C nmeeT poctaTto4Ho MHoro F-pacliennmbix 06beKkTOB, (OTHOCHTEIE-
o M u N') ecim aya kaxgoro Y € C cymecreyer mopdusm s : Y — Yy u3 3 Taxoit,
aro Yy asasierca F-pacmenumbiv. B srom cryuae RF onpenenen na seeit kareropun C/ M
¥ UMEIOTCS M30MOPMU3MBI

RFY = RFY, < FYj.

B zaknrogennu sroro naparpada ckaxkem mapy CJI0B 0 CONPsKeHHBIX (pyHKTOpax. [Ipes-
MOJTOXKUM, 9TO CYIECTBYET JIeBBIH compsxkenubiit Kk F dyakrop G : D — C. Homyctum
CyIIECTBYIOT (T.€. Be3Je ompe/esiensl) npoussoaabie pyukTopel RF u LG . Torna dynkrop
LG rakxke apaserca jgeBbIM conpsikeHHbiM K RF | u, 3HaUUT, nMeeTcs (byHKTOPUATLHBIH

n30MOPPU3M
(2) Hom(LGX, Y) =2 Hom(X, RFY),
rne X €ED/N wYeC/M.

1.2. IIpousBoagHbIe KATEropun U Npoussoaubie pyukTopbl. Ilycrs A — aggurusnas
kareropusi. O6osuaanm gepes C(A) kareropuro nuddepernuanbHbIX KOMILIEKCOB. OObeK-

ThI 9TOI KaTeropum — 9TO KOMILJIEKChI
. D dr p+1 P 2
M= -— MFr—M — ), MPeA peZ, d° =0,

a mopdmsmbr f 1 M* — N° — 310 mabopsr mopdusmos fP: MP — NP B kareropum A,

KOTOPBIE IIEPECTAHOBOYHEI ¢ AuddEepeHIIATIAMA, TO €CTh
dnfP — fPldy =0 JUIS BCEX .

Byneum obozmauars aepes CT(A), C™(A), C*(A) monnsie nogkareropun 8 C(A), o6pa-
soBamHEble KoMILiekcamu M°, mma xoropeix MP = 0 mra Bcex p < 0, COOTBETCTBEHHO
p > 0, coorBeTcTBeHHO 7151 BceX p > 0 m Beex p K 0.

Mopdmzm xkommrekcos f: M® — N Oyner ma3piBaTh TOMOTOHBIMA HYJII0, ecan fP =
dyh? + hPHldy ana Becex p € Z st mekoToporo cemeiicrsa mopduamon AP : MPTL —
NP . Oupenennv romoronnueckyto kareroputo H(A) kak kaTeropuio, KOTopas UMeeT Te XKe
cample 06bexkThl Kak 1 C(A), a Mmopduamel 8 H(A) — 310 kK1accsl f MopdusMoB MexKiy
KOMTILIEKCAM” f 110 MOmysii0 MOPGhU3MOB TOMOTOTHBIX HYJTIO.

Bagaanm dyuxrop casura [1] : H(A) — H(A) no upasury
(M[))P = MP*, dygpy = —d
Omnpenemm cranmaprabiii Tpeyroasank B H(A) kak mociegnoBaTebHOCTS
LLom Zoof o,

rae f: L — M —wuexkoropsiit Mopdusm komiiekcos, C'f = M @ L[1] kak rpajayupoantoe

BEKTOPHOE MPOCTPAHCTBO U uMeeT auddepeHimat

du f
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MopdusM ¢ — Kamoumdeckoe piaoxkenne M — Cf, u —h — KamoHnueckas mpoeknus. Kax

obprano, Cf HasLiBaeTcss KOHycom Mopdusma f .

Jlemma 1.2.1. Kamezopua H(A), cnaborcennan dynxmopom cdsuza [1] u xaaccom mpe-
Y2OAOHUKOB, USOMOPPHOIT CIMAHIGDMHYM, ABAAEMCH MPUGHLYAUPOSAHHOT Kame2opuel.

O6ozrauny gepes HT(A), H™(A) u H’(A) obpaser kareropuit C*(A),C™(A) u CP(A)
coorsercrBenno B Kareropun H(A) . D1u kaTeropum rakxke ABISIOTCA TPUAHTYIUPOBAHHBI-
MHA.

[Mycts Temeps A — 310 abesneBa kareropus. Jaa onpeneneHnst TPOU3BOAHON KaTEropun
0T abeseBoi KATeropun HEOOXOIMMO HATIOMHUTD MOHATHS ATMKJINIHOTO KOMILTEKCA U KBA3H-
n3omopdusma. st mrodoro kommaekca N # Kaxkgoro p € 7, onpeaeneHbl ero KOrOMOJIOTHN
HP(N) € A, xoropsie ects Ker dP/Im dP~! . Taxum o6pasom, [yisi KazK0ro mejioro p y
Hac umeercs ajuutusubii pynkrop HP : C(A) — A, KOTOpBIil cOMOCTABIISIET KOMILIEKCY
M"* ero p-yio koromosoruio HP(M") € A.

Kommeke N € C(A) masbiBaerca aukaudabiM B n-om unene, eciu H"(N) = 0, u
HA3BIBAETCS TIPOCTO AIMKJINIHBIM, e Bee ero koromoaorun H™(N),n € 7 uynesbie.

O6ozrauny uepes N monmyio nogkareroputo B H(A) |, cocTosamyto n3 Beex alfuKJInTHBIX

KOMILJIEKCOB. CJ’[e,Z[y}OHIaH JIEMMa IIPDaKTUYIE€CKH OY€BUIHA.

JIlemMma 1.2.2. ITodkamezopua N asasemcsa noanoti mpuareysuposanmoti nookamezopuer

6 H(A).

Mopdusm f : X — Y B xareropun H(A) mazsosem kBazmmzomMopdusMom, ecim ero
KOHYC 4BJIAETCHA AMUKJIUYIHBIM KOMILJICKCOM. HO APYyromMmy MO2KHO CKa3aTb, 4YTO f — KBa-
3UU30MOPGU3M, eCIU 0TOOpaskKeHne Ha KOrOMOJIOTHSAX, KOTOPOe OH WHIYIUPYET, SABJISIETCS
mzomopdusmom. Ilycts Quis — 3T0 MyJIBTHUILTMKATHBHAA CHCTeMa acconmupobanuad ¢ N,

TO €CTh CHUCTEeMa, COCTOAINaA U3 BCEX KBaSI/II/I3OMOp(1)I/13MOB.

Onpenesienune 1.2.3. MponssogHas kateropuss D(A) om abeaesoti xamezopuu A ecmo
no onpedeaenuto aoxasudauus omomonuueckot xamezopuu H(A) no nodxamezopuu ecex

QUUKAUNHBIE KOMNAEKCOS, MO eCMb
D(A) := H(A)/N = H(A)[Quis™'].
Has x € +,—,b anaaoeuuno onpedesum cOOMBEMCMBYIOWYIO NPOUIBOOHYIO KAME20PUIO
D*(A) xax aoxasusayuro H*(A)/H*(A) NN .
Jlemma 1.2.4. Kanonuueckue @Gyrxmopo
D*(A) — D(A), € {+,—,b}

3a0a10m IKEUCAAEHMHOCTIU ¢ NoANLIMU nodkamezopuamyu ¢ D(A), xomopwie obpasosarvi
KoMnAEKCamu aygukausHomu npu n <K 0, coomsememeenno npu n > 0, coomeememeerno
npu n < 0 u n > 0. ITookamezopua HY(A) (cooms. H™ (A) ) aeasemca xodunarvnot
cnpasa (cooms. caeea) 6 H(A) ommuocumenvro xaacca xK6a3uusomopPhusmos.

Hapaiite mpeanookumM, 4ro abenresa Kareropus A uMeeT J0CTATOYHO MHOIO WHbEK-

TUBHBIX, TO €CTh JIIO00H 0OHBLEKT HOMYCKAET BJIOKEHNE B NHHLEKTUBHBIN. Obo3HaunM yepes 7
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MOJTHY O TTOKATETOPHIO B A | COCTOSIIYIO N3 MHHEKTUBHBEIX 00HEKTOB. B 3TOM ciyuae MOXKHO

[IOKA3aTh, YTO CKBO3HON (PYHKTOP
H™(T) — H'(A) - DT (A)

SIBJISIETCST 9KBUBAJICHTHOCTHIO Kareropmii (e [17]). Aramornuno, ecn abesnesa Kareropust A

UMeeT JOCTATOYHO MHOTO IIPOEKTHBHBIX, TO CKBO3HON (DYHKTOP
H(P) — H (A) % D (A),

rie P B A — mosHas TOAKATETOPUS TIPOEKTUBHBIX, ABIIETCS IKBUBATEHTHOCTHIO.

[Mycts F: A — B — HEKOTOPBI# aIIUTUBHBIH (DYHKTOD MKy abeIeBbIMI KATETOPHsI-
mu (ToanOCTH HE Tpebyercs). Torna oH OYeBMIHBIM 00PA30M WHIYIIMPYET TOUHBINH (hOyHKTOD
H(A) — H(B), xoropsiii 6yuem oboznadars Tem ke cumBoiaoMm F . O6ias KOHCTPYK-
st (TpaBoOro) MPOU3BOIHOTO (BDYHKTOPA, ONMUCAHHAS B TPEABIAYINeM maparpade, TaeT HaM
dbyuxrop RF' | KOTOpHIil olpesiesien Ha HEKOTOPOU MOJIHOM TPUAHTYJIUPOBAHHOM MOJIKATET0-
pun 8 D(A) co suavenusivu B D(B). Te ke camble cioBa MOXKHO CKa3aTh U HPO JIEBbIi
npousBoaHb (GyHKTOP. OUpemennm n-biif paBblii (COOTB. JIEBBI) TPOM3BOAHBIH (HDYHKTOD

or I xak xoromoJsioruu:
R"FX = H"(RFX) (coors. L,FX =H "(LFX)), ne€Z.

O6BIYHO B IPUJIOKEHUSX MPABBIA COMpPSKEHHBINA (PYHKTOD ObIBAET XOPOIIO OIPE/esieH Ha
nogxareropun DT (A) . Ucnoawsyst semmbt 1.1.10 u 1.2.4, MOKHO yTBep*,1aTh, 4TO OrpaHU-
genne dynkropa RF na DT (A) cosmagaer ¢ byHKTOPOM TPOM3BOIHBIM OT OrPAHAYCHUS
F na HY(A) C H(A).

Ceituac onmimeM yCa0BHsI, IIPH KOTOPBIX MIPAaBBIA nmpon3Boaubiii pynkTop REFE' onpenenen
ma Bce kareropmm DV (A). Hazosem mosmmyto asgnTusHyio mogkareropuio R C A npucno-
cobnenHoit cnpasa x qpynkropy F | ecrm

a) dbynkTop F mepeBoguT am@kandHble KoMiiekchl 13 C1(R) B anmukinunbie;

b) mro6oit 06bekT U3 A BKIA/IBIBAETCS B HEKOTOPBIH 00beKT M3 R .

O6bexThl Kareropuu R HazbiBailoTcd F-anmukjaudabiMu cripasa. U, eciu cyiecTByer Takad
npucnocobiennasa cupasa K pyukTopy F kareropus R, TO 9aCTO TOBOPAT, 9TO B KATETOPU
A umeer pocrarouno muoro F-anuknmasbix (cnpasa) 00bEKTOB.

[IpeamomoskuM, 9T0 CYIECTBYET TPUCTIOCObIeHHasT cpaBa K gyukTopy F : A — B
nogkareropus R C A . [lpumensig emmy 1.1.12, He TPyAHO IPOBEPUTH, YTO JOOOH OrpaHu-
YeHHBIN CIpaBa KOMILIEKC 00beKTOB 3 R aBagerca F-pacmenumbiM ciipaBa. U3 ycmoBusg
b) smerko BeIBecTH, uTO s o6oro obbexkta X € HT(A) cymecrsyer kpasumsoMopdusm
X — X' tne X' € HY(R). Kak cyecTre ToydaeM, 4To KAHOHHYECKHN (DYHKTOP

H'(R)[Quis™!] — DT (A)
ABJIACTCA 9KBUBAJIEHTHOCTHIO TpI/IaHI‘yJII/IpOBaHHLIX KaTeFOpI/IfL

Jlemma 1.2.5. ITycmo cywecmsyem npucnocobaennan cnpasa ¥ gynrmopy F nodkamezo-
pua R C A. Tozda dyrnxmop RF onpedesen na DV (A), daa ar06020 oepanuuennozo ciesa

komnaexca X umeemca uzomoppusm RFX — X', 20e X — X' — keasuusomoppusm

c X'eHT(A).



17

Ecmu xareropust A mMmeer ITOCTATOYHO MHOTO WHEKTHUBHBIX, TO TOJHAS MOTKATETOPHS
7 € A, cocrosinasi M3 BCeX WHBHLEKTUBHBIX SIBISIETCST MPHUCTIOCOOIEHHON cipaBa K JI0O0MY
appuTuBHOMY yHKTOPY. VI B 9TOM Cityuae nipaBbiit iponsBoanbiit pynkrop REX moxk#O
BLIUNC/IATE, IpuMends GyHKTop F K mHbekTuBHO pesosnbsenTe X' kommiekca X .

JIBoficTBeHHbIM 00PA30M MOXKHO OILPEJIE/JNTh [IOHATHE [10/IKATErOPUN, IIPUCIIOCODIEHHOM

caesa K dyskropy F'. U ecsm Takasi HOJKATErOPHsI CYIIECTBYET, TO OMPEIEJIEH JIEBBIH PO~
ussoaubiil pyukrop LE : D™ (A) — D(B).

1.3. IIpousBoaubie Kareropuu my4koB Ha cxemax. Ilycrs X — mekoTopasi cxema HaJI
mostem k co ctpykTypubiM iyarkoM Ox . C KaxkI0i CxeMOit MOXKHO CBS3aTh HECKOJIHKO abe-
JIEBBIX KaTeropuii myukos Ha Heil. Obosznaumm uepes Ox —Mod abesieBy KaTeroput Bcex
nyukoB Ox-momyneit (B Tromosiorun 3apuckoro). Kareropust Ox —Mod nmeer Bce mpeesbl
1 BCE KOTPeJIeabl 1 UMEeT MHOXKECTBO TOpOKIafontuX. [IpsaMbie Kompenenn sBIsiioTcs TOT-
uabiMu. [lo sroit mpuunte kareropust Ox—Mod sBistercsa abenegoit kareropueit ['porengnka
¥ BMEeT JOCTATOYHO MHOIO MHBLEKTUBHBLIX. (cM. [15],[42] IV).

C 5TOro MOMEHTa OTPAHUYUMCST PACCMOTPEHUEM HETEPOBBIX CXeM (XOTsi MHOTHe (haKThI,
U3JI0JKEHHBbIE HUYKE BBINOJIHEHBl U B GoJiee obmmeli curyanun). O6oznaunm uepes Qcoh(X)
noHyio abenery nogkareropuio B Ox —Mod , cocrosiniyio n3 KBa3WKOTePEHTHBIX TYYIKOB.
JList meTepoBolt cxeMbl X BCAKWI KBA3WKOTEPEHTHDIN MYYOK TBIAETCA MPAMBIM KOITPEIeI0M
CBOMX MOMIYYKOB KoHewHOoro Trma (cM [16] EGAL, 9.4). B sTom cayuae xareropust Qcoh(X)
AMeeT MHOKECTBO TOPOKIAIONINAX U sBIsgeTCd abeneBoit kareropueit ['porenanka, mostomy
AMeeT JTOCTATOYHO MHOTO WHHEKTUBHBIX.

Tperbsa KaTeropus, KOTOPYIO MOYXKHO COITOCTABUATDL cxeMme X | — 9TO KaTeropusd KOTePeHT-
ubix 1yuxkos coh(X). Kareropust coh(X) ssisiercss nosnoit abeseoit 1ojkareropueii B
Qcoh(X) .

Hecmorps ma 10, 9T0 onpe/esenne (KBa3u)KONEPEHTHBIX [Ty9KOB JIOKATBHO, OHU HA CAMOM
Jlesie He 3aBUCAT OT TONnoJoruu. K mpuMepy, MOXKHO PACCMOTPETh He TOJBKO TOTOJIOTHI) 3a-
PHCKOTO, HO U, CKaXKeM, ITAJbHYIO WX [LJIOCKYIO TOOI0ruu. B 9ToM ciaydae, B TO BpeMs Kak
noustue nydka O x-Mojysieii 3aBUCHT OT BBIOOPA TOTOJIOTHH, (KBa31 )KOTEePEHTHBIE Y IKU HE
3apucar (cm. [36]). B wacraocT, s addunnoii cxempr kareropus Qcoh(X) sksupaneHTHA
KaTeropwu MOyJiell Hal COOTBETCTBYIOMIEH aaredpoii.

B pasnbneitimem watne BuuManue 0yIeT COCPEIOTOUEHO HA U3YUYEHUN KATErOPUU KOT€PEHT-
HBIX MYYIKOB, a 60Jiee TOTHO Ha MPOW3BOAHON KATETOPUH KOTEPEHTHBIX My9IKOB. OIHAKO, TAK
kax Kareropus coh(X) He mMeeT JOCTATOYHO MHOTO HHBLEKTUBHBIX, TO HPH IOCTPOECHHUN
npou3BOAHBIX (ByHKTOPOB HaM OymyT nonesas kareropun Qcoh(X) m Ox —Mod .

st nereposoit cxembr X nosiHoe Baoxkenue abenesbix kareropuit Qcoh(X) — Ox—Mod
[EePEBOJIUT WHBEKTHBHBIC B WHbEKTUBHBIE. OTCIOa HE CI0XKHON mporemypoit (em. [17]1.4.6,
[43],B) MokHO BBIBECTH, 4TO TpuaHTyJupoBanHada nojkareropus HT(Qcoh) spiasgercs ko-
dbunanbHolt ciipasa B Tpuanryuposannoit kareropuun HT (O x—Mod) . TlosTomy, npumMensis

aemmy 1.1.6, momyvyaem ciiegyroiiee yTBEpKIEHHE,
IIpennoxkenue 1.3.1. ([17], [41] II) Ecau X nemeposa cxema, mo xanonuueckuti gynxmop

D" (Qcoh(X)) — DT (Ox—Mod)
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ABAACNCA BNOAHE CINPO2LUM U 3a0aem IKBUBAACHIMHOCTND € NOAHOU TLO&%'G’ITL@ZOPU@’[Z
D+(0x—M0d)Qcoh C D+(Ox—M0d),
cocmo.ﬂweﬂ U3 KOMNAEKCOB C KBA3UKO2EPEHIMHUUIMU KO20MOAO2UAMU.

HpI/I JAOIIOJTHUTEJIbHBIX OI'PDAHNYECHUAX Hd CXeMY MOXKHO N0OKA3aTh aHAJIOTUIHOE YTBEP2K -

HHE 1 IIPO HEOIpaHUYICHHBIE IIPOU3BOJHBIC KaTCI'OPHUH.

IIpennoxkenue 1.3.2. ([41] II) Ecau X - nemeposa cxema Koneuwnod pasmeprocmu, mo
KaHOHUYECKUT PYyrKmop
D(Qcoh(X)) — D(Ox —Mod)
ABAAECMCA BNOAHE CIMPORUM U 3A0GEM IKEUBAACHIMHOCTL € NOAHOT nodkamezopuel
D(OX _MOd)Qcoh C D(OX _MOd)»

cocmwwgeﬁ U3 KOMNACKCOB C KEA3UKOZEPEHITIIHBIMU KO20MOAO2UAMU.

HokazaresbeTso ucnonbsyer nasmane dbyakropa @ @ Ox —Mod — Qcoh(X), conps-
JKEHHOT'O CIpaBa K (DYHKTOPY BJIOKEHHUsT U TOT (baKT, 9TO JIJIst CXeMbl KOHEIHOH pasMepHOCTH
9TOT (DYHKTOP MMeEeT KOHEYHYI0 KOrOMOJIOTHYECKYI0 pasmepHocTh (cum. [41] 11.3.7).

Teneps paccmorpum Baoxkenue abenesbix kareropuii coh(X) C Qcoh(X). Jna kano-
HUIECKOro (PyHKTOPa MEKIY MPOU3BOJHBIMU KATETOPUSIME TAKKe W3BECTHBI YTBEPIK IEHUST
AHAJIOrMYHbIE ONMMUCAHHBIM BhIe. OIHAKO OHU KACAIOTCS TOJBKO OrPAHUYEHHBIX CIIPaBa IIPO-

U3BOJHBIX KAaTeropui.

Ilpenmoxxenme 1.3.3. ([41] IT) Jlas nemeposoti cxemvr X kanonuseckutdi dynrmop
D™ (coh(X)) — D™ (Qcoh(X))
ABAACTNCA BTOAHE CTPOSUM U 3000EM IKEUSAACHIHOCTIG € NOAHOT nodkamezopuet
D™ (Qcoh(X))con-
Kombunupyst aro npesioxkenne ¢ npeyiokennsymu 1.3.1 u 1.3.2 nosydaem ciencraue.

Caencrsue 1.3.4. ([41] II) ITycmv X - memeposa crema (cooms. memeposa Koneurot

pagmepﬂocmu). Tozda xanonurneckut ynrmop
D’(coh(X)) — D*(Ox—Mod)  (cooms. D™ (coh(X)) — D~ (Ox —Mod))
ACAACTNCA GNOAHE CTNPO2UM U saé?aem IKGUBANEHMHOCTNL € NOAHOU no@%’ameeopueﬁ

Db(OX—MOd)COh ( cooms. D™ (Ox —Mod)con)-

Temepns onuiteM 0CHOBHBIE TPOU3BOAHBIE (DYHKTOPHI MEXKY TTPOUIBOIHBIMU KATETOPUAMU
nygkoB Ha cxemax. llycrs f: X — Y — mopdusm vHereposbix cxem. CyiecTByer (DyHKTOD
obparHoro obpaza

f* : Oy—MOd — Ox—MOd,

KoTOpbIil Tovyen cupasa. Tak kak kareropus Oy —Mod umeer goCTaTOYHO MHOIO ILJIOCKUAX

Oy-mMonyiett n onn  f*-alVKINYIHBL, TO OTPEIETEH JEBBIH TPOU3BOIHLIH (HYHKRTOD

Lf*: D (Oy—Mod) — D™ (Ox—Mod).
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He tpyamo mokasars, uto ¢dbynkrop Lf* mepesogur xareropun D™ (Oy —Mod)qeon u
D~ (Oy—Mod)con B xareropun D™ (Ox —Mod)qeoh # D™ (Ox —Mod)eon cOOTBETCTBEHHO.
Taxum 00pazoM, JJIT HETEPOBBIX CXEM KOHEUHOW PA3ZMEPHOCTH MOJIYyYaeTCs] TTPOU3BOIHBIHN
dyurTOp 06paTHOrOo 00pa3a HA OTPAHUYEHHBIX CIIPABA MPOU3BOIHBIX KATETOPUAX KBAZUKO-
EPEHTHBIX U KOTEPEHTHBIX I1yYKOB.

Ecim dysrrop f* mMeer KOHEUHYIO KOTOMOJOTHICCKYIO DA3MEPHOCTE (B 9TOM CJIydae
OyzeM roBopuTh, 9To f HMeeT KOHEIHYIO Tor-pasMepHOCTH) MOYKHO IPOIOJKUTH IIPOU3-
BogHbI QyukTOop Lf* Ha HeorpaHuwueHHBbIE MPOW3BOJHBIE KaTeropuu. bojiee Toro, ecam
Mopdusm f mmeer KoHedHYH TOr-paszMepHOCTh, TO IPOU3BOIHBIN (PYHKTOP 00paTHOrO 00-
pasa MepeBoUT ONPAHNICHHYIO TTPON3BOTHYIO KATErOPHIO B OTpaHUYeHHyl0. U, B 9acTHOCTH,
nMeeM (DyHKTOP

Lf* : D°(Oy —Mod)eon, — D?(Ox —Mod)eon.

[Iycte &€, F € C(Ox —Mod) - apa xommnekca O x-momyneit. OnpegenuM TeH30pHOE
npoussejgenne £ ® F Kak KOMILIEKC, aCCOINUUPOBAHHBIA ¢ nBOMHBIM KoMiLiekcom EP @ F9
TO €CTh

ERF)"= Y E'@F
p+q=n
¢ mupdepenmmanom d = dg + (—1)"dx . Tomoronmu Mexry Mopdu3MaM¥u KOMILJIEKCOB Tie-

PEHOCATCS HA TEH30PHOE MPOU3BEICHUE, U TIOJYIaeTCd (PYHKTOP
E®: H(Ox—Mod) — H(Ox —Mod).

Ipepnonoxkum renepsb, uro € € C7(Ox —Mod) . Kareropus H™(Ox —Mod) umeer no-
CTATOYHO MHOTO O0'BEKTOB, PACIICNUMBIX CjeBa s (byHKTOpa Q. TAaKOBBIME SBISIOTCS
OrpaHUYeHHbIe CIIpaBa KOMILTEKCHI 1ockux O x-momyseii. IlosTomy cyrmectByer JieBblit mpo-

M3BOIHBIN DYHKTOPD
L
E®2: D (Ox—Mod) — D™ (Ox —Mod).

L L
Ecim obberthr €1 u & kBasumzomMopdHbl, TO QYHKTOPE & @ u @ & IBIAIOTCI U30-

vopdubivu. Ha camom pese, nosygaercsa (yHKTOP OT JABYX MEPEMEHHBIX
L
®: D7 (Ox—Mod) x D™ (Ox —Mod) — D™ (Ox —Mod),

KOTOPBIH ToOUeH 10 0bomM aprymentam. [Ipom3Boambiii (PyHKTOP TEH30PHOTO TPOM3BEICHUS
O4YEeBUIHO CUMMETPUYHBIA U aCCOLUMATUBHBIN.

[penamomoxkum, 9To 06beKT £ MMeeT KOHeTHY0 Tor-pasMepHOCTDb, TO €CTh KBA3UH30MOP-

L
den orpanmaeHHOMy KOoMIUTekey maockux O x-moayneit, Toraa GyHKTOp £ ® MOMKHO, C
OJHO} CTOPOHBI, IPOJOJIZKUTHL Ha HEOIDAHUYEHHYIO IIPOU3BOJIHYIO KaTeropuro, a, ¢ JApyroi,
OyTeM OTPAHUYEHUA MOJYINTh (PYHKTOP U3 OTPAHWIEHHON MPOW3BOAHON KaTeropun B cedd.

ITony4yaem dyHKTOpPHI
L L
£ ®: D(Ox—Mod) — D(Ox—Mod), &£ ®: D*(Ox—Mod) — D®(Ox —Mod).

1 B 3akaroueHnn oT™MeTHM, 9TO, ecau 00bekT & mupumHammexut kareropun DT (Ox —

L
Mod)con (coors. D™ (Ox —Mod)qeoh ), T0 dyHETOp £ ® mepeBoauT 06bEKTH ¢ (KBa-

SI/I)KOFepeHTHLIMI/I KOTOMOJIOTUAMU B O0BEKTHI C (KBaBI/I)KOI‘epeHTHbIMI/I KOTOMOJIOTUAMMN.
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Myers f: X — Y — "HekoTOpBIli MOpdU3M HETEPOBLIX cxeM. OYHKTOP MpsMoro obpasa
f« : Ox—Mod — Oy —Mod

ABJACTCH TOYHLIM CJIeBa. Tak Kak KaTeropuda OX—MO,Z[}’J'[QIZ nMeer J0CTaTOYHO MHOT'O HHb-

€KTUBHBIX, TO CYIIIECTBYET IPAaBbhIil TPOU3IBOIHBIN (DYHKTOD
Rf.: DT (Ox—Mod) — DT (Ox—Mod).

Bouee Toro, B sToM ciiyaae gynxrop Rf. nepesomur nogkareropuro DT (Ox—Mod)qeon B
nomkareropmio D (Oy —Mod)qeon -

Ecsm mononanTensno GyHKTOp fi MMeeT KOHEIHYIO KOOMOJIOTHIECKYIO0 PA3MEPHOCTH, TO
dyurrop R fi MOXHO TPOJOIKATE Ha KATETOPUI0 HEOTPAHUIEHHBIX KOMILJIEKCOB. DTO BbI-
MOJTHAETCST HATPUMED B CJIydae, Korja X HeTepoBa cxeMa KOHeUHOI pasmeproctu. C Apyroit
CTOPOHBI, B 3TOM CJIy4ae, T.e. KOTJa fx MMEET KOHEIHYI0 KOTOMOJOTHIECKYI) Pa3MEPHOCTD,
OIPEJIE/IEH TPABBIN MPOM3BOAHLI (DYHKTOP MEZK/y OTPAaHMYEHHBLIMH IMPOU3BOIHLIMU KaTe-
TOPUAMNI

Rf, : D’(Ox—Mod) — D?(Ox —Mod).

Jl1st TOTO, 9TOOBI IpaBbIi MPOM3BOAHLIH (PYHKTOP GBI OIPEIE]eH MEZKLY TPOR3BOHBIME

KaTeropndaMmn KOTE€PEHTHBIX ITYyYKOB, HeO6XO’Z[I/IM])I JOIIOJIHUTEJIBHBIEC OTDaHUYCHUA Ha MOP-

dbuzm.

Ilpengioxxenme 1.3.5. ([16|111,3.2.1,[17]) IlIpednoaoowcum, wmo f : X — Y asasemca
cobemeentbm Mmopdusmom nemeposux crem. Toeda dynrmop Rf. nocoraem nodkameezo-
puto DT(Ox—Mod)eon 6 nodkamezopuro DT (Oy —Mod)eon . Ecau xpome mozo X umeem
KOHEUHYIO PAIMEPHOCTND, MO GHAAOLUYHOE YMBEPAHCIEHUE GBINOAHAECMCA JAA 02PAHUNEHHOT

U HE02PAHUMEHHOT NPOUSEOONBLT Kame20pudi.
[Iycts £, F € C(Ox —Mod) - npa xommiekca Ox-momyneit. OupenemmM KOMILIEKC
Hom (€, F) no upasuiy:
Hom™ (&, F) = | [ Hom(eP, FPt™)

P
¢ auddepenmuanom d = de + (—1)" ldz . Tomoronun mexcy MOphU3MAME KOMILICKCOB
[EPEHOCATCS Ha JIOKAJIbHBIN Hom , u nosydaerca 6udyHKTOD

Hom : H{Ox —Mod)?” x H(Ox —Mod) — H(Ox —Mod).

Tak Kak J1r000i1 OFpaHI/ILIeHHbIIU/I CJIEBa KOMILJICKC UMEET MHBCKTUBHYIO PE30JILBCHTY, TO I10-

JIy9aeM OPOM3BOIHBIN OMpYHKTOD
RHom : D(Ox —Mod)? x DT (Ox —Mod) — D(Ox —Mod).
B naunoit cutyarnmn onpeaeanM JIOKaJLHEIN Tunep-Ext
Ext'(E, F) := H'(RHom(E, F)).
Jna wereporoit cxembr X | eciu € u F asnstorca (ksasu)korepeaTabiMu O x -MOZY/IAMH,
Torma A Beex i > 0 myukn Ext'(E, F) TakKe apaAioTcs (KBa3H)KOTEPEHTHBIMIL

Ecmm reneppr £ € D™ (Ox —Mod)eon a F € DT (Ox —Mod)con , Torna RHom(E, F)
npunagmexnt D(Ox —Mod)cop -
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OmnwmieM OCHOBHBIE CBOWCTBa M COOTHONIEHUS] MEXKJY MPOU3BOAHBIME (BDYHKTOPAMHU, BBE-
JEeHHLIME B 3TOM maparpade. Paccmorpum asa mopdmsma f: X — Y uw g: Y — Z . B
nannoit cnryannu nmeem asa gynkropa L(gf)* m Lf*Lg* w3 xareropum D~ (Oz —Mod)
B D7 (Ox —Mod) . Torma ecrecrBennoe nmpeobpazoBanue

L(gf)* — Lf*Lg*

sIBJIIETCST n30MOpQI3MOM. [[oKa3aTesbeTBO 9TOTO (haKkTa CaeayerT w3 Toro, 9To pyHKTOp g*
nepeoaut mwiockue Oz-momynu B miaockue Oy-momayau. (eM. mampumep [17]).

Anajornamo, mMeeM m30MOpGU3M
R(g9f)« — Rag.R /.

dbynxropos w3 DT (Ox —Mod) 8 DT(Ox —Mod) . Tannoe yTBepzxienne CieayeT u3 TOro
daxra, uTO fi NEPEBOAUT MHBEKTMBHBIE IYYKU B BAJble Ny4KH Ha Y , KOTODBIE, B CBOO
O€pe/Ib, SIBISIOTCS (- aIUKINIHBIMA (cM. [17]).

Hpyrue coorHomeHre, KOTOpble OyayT JOBOJBHO YaCTO HCIOIb30BATHCS, HA3BIBAIOTCH

GHOpPMYJTOH TPOEKITHH U TJIOCKOH 3aManoit 0a3bl.

IIpennoxkenue 1.3.6. ([17], 11.5.6) Ilycmv f : X — Y — moppusm nemeposux crem
konewnotl pasmeprocmu. Tozda das awbwx obsexmos € € D™ (Ox—Mod) u F € D~ (Ox—
Mod)qeoh cywecmsyem ecmecmeernnsiii usomoppusm dyrrmopos

3) Rf.E & F 5 RAL(€ & LI*F).

Ilpennmoxxenme 1.3.7. ([17], 11.5.12) ITycmo f : X — Y — moppusm xoneunozo muna
MeHCOY HeMEPOGHMU CTeMAMU Koreunoli pasmeprocmu v g : Y' — Y — naockuti mop-

pusm. Paccmompum dexapmos keadpam.:

Xxy Y -2 x

f’l lf
y’ 4

B dannoti cumyayuu cyuecmeyem ecmecmeennuli usomophusm Gyrnrmopos
(4) Ly'Rf.E 5 RfILg*E
das mobozo € € D(Ox —Mod)qeoh -

Cdopmyupyem emie 0J1HO COOTHOIIEHUE, KOTOPOE HAM IIOHA00UTCS.

Ilpengioxxkenme 1.3.8. ([17], 11.5.16) [lycmo € - oepanuvenHbili KOMNAEKC AOKAADHO CEO-
6001bIT NYUKOS KoHewHo20 parea na nemeposotli cxeme X . Tozda cywecmeyiom ecmecmeen-
HbE USOMOPPUIMDBL HYHKEMOPOE

L | L N L
(5) RHom(F, G) ® € == RHom(F, G ® &) — RHom(F ® £Y, G)

onn ecer F € D™ (Ox—Mod) u G € DT(Ox—Mod), 2de £Y := RHom(E, Ox) .
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2. KATETOPUM KOTEPEHTHBIX TTYUYKOB U ®YHKTOPLI MEXKJY HUMU

2.1. OcHoBubIe CBOHCTBA KATEropuy KOU€PEHTHBIX ILyYKOB. Hauumas ¢ aToro mapa-
rpada, OyaeMm paccMaTpuBaTh TOIBKO OTPAHWYEHHBIE MTPOM3BOMHBIC KATETOPUM KOTEPEHT-
HBIX IYYKOB HA TVIAJKUX TOJHBIX aaredpanmdeckux MHOroobpasmax. [as KpaTkocTu BMECTO
D’(coh(X)) mamee Besme Gymem mucars npocto DP(X). Kpome Toro, 3matok MpoM3Boji-
HOTO (PYHKTOpa OYIeT OMyCKAThCST B TEX CAYUYAAX, KOTVIA (DYHKTOP TOUEH, HATPUMEp JLIsT
obpaTHoro o6pasza mpHu IJIOCKOM MOpQUIMe WU /s TeH30PHOTO YMHOXKEHUS Ha JIOKAJILHO
CcBODOJIHBIN Ty YOK.

st raaIkoro moJIHOTO MHOT000pasust X pasMepHOCTH 7N OIPAHUYEHHAS TPOU3BOIHAS
KaTeropusi KOrepeHTHBIX MydkoB obsamaer dyukropom Ceppa (cum. ompenesrenue 1.1.3); u
910T (byHKTOD coBmagaer ¢ GyHKTOpoM (-) ® wx[n], rie wy — KAHOHUYECKHIl MydoK (CM.

[6]). Takum obpazom, nmeercst U30MOPPHU3M
(6) Hom(&, ) = Hom(F, £ ® wx[n])*

71 060 maps o6bexTos £, F € DY(X).

Kaxk 0w110 mokazano B mpefgpiayiieM maparpade, stwoboit mopbuzm f 1 X — Y wmexmay
[JIAJKUMA TTOJTHBIMU JIreOpandecKuMu MHOTOOOPA3UIMEU HUHYIUPYeT JIBA TOUYHBIX (DyHK-
Topa: ¢hyHKTOp mpaMoro obpaza Rf. : DY(X) — DY(Y) u dymkrop obparHoro ofpasa
Lf* : DY) — DY%X), u st dhyHKTOpH! compszkeHpl. Kpome TOro, Kazkiblii 00BEKT
£ € D*(X) 3agaer Tounblii GyHKTOP TEH30PHOIO yMHOKEHHS é{) £:DV(X) — D(X).

Ucnonb3yst 3Ti cTamgapTHBIE TTPOM3BOIHBIE (DYHKTOPHI, MOXKHO BBECTH HOBBIN OOJBITON
KJTACC TOYHBIX (DYHKTOPOB MeZK1y Ipom3BogabiME KaTeropusmu DP(X) u DP(Y).

I[Mycte X m Y — aBa myrajkux MOJHBIX MHOTOOOpa3uUs HAJ 1MoJeM k PasMepHOCTH N W
m coorBercTBeHHO. PaccMorpum jekaproso npouspejgerre X X Y u 0003HAUNM Yepe3 P u

q mpoeknmu X X Y ma X W COOTBETCTBEHHO Ha Y
x £ xxy L
Kazpiii obbext € € DY(X x Y) 3amaer Tounsiit byrkTop ®g U3 IPOU3BOIHON KATEIOPHIT
D%(X) B npoussomuyo kareropmo DP(Y) | koTopbIit ompetensercs cieyomeii hopMyIIoii:
L
(7) Pe () == Rqu(€ @ p"(")).

Kpome Toro, ¢ Tem e cambiM obbexTom £ € DP(X x Y) MoxXHO CBsI3aTh elle U Jpy-
roit pyrrTop Ve m3 mpomssomoit kareropun DP(Y) B mpomssogmyio kareropmio DP(X) |

olpeiesIeH b 110 npaBuiy aHasorudaomy (7):

e () = Rpa(€ © ¢°()).

Jlerko nmpoBeputh, uT0 PyHKTOP Pg MMeeT KaK JIEBBIH, TAK U MPABBIH COMPIKEHHbIC (DYHK-

TOPHI.

JlemMma 2.1.1. Qynxmop Pg umeem conpasicennvie caesa u cnpasa dyrnrmopo Pz u (I)ES

cCooOmeemcmeeHHO, Komopuvie 3a0ar0mesa no ¢0pmy./te:

(8) £ €V®q*wy[m}7
| ~
@g = \I]5V®p*wx[n]'
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3decv wx u wy xanonuneckue nyuku na X u Y, u £ — ydobnoe obosnavenue 0ad
RHom(E,Oxxy).

JokazaresnbcrBo. [lpuseiem 10Ka3aTeIbCTBO s CONPsiKEHHOTO cjeBa ¢yHkTopa. OHO

MOJTyYaeTcst W3 CJIeLyIOIei TT0C/IeJ0BATETbHOCTH H30MOP(hU3MOB:
L L
Hom(A, Rq.(€ ® p*B)) 2 Hom(q¢* A, £ ® p*B)

L

=~ Hom(p*B, €Y ® ¢*A @ wxxy[n +m])*

L

= Hom(B, Rp:(€” ® ¢"(A @ wy[m])) ® wx|[n])"
L

= Hom(Rp: (" ® ¢"(A ® wy[m])), B).

3/iech UCIOIB3YETCsT COMPSI?KEHHOCTh (PYHKTOPOB MPSIMOTO U obpaTHoro obpasa, /Ba pasa
ucnoab3yercs asoitcrenHocts Ceppa (6), a Tak:ke dbopmyta (5). a

Crour OTMETUTh, YTO, KOHEYHO, C JI000M auarpaMMoil Buja
P q
X «— Z — Y.

u moGeM obbektom € € DY(Z) MmoxHO cBa3aTh BYHKTODP 3 TPOM3BOIHON KATEIOPHH KO-
FEPEHTHBIX MYYKOB HA X B IMPOU3BOJHYIO KATENOPUIO KOMEPEHTHBIX MYYKOB HA Y , 33/1a10-
muitca mo dopmyne anamormuanoii (7). Ho kaxapiit Takoit dpyrkrop nzomopden dynkTopy
Buga (7) ¢ oobvekrom R(p,q).€ ma X XY | tae (p,q) — xanonudveckuit mopdusm u3 Z B
npsiMoe mpomssegenne X X Y .

[Iycers Temreps X, Y, Z — Tpu rnaaxkux moHBIX MHOT00Opasus, nu £, F, G — 06beKThI Tpo-
m3BoaEEIX Kareropuit DY(X x V), DY x Z) u DY(X x Z) coorsercrrenno. Pacemorpum

CJACAYIOILYIO AuarpaMMy IIPOEKIUii:

XxYxZ
p12 i D23
P13

X xY X xZ Y xZ
X Y Z

Ob6berTel €, F,G 3amaior Tpu GYyHKTOPA:
e : DY(X) — DO(Y), ®r:DP(Y)— DbZ), &g:D’X)— Db2),
ompeesientie dhopmynoii (7), To ecTb

e = R SL 1 %0, dr-=Rmd fL 2 *(, P, = R gL 1 %0,
£t T, (E @y (1), Pr: T3, (F @ a5 (1), @g: Ti3,(0 ® T3 ()

L
Paccvorpum 06bekT p1o*€ ® po3*F € DP(X x Y x Z), koropbiii mazee Bcerma Gymem
oboszHauarbea & @]—" . Caenyroliee yTBEpKIAEHUE TAET TTPABUIO [IJIsT KOMIO3UIIUN TEX TOU-
HBIX (DYHKTOPOB MEXKIY MPOH3BOAHBLIMUA KATErOPHUAMU, KOTOPLIE MPEICTABIEHEl OO bLEeKTAME

HA TTPOUBBEJEHIN.
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Ipeagoxenne 2.1.2. Komnosuyusa pynxmopos ®ro®s usomopdna dynxmopy ®g, nped-

CMasAEHHOMY 06’567{,'7’710./\4
9) G =Rpis.(EXF).

JlokazaTeabCTBO - 3TO MPAMAast TPOBEPKA.

Takum 06pa3oM, KaKIOMY TIQIKOMY TOTHOMY anredpamdeckKoMy MHOTOODPA3HIO COTO-
CTABJIIETCA TPOU3BOHAS KATErOPUs KOTEPEHTHBIX ITYYKOB Ha HEM, & € KAXKIBIM O0bEK-
Tom € € DP(X xY) Ha npoussefeHnn JByX TaKUX MHOTOO6DA3Uil aCCONUUPYETCS TOUHbIEL
dbyukrop g u3 TpmanrymmposanHoii kKareropun DP(X) B TpHAHTYIMPOBAHHYIO KATEIOPHIO
D?(Y) ¢ 3aK0HOM KOMITO3MIIAH, OTIACAHHBIM BHIIITE.

Cremytormme BOIPOCHI ABISAIOTCS (DY HIAMEHTATLHBIMA 71T TOHUMaHWS JAHHOTO COMOCTAB-

JICHUA:

1) . KOF,Z[& ITPOU3BOAHBIE KATErOPUU KOTEPEHTHBIX ITYYKOB JIBYX PAa3HBIX TVIAAKUX TTOJTHBIX
aJIrebpanIecKmx MHOT00DPa3nil SKBUBAJIEHTHBI KAK TPUAHTYIUNPOBAHHbBIE KATErOPUN !

2). KakoBa rpyrma TOYHBIX aBTO3KBUBAIEHTHOCTE TPOM3BOIHON KATErOPUH KOTEPEHT-
HBIX MYYKOB JJTst JAaHHOTO (bukcupoBanuoro Muoroobpasus X 7 (Ilox rpynmoit aBro-
9KBUBAJEHTHOCTEH TOAPA3yMEBAETCA TPYITa 00pa30BAHHAA KJIACCAMY U30MOPGMU3-
MOB TOYHBIX aBTOSKBI/IBaHeHTHOCTeIU/I.)

3). Begkuit iu TouHBIN DYHKTOP MEXKIY MPOM3BOIHBIMU KATETOPUSIMH KOTEPEHTHBIX

Iy IKOB TIPEJICTABISETCS 00BEKTOM Ha IPOU3BEICHUH, TO €CTh uMmeeT Buf (7)7

Hexoropnie pe3yabrarhl B 9TOM HAMPAaBJICHUH YK€ M3BECTHHI. K IpUMepy, MOXKHO IaTh
MCYEPIBIBAIONINI OTBET HA MEPBBIE JIBA BOIPOCA B CAydYae, KOT/la KAHOHUYECKUN MU aHTHU-

KAHOHUYECKHI IyY0K MHOT000pa3usi 0OUIeH.

Teopema 2.1.3. (8] ITycms X — 2aadkoe npoexmuenoe mno2006pasue, KGHOHUYECKUL (Ul
ammuranonuseckuli) nyox xomopozo obuaen. Ilpednonoocum, wmo xamezopus DP(X) ox-
BUSAAECHMNG KAK MPUGHZYAMUPOBAHHAA KAME20pUA npouseodnol xamezopuu DO(X') das
HEKOMOP020 2400%020 anzebpaudeckozo mnozo06pasus X'. Tozda mnozoobpasue X' wuso-
mopgpro X .

JlokazaresbCcTBO 9T0f TEOPEMbI, KOTOPOE HPUBEJIEHO B 8], siBiisieTcsi KOHCTPYKTUBHBIM U
JlaeT MeTOJ, BOCCTAHOBJIEHUSI MHOI00Opa3ust 110 IIPOU3BOHON KATErOPUM KOMEPEHTHBIX 11y Y-
KOB. Bojee TOro, B yCJI0BHN TEOpEMBI MOXKHO MPE/IIIOJIAraTh, ITO MPOU3BOIHBIE KATETOPUH
9KBUBAJIEHTHB] He KaK TPUAHIYJIMPOBAHHbIE KATETOPHUH, & TOJBKO KaK I'Da/[yNPOBAHHBIE Ka-
reropuu (cMm. [8]).

B sroit CUTyallu MO2KHO TaKzKe€ OIIUCATH U I'PDYIILY TOYHbIX ABTOYKBUBAJICHTHOCTEN.

Teopema 2.1.4. [8] [Tycmov X — 2aadkoe npoexmuenoe mnoz006pasue, KaHOHUECKUT (UAU
anmuKarOnUYeckull) nyuok Komopozo obusen. Tozda 2pynna KAacCO8 U3OMOPHUIMOE MOY-
nolx asmosksusasenmuocmets xamezopuu DP(X) noposicdena asmomopdusmamu m1020006-

Pasua, nOOKPYMKAMU HA AUHETHDIE DACCAOEHUA U COBULAMU 6 NPOU3IBOIHOT KAME20PUU.

Jas mo6oro MHOTOOOpasmss X IPYyIIa TOYHBIX aBTOSKBHBaTeHTHOCTeH AuteqDP(X)
Beerga cogepxut noarpymmy G(X), Koropas ecTh NOIYIpsAMOe IPOU3BEIEHIe HOPMATbLHOM

noarpymmer G; = Pic(X) @ Z wn noarpynuer Gy = Aut X, neficTByromeii ecrecTBeHHBIM
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o6pasom Ha G7. IIpu stom Bmouennn G(X) C Auteq DP(X) obpasyromas 7 mepexoaut
B dbyukrop casura [1], suneiinoe paccnoenne L € Pic(X) — B dyukrop ®L, a aBToMop-
duzm f: X — X wuagynupyer aproskeusanenTocth Rf, . B crarwe [8] mokazano, aro mpu
YCJIOBWH, OTTMCAHHOM B Teopeme 2.1.4, rpymmna TO9HBIX aBTOIKBUBAJIEHTHOCTEH Auteq Db(X )

cosnagaer ¢ G(X), re. B 9rOM Cayqae:
Auteq D?(X) = Aut X x (Pic(X) & Z).

Yro6B! MCCIEIOBATH BOIPOC, KOT/A IBa MHOTOOOPA3WsT NMEIOT SKBUBAJICHTHBIE TIPON3BO/I-
HBIE KATETOPHUU KOTEPEHTHBIX My9KOB, W ONACHIBATH UX TPYTITHI ABTO3KBUBAJICHTHOCTEH, JKe-
JIATEJILHO UMETh ABHBIE (DOPMYJIBI JJIs BCEX TOUHBIX (PyHKTOPOB. CyIlecTByeT THIIOTe3a, 9T
BCE OHH IPEJICTABIISIOTCA 00bEKTaMI Ha MPOW3BeIeHnn, T.e. uMeror Buj (7). B cremyromeit
rJIaBe JTaeTCs TOKA3aTeIhCTBO JAHHON THIMTOTE3hI /ISt BIOIHE CTPOTuX (PDYHKTOPOB M, B 9aCT-
HOCTH, /1 9KBUBaeHTHOCTEH. COBCTBEHHO rOBOPS, BCA CJIEIYIONIAL TIaBa OyIeT MOCBIIEeHa
JIOKA3aTebCTBY JAHHOrO pe3yabTara. TakuMm ofpasoM, 3TO JAaCT HAM BO3MOMKHOCTH pac-
CMaTPUBATH TOJBKO (DYHKTOPHI Bua (7) IpU WCCIETOBAHNN BOIPOCa 06 SKBUBAICHTHOCTSIX
MPOW3BOIHBIX KATETOPHil KOTEPEHTHBIX MyYKOB Ha TVIAJAKWX TPOEKTUBHLIX MHOTOOODA3UsIX.
Jpyras 3amaga, KOTOpag BCTAeT B CBSA3M C PEIIEHUEM ITHX TIPOGJIEM, — 3TO HEOOXOMMOCTh
UMeTh KPUTEPHUH JIJIsl OMpeIeIeHus Mo (bYHKTOPY SABJISETCs JIM OH SKBUBAJEHTHOCTHIO WJIN
ger. UToObl TPOBEPHUTDH, 4TO (DYHKTOp F' ABISETCS SKBUBAJEHTHOCTHIO, JIOCTATOYHO TTOKa-
3aTh, YTO OH W €r0 MpPaBblil (MW JIEBbIH) CONPSKEHHBIH BIOHE CTPOrme (GyHKTOPBI (CM.
1.1.7).

CyIIecTByeT HeKOTOPBI METOL [is OLpeieIeHns Toro, Koraa dyakrop g : DY(X) —

D’(Y) sBisieTcs BIIOTHE CTPOTHM.

Teopema 2.1.5. 7] ITycmv M u X - zaadkue npoexmuenbie mHo2006pasus nad aszebpau-
wecku samrHymoLm noaem rapasmepucmuru 0, u nyems € € DY(M x X) . Tozda dynxmop
De  asaaemea 6NOARE CMPORUM, ECAU U MOABKO €CAU BBINOAHAIOMCA CACIYIOULUE YCAOBUSA

opmo2oOHAADHOCIIIU.

1) Hom’ (®g(O4,), Pe(Os,)) =0 0an 6cex i u ty #ta.
2) HomX (®e(Oy), ®¢(O1)) = k,
Hom'y (s (O;), ®e(Oy)) =0, dan i ¢ [0,dim M].

3decv t,ti,ta — mouru mruozoobpasus M u O - coomeemcmeyrowue um nyuKY He6O-

cxpebos.

B obmem ciiydae npoBepuTh BBIIOJIHEHUE YCJIOBUI JAHHON TEOPEMBI JIOBOJIBHO TPY/IHO,
OMHAKO B T€X CJIy4YadX, KOTda O613€KT Ha ITPOMU3BEACHUN ABJIACTCA BEKTOPHBIM PaCC/JIOCHUEM
JAHHBIM KpuTEpuil paboTaeT JOBOJBLHO YCIIEIIHO.

Paccmorpum geThIpe riakux MoJHBIX ajrebpandeckux Muoroobpasuit Xq, Xo, Y, Y.
BozbMew jBa o6bexta £ u £, npuHaIexkamue kareropuam DP(X; x Y1) u DY( X5 x Y3)

COOTBETCTBEHHO U PACCMOTPUM OOBLEKT

EIRE e DU((X) x X3) x (Y1 x V3)),
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L
KOTOPBIi 110 onpejenennto ectb pis(€1) @ p5,(E2). Kak u panbmme (cm. (7)), obbexthr &1,
&y, &1 X E 3amaror GyHKTOPHL:
e, : DY(X1) — D°(V1),
P, : D*(X;) — DO(Y3),
(I)g &yt Db(X1 X XQ) — Db(Yl X 1/2)

1

Paccmorpum HekoTOphiit 06bekT G € DY(Xy x X3) u obo3maunm depes H 06BeKT

e, £,(G) € D(Y] x Ys) . C KasKpIM U3 9THX ABYX OOHEKTOB MOXKHO CBSA3ATH 10 TIPABIITY
(7) dbyuKTOPBI
Og: DY(Xy) — DP(Xp),  ®y:DY(V1) — DP(Y2).

Ipepsioxxkenne 2.1.6. B 0003Ha4EHUAT, 66E0EHHBIL 6BIUE, CYULECMEYEM UOMOPHUIM

dyrnxmopos Py = Pg, 0 Pgo Vg, .

JokazarenbcTtBo. Hemenenno ciaegyer u3 mpegjoxenns 2.1.2. O

Ecan temepws 271, Zs — emme aBa NIaaKWX TOJHBIX MHOTO0Opasms, u Fi,Fo — OObBEKTHI
coorsercrenno xareropuit DP(Y] x Z1) u DP(Yz x Z5), T0 umerorcs TakiKe (byHKTOPBI
Cr,Pr,, ®r, £, llo npasuiy (9) moxHO HafiTn 06beKTHl G U Go , IpUHAJIEKAIIIE Ka-
reropusav DY(Xy x Z1) u DY(Xy x Z5), rakue uro:

Iav) )
g, = OF, 0 D¢, Pg, = P, 0 Pg,.
ITpsiMmas TpoBEpKa MOKA3bIBAET, YTO CYIIECTBYET €CTECTBEHHOE COOTHOIIEHNE

(10) CI)}—l F2 © (I)51 & = q)gl G2

Wcnoaw3ysa ero, JIeTKO A0Ka3aTh CAeYIONEe YTBEDPKICHUE.

IIpensioxkenne 2.1.7. B ycaosuaz, onucarnox eoviuse, npednososcum, wmo gyuxmopu Pg,

u Pg, asaaromea eénoane cmpozumu (sx6usasernmmuocmamuy). Toeda dyrxmop

(I)g Eo IDb(Xl X XQ) — Db(Yl X Yz)

1

maxgaHce ABAAEIMCA BNOAHE CINPO2UM (3%'6“6&./L€HmHOCm’b70).

HokazareabcTBo. Ecin dynkrop F uMmeer CONMpshKEHHBIN, CKaxkeM, ciesa F*, 1o oH
BIIOJIHE CTPOTHH TOTAA M TOABKO TOrAa, KOTma KoMmmosumus F*F m3oMmopdHa TOXKIECTBEH-
HOMY pyHKTOpPY. PyHKTOPH Pg, MMeIOT JieBbIe conpsizkeHHble Pg, ™, onpenenentsble 1m0 GHop-
myqe (8). 13 Toro, aTo onu BriosiHe cTporue ciejyer, uro Komnosuiun Pg.*oPg, nzomopdub
TOXKIECTBEHHBIM (DYHKTOPAM, KOTOPBIE MPEICTABIIIOTCH CTPYKTYPHBIMY Iy IKAMY JAATOHA~
meit A; € X; x X;. Jlerko mposeputh, uto myuok Oa, M Oa, m3oMopdeH cTpyKTypHOMY
nyuky auaronann Oa , tae A — muaronaab B (X1 X Xo) X (X1 x X3). Hcnonwsysa dopmymry
(10), monyaaem, aro kommosunusa Pg, g," 0 Pg, ¢, mpeACTABIACTCH CTPYKTYPHBIM Iy IKOM
muaroasun A u, 3Ha9nT, H30MOpdHA ToXKAecTBeHHOMY (hyHKTOPY. Takum obpasom, Pg, ¢,
BITOJIHE CTPOTHil. Y TBEPKIEHNE PO SKBUBAJEHTHOCTD JOKA3BIBAETCST AHAJIOTHUIHO. d

[peanonoxum ceituac, uro dynkrop ®g : D(X) — DY(Y) sapiserca sksupajent-
HOCTBIO, U 06bekT F € DY(X x Y) Ttakoit, uro Wr = <I>gl. [To dopmymam (8) mmerorca
“30MOPPUIMEI

F=E @p'wx[n] =&Y @ ¢ wy[m].
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W3 KOTOpBIX Cpa3y clemyeT, 9TO pasMepHOcTH N u m MHOToOOpasmit X u Y paBHBIL.
Paccymorpum yHKTOD

(11) dr ¢:DYX x X) — DY xY)

n obosnaanm ero kak Adg. @yurrop Adg TakyKe ABIAETCH 3KBUBAJCHTHOCTBHIO O TTPEJI-
noxkermio 2.1.7. Kpoume Toro, mo mpeioxenno 2.1.6 as moboro obbexra G € DP(X x X)
CYIIECTBYeT N30MOpPHU3M PYHKTOPOB:

(12) @Adg(g) %@goégo@gl.

Pacemorpum crienmanibubIi crydail, Korma 00bekT § eCTh CTPYKTYPHBIH TYI0K THATOHAN
Oay - On npexacrasasier ToxgecTBenHblil dynkTop. CregoBaresbHO, pUMeHsisd (GOPMYILy
(12), nosyqaem, uro dbyukrop Adg nepeBogur crpykrypHbiii nydok guaronanun Oa, B
CTPYKTYpHBI# my4oK auaroHaan Oa, .

Hapaiite paccmorpum, bosiee obiryto curyarnuto. Obo3HaUUM Yepe3 tx U iy BJIOXKEHUS
mmaronaneir B X X X m Y X Y coorsercreenno. ITpumennm dyukrop Ade ® 06bexTy
iX*w];( , TIe wx Kak ¥ paHblile KanoHudeckuil myuok Ha X . O0bekT iX*w§< TPEeaCTABIIET
dbysakTop SF[—nk], rne S dynxrop Ceppa B Kareropun DP(X). Tax Kak mobas SKBUBa-

JIEBHTHOCTB ItepecTtanoBouHa ¢ dyukTopamu Ceppa o jiemme 1.1.4, ostygaem, 9o
(13) Adg (i xwh) = iy wh.
JlaBaiiTe Temeps g KaX0T0 MEHOT00Opazus X onpemesnM OUrpaayupoBaHHYIO aaredpy
HA(X) = P HA; #(X) 1= P Extly, x(Ony, ixawh).
i,k i,k
CrpykTypa aarebpsl 3/ech 3ajaercd koMmmozuimeii Ext’oB ¢ yueroM KaHOHMYIECKOTO 0TOXK-

JIeCTBJICHUS
i . kN ~ qQ . m m—+k
Ext’yy x (Oay,ixswy) = Exty, x (ixw™, ixwy ).
Jng moKasareqbeTBa CIASAYIOMEeH TEOpEeMbl HAM IPUAETCH IPUMEHATH OCHOBHON pe3yJIbTaT
TPEThEll TJIABBI, YTBEPXKIAAIONMHA, 9T0 H00asd SKBUBAJEHTHOCTD MIPEJCTABIACTCI O0OLEKTOM

Ha ITPOUBBEJEHIN.

Teopema 2.1.8. IIycmo X u Y - eaadxue nmpoexmusHvie MH02006pa3UA, 04 KOMODLT
NPOUEOTHBIE KATNE20PUL KOLEPEHMHBLL NYHKOE IKGUBAACHINHYL KAK MPUGH2YAUPOCIHHBIE Ka-

mezopuu. Tozda Guzpadyuposarnvie anzebpor HA(X) u HA(Y) usomopprv.

IMokazaTesiberno. Ilo Teopeme 3.2.2 Beskas skeupasenTHocts F : DP(X) — DP(Y) npea-
CTaBJIAETCA HEKOTOPBIM 00bEKTOM Ha IIPOU3BEIEHNH, TO eCTh n3oMopdua dyarkTopy Pg mia

rexorToporo £ € DP(X x Y) . JTiobast Takast SKBUBATEHTHOCTE 33/A€T IKBABATCHTHOCTE
Adg : D*(X x X) — DY(Y x Y),

KOTOPasi MEPEBOJAUT OObEKT iX*wl)"( B 00beKT iy*wf}. OkBuBaseHTHOCTH Adg uBynMpyer
U30MOPMUIMEI
EXt:LXXX(OAX ) ZX*"‘JX) = EXt%/XY(OAY ) ZY*"‘JY)

u caenoBaTesbHO n3oMopdusm ourpaaynposannbix aaredbp HA(X) uw HA(Y). O
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Crout oT™MeTHTH, U4TO U3 OurpaayuposanHoil anredpsl HA(X) MOXKHO TMONyUInTh KAHOHU-
9eCKYI0 U AHTHKAHOHHYECKYIO aJrebpnl Muoroobpasus X . HeiicTBUTeaIbHO,
0 k 0 k
PH(X, i) =P HAWX) n PHU(X, k) = HA(X)
k>0 k>0 k<0 k<0

Taxum obpazom u3 Teopembl 2.1.8 monydaercs CiieJICTBHE.

Caencrsue 2.1.9. Ecau npousgodnbvie KamMe20pul K02EPEHMHBLT NYHK08 06YT 2Aa0KUL NPO-
EXMUBHBLT MH02000pasult X u Y 9K6UBAACHMMDI, MO KGHOHUMECKUE (U aNMUKGHOHUYE-

crue) anzebpor mrozoobpasuti X u Y usomopdrio.

JlanHoe cienicTBue, oueHb OJIM3KO 110 cBoefl (hopmynupoeke Teopeme 2.1.3. OHOKO HAJO
OTMETUTH, 4TO JIOKA3aTeHCTBO Teopembl 2.1.3, nanHoe B cTaThe [8], He onupaeTcst Ha OCHOB-
HOHM Pe3y/IbTaT CAeAYIONIEH JaBbl U, O0/Iee TOro, ABJIeTCA KOHCTPYKTUBHBIM. Kpowme 3Toro,
B Teopeme 2.1.3 He MpeanosaraeTcs, YTO KAHOHWYECKWH (MM aHTUKAHOHUYIECKHI) MydoK
BTOPOro MHOTooOpasua X' aBIsdeTcd OOMIBHBIM — 3TO MOJIY9aeTcs U3 JOKa3aTeIbCTBA TEO-
DPeMBI.

MoxkHo TakzKe onmcars u Bee ocranbhble mpocrpancrsa HA; (X). B crarse [40] goxa-

SaHoquO CHeKTpaﬂbHaﬂ HOCHeﬂOBaTeHbHOCTb,KOTOpaH CHUTaeT
_ % :
HAi,k(X> = Ext (OAX,ZX*W)()

gyepe3 Koromosiorun orpanuyenns Oa, Ha JAMAroHaJlb, BBIPOXK/JaeTcs B 4ieHe [y . B gacr-

HOCTH, UMEIOTCS n30MOPMU3MBI
(14) HA,; 1 (X) = @ HP (X, AN9Tx @ %),
p+q=1i
roe T'x — kacaresbHoe paccioenne Ha X . Bomee Toro, JaHHBIH 130MOP(U3M TPEBPAITACTC

B m3oMopdu3M aarebp, TO ecTh
HA(X) = P P HP(X, ATk @ W),
i,k p+q=i
KakK OurpagyupoBamubie ajredpol. I3 manmoro pasencrBa u Teopembl 2.1.8 momyuaem ciaes-

CTBHUE.

Caencreue 2.1.10. Ecau npoussodnvie KamMe20puu K02EPERMHHIL NY4K08 J8YL 2Aa0KUL
npoekmusHvT Mmnoz2000pasut X wu Y 2KGUBGAEHMHBL, MO UMEIOMCA USOMOPHUIMDL TPO-

CmpaHcms
(15) D WX ATy 0u) = P BV ATy 0ub).
pt+q=i pt+q=t
B wacmnocmu, noayuwaromes uzomopdusmol
(16) P wrx,0%) = P (v,
P—q=i p—q=i

Mmencdy sepmuKassmu pomba Xoorca.

Hoxkazaresberso. Vzomopdusmbr (15) cpasy cienytor us Teopembr 2.1.8 u pasenctsa (14).
Nszomopdusmer (16) spasiorest gacthbiv caydaem (15) npu k= 1. O
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Nzomopduambl Mexk Iy BepTUKAIAMEA poMba XOKa MOXKHO MOIYIUTb U JPYTUM CIIOCO-
oom. Ilpeamonoxkum, aro ocuosnoe mojie k ecrn C.

st kaxgoro snementa £ € H*(X X Y, Q) mMoxHO onpenemTs auHelHbIe 0TOOparkenust
ve : HY(X,Q) — H*(Y,Q), we - H*(Y,Q) — H*(X,Q)

o dopmye :
(17) ve(=) =a(§-p7 (=), we(=) =pu(&- a7 (—))-

st naHHBIX 0TOOpasKeHUil MOKHO HAIKCATH (POPMYJTy KOMIIO3UIHH, KOTOPas aHaJI0r Y-
na dopmyne (9) maa xkomnosumum dbyakropos. [lycrs X, Y, Z — Tpu raagkux mOJHBIX MHO-
roobpasus, u £, 1 — saemerrsr H'(X x Y,Q) uw H*(Y x Z,Q) coorsercrsenno. Toraa
KOMIIOBHUIHS Uy, O V¢ COBHAAaeT ¢ oTobpaxkenueM v¢, rae ¢ € H(X x Z,Q) samaerca dop-
MYJIOH:

¢ = pxz«(pyz(n) Upxy(£))-
Kazknomy dyukropy Buga Pg : DY(X) — DP(Y) MoxKHO comoCTaBUTS JHHEHHOE 0TOG-

paxenue ¢g : H(X,Q) — H*(Y,Q) . Husg sroro onpegenum snement € € H(X x Y, Q) mo

MpaBIITy
(18) e =p"\tdx - ch(E) - q"\/tdy,
rine tdx u tdy — xmaccel Togga muoroobpasuit X u Y . 3agaanm orobparkeHnus

pe(—) == ve(=) = qu(e - p"(—)),
1/}5(_) = we(_) = p*(E : q*(_))'

Crenytoriee TIpeJyIOYKEHIE STBISIETCS TPSIMBIM CAeICTBIEM TeopeMbl Pumvana-Poxa B ¢op-

(19)

me I'poreHmKa

Ipennoxenue 2.1.11. IIpednoaoscum, wmo gynrmop ®g : DY(X) — DY(Z) aeasemes

romnoszuyuet Pgo Pr das nexomopoix
oy :DY(X) — D(Y), &g:D’(Y)— D’2).
Tozda ¢g = ¢pg o Pr .
Orcioia cpasy moJiydaeM CJaeJiICTBUE.

Caencreue 2.1.12. Ecau gynusmop ®g : DY(X) — DY(Z) sasasemca axsusarenmmo-
cmwto, mo omobpasicenue ¢g : H*(X,Q) — H*(Y,Q) ecmv usomoppusm, u ezo0 xomaercu-

Purayus undyyupyem usomopdusmv, (16) meocdy sepmukansmu pomba Xoodica.

HoxkazaresnbcrBo. U3 npemioxenns 2.1.11 ciaegyer, uro dpyHKTOp KBazuobpaTHbiit Kk Pg
uHIynupyeT orobpazkenme obpaTHoll K ¢g . Kpome Toro, tak kak emement & € H*(X x
Y, Q) no dopmyne (18) coorBercTByeT anrebpandeckoMy UKLy, TO JIETKO TTPOBEPSIETCS, 9TO
KOMILTEKCH(DUKAIIA 0TOOPAKEHUST (g COXPAHSIET BepTUKAH poMba XOaKa. O

B 3aK/I0YeHIE OTMETHM TaKKe, 4To Beakmit ¢pyuktop Pg @ DY(X) — DY) ummymm-
pyer orobpazkenne ®g : K(X) — K(Y), mexxay rpymnamu I'porenanka K(X) u K(Y)
kareropmii DP(X) and DP(Y). ITasaiite paccMoTpnm oTobparkemnie

chy/tdx : K(X) — H*(X,Q),
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KOTOpPOe comocTanseT smementy u3 K (X) ero xapakrep YepHa, YMHOXKEHHBIN Ha KOPEHb

n3 kiaacca Toama. Msnonb3ysa Teopemy Pumana-Poxa, MOXKHO TOKa3aTh, ITO JUATPAMMa

K(X) " K(Y)
ch\/@l lch\/@
H*(X,Q) —% HY(Y,Q)

ABJIACTCA KOMMyaTI/IBHOﬁ.

2.2. Illpumepbl SKBUBAJEHTHOCTEH: OupalmoHasibHbIe NpPeobpPa30BaHUA TUMA
duon. B sTom naparpade mpuBoguTCd 1EIbIH KJIACC IPUMEPOB JBYX TJIAIKAX MHOT000-
pasuii, 11 KOTOPBIX ITPON3BOJIHBIE KATEIOPUN KOTEPEHTHBIX IYYKOB 3KBUBAJIeHTHbBI. KoHed-
HO, TPUMEPBI TAKUX MHOT000pa3uil ObLIN yKe M3BECTHBI: NEPBBIA IpuMep — 310 abeseBo
MHOTOO6pa3ue u jBoiicTBeHHOe eMy — OblL1 paccmorped Mykan (cwm. [29]). Tlpuniunuans-
HOE OTJIMYne TPUMEPOB, 00CyXK1aeMbIX B 3TOM naparpade, B TOM, 9TO mO/iydaeMasd 1apa B
obrreM caydae Hem30MOP(HBIX MHOrO0Opasumil CBs3aHa OMPAIMOHAILHBIM H30MOPMOUIMOM,
KOTODBI ABjgeTCH (PJIOTIOM.

N3 jaHHBIX TPUMEPOB TAaK¥Ke CJIEYeT, uTO yCAOBUS Ha (AHTH)KAHOHWYECKWH My40K B
reopeme 2.1.3 He MOryT ObITH OCIA0JIEHBI.

B mauase nmaparpada HAIIOMHUM ONpEJIEIEHUs JOMYCTUMBIX MOJKATErOPUil U TOJTyOpPTO-

TOHAJIBHBIX pazoxkenuit (cum. [5], [6]).

Onpenesenne 2.2.1. Ilycmv B — noanas addumusenas nodkamezopus 6 adoumusholi xa-
mezopuu A . Npasbim opToroHanom k B 6 A mnaswisaemca noanas nodxkamezopus BL C A,
cocmoawaa u3 ecex maxur obsexmos C', das xomopwxr Hom(B, C) =0 daa ecex B € B.

Jsoticmeennvim 06pazom onpedeasemca neeoili opmozonan ~B.

OrmernM, aTo eciu B sBJIsteTCsl TpUAHTYIMPOBAHHOM TOKATErOpUeil B TPHAHTYINPOBAH-

HO#t Kareropuu A | 10 LB u Bt rakxke apiasrorcs TPUAHTYIUPOBAHHBIMY HOLKATETOPUAMMU.

Onpenesnienne 2.2.2. IIyemv I : N — D — saooscenue noanoli mpuanzyiuposannoti
nodkamezopul 6 MPuanysuposanyto xamezoputo D . Bydem zosopumsw, wmo N ponyctuma
enpasa (cooms., caesa) ecau cywecmeyem dynxkmop P : D — N conpasicennwti cnpaeca
(cooms. caesa) k dynxmopy esoocenus I .

CBoiicTBO OLITH JOMYCTHMOI cipaBa (COOTB. cieBa) A Togkareropan N SKBUBAJICHTHO
CcJleJIyIOIIeMy CBOMCTBY, KoTopoe (hOpMyJIUpyeTcsa B TepMUHAX OPTOTOHAJIOB: JIIA KarKI0TO
obbekta X € D cymecrByer Bblgenennblit rpeyroabink N — X — M, rne N € N u
M € N+ (coorB., M — X — N, tme M € *N u N € N'). Hoaxareropuio 6ymenm
Ha3BIBATH IPOCTO JOIYCTUMOMN, €C/I OHa JOIYCTHMa KaK CIIPaBa TaK H CJICBA.

Ecm N C D gonycrumas II0JKaTerophs, TO cKazkeM, 4To D I0OyCKaeT HOJIyOpTOro-
nasbroe pasinoxenne suga (N N) wm (N, N'). Nnoraa Geisaer, 4ro Takoi mpouecc
Pa3IoKEeHN MOYKHO ITPOIOIAKHITH JaJbllle, PacKaaibBas mogkaTeroputo N mim opToroHa-

Jibl K Heii. /laBafiTe maguMm obimee onpeesieHne moIyopPTOTOHATBHOTO PA3TOKEHUS.

Onpenestenne 2.2.3. Ilocaedosamenvrocms donycmumomz nooxamezoputi (Ny,...,N,) 6

mpuaHeyJLupoeaHHoﬁ ramezopuu D nasvieaemcsa I'IOJ'IyOpTOFOHaJ'IbHOﬁ eCAU GBINOAHACMCA
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yeaosue Nj C /\fiL daa ecex 0 < j < i < n. [Hoayopmozonasvhad nocaedosamesvHOCTb
HA3BLEAEMCA NONHON, ecau oHa noposcdaem Kamezoputo D, mo ecinb MUHUMAADHAA MPUAH-
2yauposannas noodkamezopus 6 D, codepoicawsan ece N, coenadaem ¢ D . B smom cayuae
MAKEA NOCACIOBAMEALHOCTNG HA3LLEAEMCA NONYOPTOrOHASBHLIM PAa3NOXEHNEM Kamezopuy D
U 3aNUCHLBAEMCH 6 eude:

D— <J\/o,....,Nn>.

[Ipocteitmuit mpuMep TOAYOPTOTOHAILHOTO PA3JI0XKEHNA BOZHUKAET MIPYU HAJUYIUN TTOJTHO-

'O UCKJIIOYHUTEJIBHOI'O Ha6opa.

Onpenesenne 2.2.4. Obsexm E 6 mpuanzysuposarnoli xamezopuu D wnasweaemes uc-
knountenshbim, ecau Hom'(E, E) =0 npu ¢ #0 u Hom(E , E) = k. Ynopadouennwvili
nabop uckamouumesvnur obsexmos (Ey, ..., Ey) , Hasveaemes nOAHbIM UCKAIOYNTENBHBIM Ha-

bopom, ecau on noposcdaem xamezopuro D uw Hom' (E; , E;) =0 npu i > j.

CawMblit U3BECTHBIN TPUMED MOJTHOT0 UCKJIIUATETHFHOTO HADOPa TPEI0CTaBIAeT MPOEKTHB-

HOE ITPOCTPAHCTBO.

Ipumep 2.2.5. ([2]) Ha npoexmusnom npocmpancmee PN das xascdozo i € 7. nabop suda
(O(@),...,0>i+ N)) asasemcs uCkAOWUMEALHBM U NOAHBM. B wacmuocmu, noaywaemes,
wmo npouseoduas wamezopus xozepenmunx nyukos DP(PN) sxeusasenmna npouseodnoi

KAME2OPUU KOHEUHOMEPHOLT MOOYAET HAO KOHEYHOMEPHOT aA2eOPOTl SHOOMOPPUIMOE UCKAI0-
J=N
wumeavnozo nabopa End( @ O(j))
0

j=

AnajornuHble pa3I0KeHUs CYIMIECTBYIOT W JjIg HEKOTOPBIX JAPYIUX MHOT00Opas3Wii TaKuX
KaK KBaJpUKu U MHOI0o6pasus duaros |20, 21, 22].

Pacemorpenne mpumepa aToro maparpada HagaeM ¢ Temepsb npuBeeM HEOOXOIUMbBIE HAM
daxThI 0 pa3ayTUAX U O TOBEJICHUH TPOU3BOHON KATETOPUN KOTEPEHTHBIX My TKOB TIPH Pa3-
nayrusx. Bee atu pesysnbrarsl cogepxkarcsa B crarse [34] (em. Takxe [7]) .

I[Iycre X — rmajgkoe mosHoe asirebpamdeckoe Maoroodopasme, u ¥ C X — riiajko BIOXKEH-
HOE 3aMKHYTO€ MoIMHOTo0o0pasue kopasMmepHoctu r. OO03HAUNM Yepes X pazaytne X ¢
MeHTpoM BA0AL Y . MuOTOOOpasue X sIBIseTCS TaKiKe DIAIKUM I CYIIECTBYET KOMMYTa-
TUBHAS JAATDAMMA:

y 2. X

Ll

y —— X
B KOTOPOH % M j — 3aMKHYTbIE BJIOXKEHUs, © D : Y -Y - [IPOEKTUBHOE PACC/IOEHUE HC-
KJIFOUUTETHHOTO JUBU30PA, Y maz [EHTPOM pazjiyTud Y, B 9aCTHOCTH, P — IUIOCKUIT MOp-
dusm. Hamommmnu, uto Y P(Nx/y), rne Nx/y — nopmanbuoe paccioenue K Y B X .
Ob6osnaunm uepes Og (1) KaHOHHYECKOE OTHOCUTE/ILHO OOM/IBLHOE JIMHEHHOEe PACCIOCHHE Ha
Y = P(Nx /y) . XOpOoIIo u3BeCTHO, YTO OHO M30MOP(HO OTPAHUUEHUIO JUHEHHOTO PACCIOe-
anst O(=Y) wa Y.

Ilpenmnoxxenme 2.2.6. [34] IIpoussodnvie dynrmopu, obpammrozo obpasa

Lr* : D’(X) — D’(X), p* DY) — DY)
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ABAAOMCA BNOANE CTNPOLUMU.
Hoxkazaresnbcrso. Popmysta mpoeknun (3) maer nzoMopdusm:

L
Hom(L7*F , L7*G) = Hom(F , R L7*G) = Hom(F , Rm.O¢ ® G),

~

rie F,G € DY(X). Ananornuso u gas p* . KomGuanpys ux ¢ Tem hakToM, 4T0 Rm.O¢

g

Ox n Rp*O? = Oy moJiyuaem J0Ka3aTeIbCTBO.

IIpenmoxkenue 2.2.7. (|34],|7]) Hana scaxozo obpamumozo nyuxa L na Y dynxmop
. b b/ v

Rj.(L®p*()) : D°(Y) — D’(X)
ABAACTNCA BNOANE CTPOLUM.
JokazaTeabcTBO. UT0OBI 10KA3aTH, 9TO (DYHKTOP BIIOJIHE CTPOTHU, TOCTATOTHO TPOBEPUTD
BhINoiHEeHNe yeaoBuit 1) m 2) Teopemsr 2.1.5. Jlnsa kaxkmoii 3aMkHyTOl Toukn y € Y o6pas
®(0y) aBrseTcs CTPYKTYPHBIM IIyYKOM COOTBETCTBYIOIIETO CJI0s1 OTOOPaKeHnsT P, PACCMaT-
puBaeMbIit kak myuok #Ha X . Tak Kax c0W Ha/ PA3HBIMH TOYKAMH He TEPeCeKaroTCsl, TO

YCJIOBUE OPTOrOHAIBLHOCTH 1) TeopeMbl 2.1.5 BBINOJIHAETCSL.

Pacemorpum crpyrTypHBIi myaok Op #HexkoToporo p-cjaos F C Y . Mmeem n30MOPPU3M:
Hom'(j, O, j«Or) = Hom'(Lj"j.OF, OF)
B npoussonnoit kareropun Db(?) MMEETCs BBIJIEeHHbBIN TPEeyroJIbHIUK
Or ® Og(1[1] — Lj"jxOp — Op,

rae Og (1) — 310 OTHOCHTEIBLHO 06MIBHOE JuHEiiHOe paccioenne Ha Y , KOTopoe n30MopdHo
O(—Y)’?. Cnoii F' ectb ipoexTnBHOE MPOCTPAHCTBO, a orpanuyenue my4yka Og (1) na F
uzomopden O(1). Iosromy

Hom' (Op © Og(1), Op) =0
1J1g Beex ¢ . U 3Hadut
Hom'(j.0F, j.OF) = Hom'(OF, OF).

CueoBaresbHO, yesoBue 2) TeopeMbl 2.1.5 TakzKe BBIMOTHICTCS. O

O6oznauny vepes D(X) mosmyio Tpuanrymposannyio nogkareropnio 8 DY(X) | koro-
past ssiercs obpazom kareropmn DP(X) ormocmrensno dbynxropa L7*, a wepes D(Y)y
0B603HATNM TTONHYIO TIOTKATETOPHIO B Db()? ), KoTopas aBIsercs obpazoM kareropun DP(Y)
ornocurensio dynkropa Rij.(Og (k) @ p*(-)), rae Og (k) = Og(1)®* u Og(1) - xanonu-
9eCKOe OTHOCUTETHLHO 00MIhHOE nHeiiHoe paccaoenne va Y = P(Ny /y) . U3 npennoxennit
2.2.6 m 2.2.7 crexyer, uto D(X) =D X) u D(Y), =2 Db(Y).

Teopema 2.2.8. ([34]) Hocaedosamenvrocms donycmumsi nodkamezopul
(DY) i1, DY) 1, D(X))

ABAACTNCA TLO./L’yOmeZOH(l/L’bHO’lZ u daem NOoAYOPMO20HAADBHOE PA3AOHCEHUE ona Karmmezopuu

DY(X) .
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DTa TeopeMa, MO3BO/ISIET OMUCATH KATETOPUI0 PA3IyTHsT B TEPMUHAX MHOT000pa3us, KOTO-
poe pa3iyBaeTcst, ¥ IOAMHOr006pas3ust B KOTOPOM Pa3TyBacM.

Ucnions3yst mprBeieHHOe BBINTE OMUCAHNE TPOW3BOIHON KATETOPUN PABIAYTHS, UCCIEIyeM
Ternepsb MOBEIeHNE TPOU3BOAHON KATErOpuu mpu mpocTeimmx mpeobpazoBanuax Tuma (Jimm
u duion. Pacemorpum Takoit mpumep.

[Iycte Y — riajiko BJIOYKEHHOE 3aMKHYTOE IOJIMHOT000pa3ue B TVIAJKOM IOJTHOM ajred-
pamecKoM MHoroobpasum X takoe, uro Y = PF ¢ mopmanbubiM paccioeruem N x)y =
Oy (—1)2+D) | Bynem npegnonarars, uro | < k.

Obo3HauuMm uepes X pasayrue X ¢ meHTpoM BA0Jib Y . B jaHHOM Clydae HCKJIIOUNTE b
HBIH TUBH30D Y H30MOpdEH TTPOM3BEIEHNIO TPOEKTHBHBIX mpocTpancts PP x P! Kpowme

TOrO, B 3TOI CUTYyalluu UMeeTCs CJIe/IVIoIee OUCcaHue HOPMAaJIbHOIO IIy4YKa K Y 5 X.
Ng e = 0 (V)| = O(-1;-1),

rae O(—1,-1) := p;Opr(—1) @p5Opi(—1) . D11 parThl HO3BOJSIOT YTBEPK,IATh, 4TO CyIIle-
CTBYET CIyTHE X TaKoe, UTo Y IPOEKTUPYETCsT Ha BTOPOil coMHOKuTEebL P! . DT0 cayrue
CYIIECTBYeT B aHAJINTHIECKOH KATETOPHN U €T0 Pe3yIbTaT ecTh IVIaJKoe MHOToobpasne X T |
KOTOpOe, BOOOIE TOBOPST, MOYXKET OBITH He aaredpandecknM. MBI MPeamooKuM, 9TO OHO

asrebpamyaeckoe. Bea reomerpus, OnncaHHad BBIIIE, OTPAYKEHA B CJIEAYIONEH quarpaMme:

(20) Y
7N
J
Y X Y+
™ 7T+
fl
X--—---- > X+

Bupaionaibaoe orobpazkenne fl: X — X T apisgercs npocTefliiuM IpUMEpPOM 1peob-
pazoBanus Tuna quun-duion u ects duun npu ! < k u baon opu [ =k.
B nanbnefimem mam monanobutcsa opMyna g OrpaHAIeHNns KAaHOHUIECKOTO My IKa W ¢

Ha JHBU30D Y. Ilpu pazayTun raajKoro moaMHOr006pa3ust MOIydaeM
We =MWy ® Ox(lf/).
W3 dopmysibl TPUCOETUHEHUST HAXOIUM, UTO
wxly 2wy @ AINY )y = Oy (1 k).
KoMm6unaupysi 3tu (hbakThl BMECTE TOTYIaeM U30MOPQPU3M:
(21) wele 2 (Trwy ® 06 (IY))]e Zp*(wx|y) ® O (Y)|g = O(—k; —1).

OcHoBHasi TeopeMa, TOTO maparpada CBI3bIBACT TPOU3BOIHBIE KATErOPUN KOT€PEHTHBIX

Iy9KOB Ha MHOroobpasmax X m X7 .

Teopema 2.2.9. IIycms L — aunelinoe paccaoenue na X . B obosnauenus, seedenmois
guiuLe, PYHKMOP
R, (Lr™ () ® £) : D’(X ) — Db(X)

ACAACNCA BNOAHE CTNPO2UM.
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JokazareabcTBo. B Havame paceMoTpuM orpannderne L Ha Y . Tak kak Y = PF x P! ,
TO E‘? >~ O(a;b) nns HEKOTOPBIX MEJIbIX YUCET @ U b.

Hy»xHo nokazarh, 9To it moboi mapsr A, B C DY(X™) ckBosmoe orobpaskente
(22)

Hom(A, B) = Hom(L7r ™A, Lt™*B) —» Hom(Rm (L7 A® L), Rm.(LtT* B ® L))

sIBJIsIETCsT m3oMopdu3MoM. W3 compszKeHHOCTH (PYHKTOPOB NMEEM H30MOP(U3M
Hom(Rm, (L1t A® L), R, (Lr™*B ® £)) = Hom(Lr*Rr, (Lt ™A ® L), Lr™*B ® L).

Paccmorpum BBIIETEHHBIT TPEYTOTBHUK:

(23) LrRm (Lt A® L) — Lt A® L — A.

Takum 06pa3om, 4T0OBI I0KA3ATH , UTO CKBO3HOE 0TOOpakenue (22) siasercss n3omopdus-

MOM, HEOOXOIMMO ¥ JOCTATOUHO TOKA3aTh, UTO
(24) Hom(A, Lt ™*B® L) = 0.

Tax xak xomnosunusg R, L™ m3omopdHa TOXK IeCTBEHHOMY (DYHKTOPY II0 IPEII0KEHII0
2.2.6, To , npumenssa byHKTOp R7, K BBIIESIEHHOMY TpeyroJbHUKY (23), moaydaem, 9ro
Rm.A = 0. I, cieposarensuo, aas oboro obbexa C € DY(X1) Hom(L7w*C', A) = 0.
Buaunt oobexr A mpumamtexur nogxareropma D(X)t .

U3 Teopemnr 2.2.8 caeayeT TOAYOPTOTOHAJIBLHOE Pa3I0KEHHUE:
D(X)* = (DY) 1y, DY) 1)
Tak kax Y — 9T0 NPOEKTUBHOE MPOCTPAHCTBO, TO U3 mpuMepa 2.2.5 caeayer, 9T0 KaxKasd

nogkareropuss D(Y)_; obnagaer noaHbIM uCKIOUInTEBHbIM HabopoM. CoefuHss ux BMe-

cTe, TOJIyYaeM TIOMHBIH HCKIounTebubli Hatop B D(X)L . IIna mac 6ymer ynoben Taxoit

Habop:
mei:< Rj.O(a — k; 1), e RGO(a; 1),
Rj.O(a@—k+1;—1+1), v . RuO(a+1;—1+1),
Rj.O(a—k+1—1;,-1), o ... Rﬁ0m+l—h—n>

Mo2KHO Terneph NeperpyImmpoBaTh 3Ty UCKIIOUUTENBHYIO TOCAEI0BATENIBHOCTE TAKUM 00pa-

30M, a0 st Kareropun D(X )L moaygaercs moyopTOroHATBEHOE PA3IOKEHNE B,

D(X)J_ = <67A>7
rie A u B — noakareropun, nopoxaenasie Rj.O(i;8) ¢ i > a u i < a COOTBETCTBEHHO.
Ilpu 1 <i<kul<s <1 oobestel Rj.O(a — i;—s) npuHaIe:kaT OJHOBPEMEHHO
noaxareropusm D(X)t u D(XT)t ® £. B wacruocrn, B ¢ D(X)' N (D(XH)*+ ® L).

IMpumensia dynkrop Hom x Bergenennomy Tpeyronbruky (23), moaydaem, 9aro:
Hom(A , Rj.O(a —i;—s)) =0, mpu 1 <i<knl<s<lL

Tax kax A € D(X)* u oproromanen mogkareropun B, cpasy caexyer, uto A € A. Te-
nepnb 3aMeTuM, 4To, ecam o6bekr Rj.O(a + i;$) npunagmexur nomkareropun A, To i

ynosnersopsier uepasenctsam 0 < i < [. YuurwBas dopmyny (21) mas KaHOHUIECKOTO
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KIACCA We | =~ O(—k;=1) u To, uro | < k, momyuaem, uro A Q@ we C D(XT) @ L.

CuresoBaTesbno, s 1oboro obbekta B € DP(XT)
Hom(Lr"*B® L, AQwg) = 0.

[Ipumensis mpoficteennocts Ceppa (6), HeMEITEHHO MOJyYaeM HEOGXOIUMOE DABEHCTBO
Hom(A, L™ B® L) = 0. O

Teopema 2.2.10. B mex sice ob6osnauenuar, ecau | =k (u, snawum, fl ecmo daon) dyrx-

mop R (L™ (1) @ L) asasemes sK6USAACHMHOCTIDIO0 MPUAHLYAUPOSAIHHHLE KaAMe20pudi.

HoxkazaresbcTBo. 1o npejbiyieit Teopeme JaHHBIN (DYHKTOD SBJISIETCS BIIOJIHE CTPOTHM.
Jlenblit conpsikennbii Kk Hemy umeer s Rl (La* ()@ L) tne £/ = L7 Quwge ®7T+*w;(£ :
W 3nauwnT 110 mpeablIyIeii TeopeMe OH TaKKe dBJISAeTCs BIIOJIHE CTPOruM. UT0 J0Ka3BIBAET,
aT0 06a (PYHKTOPA 3KBUBAJIEHTHOCTH. |

OrMeTuM, 4TO TOKA3ATETHCTBO JIAHHBIX YTBEPKJIEHUHN ITPOXOIUT TAaKKe U B CJydae, KO-
02 (QJIOT JesTaeTcsd Cpa3y B HEKOTOPOM KOHEIHOM MHOXKECTBE HEMEPECEKAIOTIUXCS TTOIMHO-
roobpasmit Y71, ...,Ys, KaXKj0€ u3 KOTOPBIX YIOBJIETBOPSIET YCJOBUI) TEOPEM. DTO IPOCTOE
3aMevaHue SBJISIETCA CYNIECTBEHHBIM B CBSI3M C HAIUM IPEIIOJIOKeHneM 06 aarebpanaHo-
CTH TI0Jy4MBIIeroca Muoroobpasua X1 . Jlejo B TOM, 4TO B IpUMepax YacTO BO3HUKAIOT
CHTYaInu, KOTJa TaKue OuparnoHaJ bHbIe TPeo0PA30BaHN, CIETAHHBIE B OJHOM U3 TTOIMHO-
roobpasuit Y; npusogsT K He aarebpandeckuM MHOrooGpasusiM, B TO Bpems Kak (ymn (uin
dbron), caenaHHbIi OJHOBPEMEHHO BO BCeM HAOOpe JaeT MHOrooGpasue, KOTopoe yiKe aired-
pamndeckoe.

BTopoe 3aMedaHue COCTOUT B TOM, YTO, KOHEYHO, (haonupyeMbie MEOroobpasznsg X n X T
n3 Teopembl 2.2.10 B obiem caydae He u30MOPQHBI, U 9aCTO BCTPEUAIOTCS B ODUPAIMOHA/ -
HOJ TeOMEeTpUHU, HAIIPUMED B KOHCTPYKIIMY IPU OMUCAHUE TpeXMepHbIX MHOroobpasmit ®a-
HO, KOTOpast HA3BIBAETCs JIBOWHAsA mpoekims u3 npamoit (cm. [19], §8). Ilpeanooxmm, aTo
nmMeeTcd Tpexmepruoe muoroobpaszue Pamo V' wmnzekca 1 ¢ PicV = Z | Bioxennoe antuka-
HOHWYECKOM CHCTEMON B IPOEKTUBHOE TTPOCTPAHCTBO. Toraa pasmpyrue 9T0ro MHOrO0Opa3ust
B MOPSAMOIi, maeT MHOroobpasme X , aHTHKAHOHHUYECKHN KJacc Koroporo "mouru'obmaen —
oTobpaskeHne aHTUKAHOHMIECKOH CUCTEMOU CTATUBAET HEKOTODPBIM HAOOpD KPUBBIX HA 3TOM
MHOT00OPA3WHN, KOTOPBIE ABIAIOTCA COOCTBEHHBIMA MPOOOpa3aMu MPAMBIX Ha, V| Tepecekaro-
MUX PA3AyBAEMYI0 IpaMy0. Bo MHOTHX mpuMepax 3T KPUBBIE, UMEIOT HOPMAJJIbHBINH Ty Y0K
O(—1) ® O(—1), u cregoBaTe BLHO MBI OKa3bIBAEMCS B CATYAIUu Haieil Teopembl. Jlenas
OIHOBpEMEHHBIH (JION B 9TUX KPUBBIX MOJIydaeM MHoroobpasue X 1, koropoe HenzoMopdhHo
X , vo o Teopeme 2.2.10 nmeeT Takyo ke MPOU3BOIHYIO KATETOPHUIO KOTEPEHTHBIX MTyYIKOB. B
TJaCTHOCTH, 9TOT IPUMEDP MMOKA3BIBACT, 9TO YCJIOBUEC O6I/IJTBHOCTI/I HA QHTUKAHOHUYECKHNN KJIacC
B TeopeMe 2.1.3 0 BOCCTAHOBJIEHUN HE MOKET OBITH 0cabIeH0. AHAJIOTHYHBIE IPUMEPHI CY-
IIECTBYIOT W Jijiss MHOrooOpasuii obiiero Tuia u BO3HUKAKT B IPOrpaMME MUHHUMAJBHBIX
MOJIeJIeN.

Jlamubie pe3ysibTaThl UMEIOT eIe O/IHO TakKe ecrecTBenuoe ob00menue. [Tpegmomoxmm,
4TO IVIQJKOE HOJAMHOroobpasue Y B [VIAJIKOM II0JIHOM aJredpandeckoM MHoroobpasum X
SIBJISIETCS TTPOEKTUBU3aIINell BEKTOpHOTO paccioenust ' panra k4 1 Haj riagkuMm MHOTO-

obpasmem Z , r.e. Y = P(E) — Z . Jlomycrum TaK:e, 4To HOpMasibHoe paccioenne Ny
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P OTpaHUYeHnn Ha CIoii oTobpazkenust Y — Z wmsomopden Opi(—1)2U+D

Bynem
OIIATH TIpejnoJararh, uro [ < k.

Obo3nagas uepe3 X paznyrne X ¢ 1HeHTPOM BJOJb Y , CHOBA TOJIyYaeM JINarpaMmMmy
suga (52), tae YT apaserca mpoekTBM3ammeil HEKOTOPOTO paccioenns panra [ + 1 Hanm
Z . B jgaHHON cuTyanMu MOYXKHO YTBEPXKIaTh, uTo aHaj oru TeopeMm 2.2.9 m 2.2.10 rakxke
BEPHBI.

Ipyrue noxoxkue IpuMepbl BO3HUKAIOT B Cjydae, Korjga X — TpexMepHOoe MHOroobpasue,
a Y — panmmoHasbHAd KPuBas, s KOTOpoit eimogueno Y - Kx = 0. B sTom cayduae
HOpMasibHOE paccioenue Kk Y moxer umers ug O(—1) @ O(—1), O ® O(—2) wm O(1) ®
O(—3) . Bo Bcex 3THX Caydasx CyIIeCTByeT OUPaNHOHAIBHOE MpeobpasoBaHue THIa B0l
fl: X --» Xt . 1 Bo Bcex aTUX CIydasX OPOU3BOJHLIE KaTeropud KOTEPeHTHBLIX IIyYKOB
X w X1 sxsupanentrbl. [lepBbiil cywail sBIgeTcsS 9acTHRIM CTydaeMm Teopembl 2.2.10.
Bropoii BapuanT 6bl1 paccmorpen B crarbe [7]. V1 HeJaBHO SKBUBAJIEHTHOCTH KaTeropuii

OblIa JOKa3aHa JIIS BCEX STHUX CJAydIaeB BMecTe B crarhe [10].

3. BIIOJTHE CTPOI'ME ®YHKTOPHI MEXKAY ITPOU3BO/THLIMUA KATETOPUAMU

3.1. Iunarpammbl IlocTHUKOBa M WX CBEPTKH. B 3TOM maparpade paccMaTphUBaOTCA
AarpaMMbI HOCTHI/IKOBa B TPUAHTYJINPDOBAHHBIX KATECTOPUAX U HAXOJATCA yCJIOBUA, IPU KO-
TopbIX auarpamma [locTHUKOBA MMeeT CBEPTKY U 3Ta CBEPTKA OJHO3HATHO OMpEIEIeHA.
IIycrs X* = {X°¢ & xern I8 XY}, rne ¢ < 0 — orpaHMYEHHBIH KOMILTEKC
06bEKTOB B TPHAHTYIHPOBAHHO Kareropun D . Dro 3HaunT, 4To BCe KoMuozumumu d'! o d
paBubl 0.
Jlesas cucrema ITocTHUKOBA, CBA3amAag ¢ X, €CTH M0 ONPEJICTECHUIO JUATPAMMAa, CIIETy-

IOIIIET0 BUOA:

dc Xc+1 dett Xc+2 XO
Jet1 J-1
ic=id et1 fet2 io
*
(1]
Y(‘—H Yt‘+2 e - Y—l YO

B KOTOPOH BCE TPEYTOJBLHUKH, OTMEUEHHBIE * SIBJISIFOTCS BBIIETEHHBIMU, & BCE TPEYTOJib-
HUKH, OTMEUCHHEIC C HOMOIIBIO () KOMMYTATHBHEI (T.e. ji 0 i = d¥). O6bexr E € ObD
HA3LIBAETCS JIEBOI CBEPTKOM KoMILIekca X, eCJu CyIIeCTBYyeT Jepasd cucreMa [locTHrKoBA,
cesizammas ¢ X' rakas, uro F = Y? . Kiacc Bcex ceprok kommrekca X 0603HAMMM de-
pe3 Tot(X"). OueBngno, uro cucrembr [I0CTHUKOBA 1 MX CBEPTKHU CTAGUIBHBI OTHOCUTETLHO
TOYHBIX (DYHKTOPOB MEXKIY TPUAHTYINPOBAHHBIMU KATETOPUSIMIU.

Ormernm, uro kmace Tot(X ') moxker cogepKaTh MHOrO HEM30MOP(HBIX 06LEKTOB U MO-

JKeT Tak»XKe ObIThb MyCThIM. B gasbHelineM OymeT OmucaHo yCJIOBHE JOCTATOYHOE JIJIA TOTO,
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aro6b1 k1acc Tot(X") cocrosit us ofHOro 06HEKTA ¢ TOYHOCTHIO 10 u3oMopdusma. Cremry-
OIAs JIeMMa, JTOKa3aHa B [4].

Jlemma 3.1.1. ITycmv g — mopdusm meocdy obsexmamu Y u Y', xomopue, 6 ceoto
o0uepedn, BKANUEHDL 8 EBIOCAEHHDLE MPEYLOALHUKL:

X Y Z X[1]
! lg h f0]
Voo o Y o' \
X' Yy’ 7z X'[1]

Ecau v'gu = 0, mo cywecmeyrom moppusmo, f : X — X' u h: Z — Z' maxue, umo
mpotika (f,g,h) Asasemes MopPusmom Mpey2osbHUKos.

Ecau 6 donoanenuu Hom(X[1], Z') = 0, mozda moppusmv, [ u h, derarougue xommy-
MAMUBHBLMU NEPBBLT U COOMBEMCMEEHHO 6MOopotl Keadpam 3motl Juaepammot, 00HOSHAUHO

onpe@eﬂeHu IMUMU YCAOBUAMU.

Ceiiuac gOKaXKeM JIBE JIeMMbI, KOTOPBIE SIBJISIIOTCS 0DODIEHneM TIpeablayIneil A aua-

rpaMM IlocTHUKOBA.

dc+1
1 —> e

Jlemma 3.1.2. IIyemv X° = {X°¢ & Xe+

0bsexmos 6 mpuanzysuposannot kamezopuu D . Ilpednosoorcum, wmo on ydosaemeopacm

- — X — oepanumennviti Komnaexc

CAEQYIOULEMY YCAOBUIO:
(25) Hom’ (X%, X®) =0 dan i <0 u a<b.
Tozda cyuecmsyem c6epmMKEG MO0 KOMNAEKCH U 6CE CEEPMKU USOMOPPHYL Opy2 dpyezy (Hexa-

HOHUYECKU,).

Eeau xpome mozo
(26) Hom' (X%, Y%) =0 dan i <0 u scex a

Onsa nexwomopoti ceepmru YO (u, credosamennio, das a1060t ceepmmu,), mozda 6ce ceepmry

2MO20 KOMNACKCA KGHOHUNECKU UOMOPPHHY dpye dpyey.

Jlemma 3.1.3. ITycmo X| u X, — oepanuuennvie KoMNAEKCH, KOMOPbe YIOBACTNEOPAIOM

yeaosuro (25), u nyemv (fey ..., fo) — Mopdusm mescdy smumu Komnaekcamu:

xp < xt x
lfc lfcﬁLl lfo
dC
X5 —— xgtt X9.
IIpednonosicum, wmo
(27) Hom'(X¢, X8) =0 0as i <0 wdaa a <b.

Tozda das kascdoti ceepmuxu YL womnaexca X; u s waotcdoti ceepmmu Yy Kommaerca
X5 cywecmeyem moppusm f 2 YY) — YD womopuiti wommymupyem ¢ mopdusmom fy .

Ecau kpome mozo
(28) Hom'(X{, Y?) =0 dan i <0 u scezx a,

mozda 3mom mopPusm 00HOZHANHO ONPedech.
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JokazaresabCcTBO. Bynem mokasbiBaTh 00e teMMbI BMecTe. JlokazaTescTBo OyaeM BeCTH 1m0

VH/IYKIMH, 3 OCHOBAHMEM MHIYKIMN sBsgercd aemma 3.1.1. Ilycrs Y — komyc Mmopduzma

de:
(29) xXe¢ L Xc+1 i) Yc+1 N XC[”.

Ilo yemosuio dtlod® =0 u Hom(X°[1], X¢*2) = 0. CnenosaresbHo, CyIECTBYET €IMH-
creernbrii Mopduam dt Y — X2 qpakoir, aro d°Tloa = d°Tt.

Pacemorpum kommozurumio d°t? o dtl . yetl — X3 Uspecrno, uto dt2 o dt! o
a = d"? od"! = 0, u kpome Toro mmeercs pasencrso Hom(X¢[1], X™3) = 0. Orcroma
HEMe [ICHHO ciieyer, ato kommosmmus d°t? o dt! rakike pasna 0.

PaccumarpuBag BeIgeI€HHDBIN TPEYTOIHHUK (29)7 IIoJIy4aem, 4To
Hom®(Y™ | X?) =0

mpu i <0 u b > c+ 1. Takum obpazom, kommieke Y — X2 ... X0 qakke
yaosiersopger ycaosuto (25). TIo mpeamnoioKennto nHIYKIME OH MMEET CBEPTKY. SHAUUT
komrieke X © Takzke 06JaiaeT CBEPTKOM, U, ciaegosaTesabio, kiaace Tot(X") me mycr.
Teneps mokazkeM, 9T0 Tpu YCI0BUHA (27) BCAKHNA MOPMU3IM KOMILTIEKCOB MOKET GBITH TPO-
Jo/KeH 10 Mopdusma cucrem [TocTHUKOBA.
Paccmorpum xoryesr YT Vi mopduzmos d§ u dS. Cymecrsyer Mmopdusm geyq :
Yf“ — 2‘3“ , KoTopetii momostaseT napy (fe, fer1) 10 MOpdU3Ma TPEYTOTHLHUKOB:

Xp = XpH —2 e —— e[y

lfc lfchl lgc-ﬁ—l lfc[ll

ds 38
c 2 c+1 c+1 c
X35 > X > Y, > X5[1]
Kak 6Bl10 TIOKa3aHO BHINE, CYIECTBYIOT OJHOZHAYHO OMpPEIeJeHHbIe MOPGMU3IMBI Jf“
Yic+1 — Xf+2 ans = 1,2 . PaccMoTpuM Clepyionyo quarpamMmmy:

c+1 g?rl c+2
YI Xl

J/gli-'rl J/fc+2

1 4 2

c+ 2 c+

Y, > Xy

JokaxkeM, 9T0 3TOT KBaApaT KoMMyTaTuBeH. JleficTBuTeIbHO, 0603HAUNM Uepe3 h pa3HOCTh
Je+l _ Fetl 1 1

fetra 0 d§+ — d§+ 0 get1 - Imeercs pasercTBo hoa = feio0 d§+ — d§+ ofey1=0. A o

yeaosuto semvbl Hom(X{[1] X§+2) = 0. Orcroma cpagdy caenyert, auto h = 0.

Takum obpazoM, nosydaercs MOpU3M KOMILIEKCOB:

je+1
dl

ch+1 X16+2 . X?
lgﬁ—l lfc+2 J{fO
Jc+1
Y2C+1 -2 X§+2 X9

DTH KOMILTIEKCHI YIOBIETBOPSIOT yeaosusM (25) u (27). Ilo MHAYKTHBHOMY TPEIMOJI0KEHUTO

MOPDU3M MEXKIY ITUMHU KOMILIEKCAMU TPOIoKaeTcs 10 Mopdusma cucrem [locTHMKOBA.
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CrnemoBarenbho, moaydaeM MoOpdu3M Mex Ty cucteMaMu [locTHUKOBA, CBA3BAHHBIMU C KOM-
mwrekcamun X n X, .

Kpowme Toro, BumnO, uT0 ecam Bce f; M3OMOPGUIMBI, TO W MOPPUIM MEXKY CUCTEMa-
vu [MocTaMKOBa Takxke spasierca mzomopdusmom. CremoBarensho, npu ycaosuu (25) Bee
obbektbl 13 Tot(X") uzomopdHbI.

B zakarouenun paccMoTpuM MOphU3M MEXKIY BBIJIEJIEHHBIMIA TPEYTOJbHUKAMU, KOTODBIE

ABJIAIOTCA TaCTbIO JHaI'DaMM ITocTaukoBa:

11,0

Yfl Ji,—1 X? , Y1O Yfl[l]
J/g—l J/fo J/!]O J,g_l[l]
vt R X Y —— ]

Ecim xommaexcsr X, yaoBiersopsior yeosuo (28) (e, Hom!(X{, V) =0 mpu i <0 u
Beex a ), To moaygaem Hom(Y;'[1], Y) = 0. U mo emme 3.1.1 Mopdbusm gy 0THO3HATHO

ompenesned. JIeMMbl JTOKA3aHbI. O

3.2. Bnosne crporue (pyHKTOPbI ME2K/Y IIPOU3BOAHBbIMU KATErOPUSMHA KOT'€PEHT-
HBIX TyYKOB. Ilycts X u M — gBa rmaakwx mOJHBIX MHOTOOOPA3WI HA HEKOTOPBIM MOJIEM
k. Kak u panbire 6yuem o6osnauars qepes DP(X) u DP(M) orpammdenmbie npou3someie
KaTeropuu KOrepeHTHBIX TYIKOB Ha X u M COOTBETCTBEHHO, KOTOPbIE KaK OBLIO TOKA3AHO
BBIIIIE UMEIOT CTPYKTYPY TPHUAHIYJINPOBAHHBIX KATETOPHIl.

Paccymorpum npoussenerne M X X u obozuaunm gepes p u 7w mpoekruu M X X na M

U COOTBETCTBEHHO Ha X :

ME Mxx X,

s xazxaoro obbexra £ € DY(M x X) 6wt ompesesen Tounsii dbyukrop ®g uz DP(M)
B DY(X) no cdopmyie (7):

(30) Be() == R (€ & p*(+)).

o o |
®ynkrop Pg umeer sieBblil u TpaBblil conpszkennble GynkToper Pr u P COOTBETCTBEHHO,

KOTOpBIE 3a/1aBaynch (opmynamu (8):

B3(+) = Rpu(€V & n*(wy[dim X] @ (-))),

BL(+) = warldim M] @ Rp. (€Y & (),

roe wx © W) — KaHoHmYeckme mydkw ma X u M, m mo ompemenenmio &Y =
R "Hom(E,Omxx) -

Yro6b! HCCaeI0BATDL BOIPOC, KOTAA B MHOr000OPa3nd UMEIOT 3KBUBAJIEHTHBIE TTPOM3BOI-
HBIE KATErOPUN KOTEPEHTHBIX MyYKOB, W OMUCHIBATH WX TPYIITHI aBTOKBUBAJIEHTHOCTEH, YKe-
JIATEIBHO UMETh SIBHBIE (DOPMYJIBI [IJIsT BCEX TOUHBIX (PyHKTOPOB. CyIecTByeT rumoTesa, ITo
BCEe OHHU TPEJICTABJISIIOTC 00heKTaMU Ha Tipou3sefennn, T.e. umeroT Buj (30). Ograko, 10
CHX TIOp He M3BECTHO BEPHO JAHHOE yTBEpXKIeHHe Win HeT. TeM He MeHee, OKa3LIBAETCS, ITO

YACTHBIM cyryuail 3TOi TUMOTE3hl UMeeT MeCTO. A MMEHHO, ec/in (PYHKTOD SIBJISIETCST BITOJIHE
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CTPOTMM U HUMEET COMPSIYKEHHBIN, TO OH MOYXeT OBbITH MPEICTABICH 00BLEKTOM Ha MPOU3BE-
nenuu. JlokazarenbcrBy 9TOTO (hbaKkTa M MOCBSINEHA JaHHAs rJyiaBa. bojiee TOYHO OCHOBHAS

TeopeMa ITOMW TJIABHI BBITJIAINT TaK.

Teopema 3.2.1. IIycmo F — mounwviii dynxmop us wamezopuu DP(M) 6 wamezopuio
Db(X) ,ede M u X — aaadkue npoexmushvie mho2o000pasus. Ilpednososicum, wmo F ae-
AAEMCA BNONHE CTIPOLUM U UMEETN NPAGHT (UAU, COOMBEMCMEEHHO, A6bIll) CONPANCEHHBI
pynrmop. Toeda cywecmeyem obsexm £ € DY(M x X) markot, wmo dynxmop F usomop-
dpen pynkmopy Pg , onpedeaennomy no npasuay (30), u smom obsexm 0dnosnauo onpede-

AEH € MOWHOCMBIO 00 USOMOPPHUIMA.

OTCIO,Z[a HEMEIJICHHO TIOJIYYaeTCd, 9TO BCAKAA IKBUBAJIECHTHOCTH TPEACTABIACTCA 00bEK-
TOM Ha IIPpOU3BEACHUM, TaK KaK a100asg 3KBUBAJIEHTHOCTL HMEET COIIPAZKEHHYI0, KOTOpAA

COBITAJAET C KBA3MOOPATHLIM (PYHKTOPOM.

Teopema 3.2.2. [lycmv M u X - dea 2aadkuzr npoexmusnuvs mnozo06pasus. Ilpedno-
aostcum, wmo mownnidi Pynkmop F : DY(M) = DY(X) sasasemca skeusarenmmnocmuro
MPUAH2YAUPOSAHHBIT Kamezopuli. Tozda cywecmseyem u eUHCMBEHHBIT ¢ MOYHOCNBIO 0O
usomoppuzma obsexm E € DY(M x X) maroti, wmo dyrwsmop F usomopder dyrxmopy
D¢.

9TI/I peE3yabTaThl Ja0T BO3MOX2KHOCTH OIIHMCBHIBATHL BCE IKBUBAJIEHTHOCTH MEXKJYy NIPOU3-
BOJHBIMH KaTErOPUAMH KOTEPEHTHBIX IIYYKOB W OTBEYATh HA BOIPOC, KOIJA B3 PAa3HBIX
MHOT000pa3usi UMEIOT SKBUBAJIEHTHBIE TPOU3BO/IHBIE KATEIOPUYM KOMEPEHTHBIX I1YYKOB.

[Tpex e wem mepeiiT K J10KA3aTEILCTBY ITUX TEOPEM ClejiaeM OfHO 3amedanwme. Ilycrsb
F — rouneri dysxrop u3 kareropun DP(M) B kareropmo DP(X). O6ozmaunm wepes F*
u F' JeBblil U COOTBETCTBEHHO OpaBbIil TPOM3BOMIHBIE (PYHKTOPHI, €CJU OHU CYIIECTBYEOT.
Ecin cymiecrByer JeBbIil conpsizKeHnblii F™* | Torga cymiecTByeT 1 OpaBblil COMpsKeHHnlit F !
U OH ompeesnserca MopMyIoi

F' :SMOF*OS;{I,

rie Sx u Sy — dyukropsr Ceppa B kareropuax DP(X) u DP(M), kotopsle cymecTByoT
u paBHbl (*) ® wx|[dim X]| u coorercrBenno (+) ® wyr[dim M] (cm. 6).

IIycre F' — rounsiit yHKTOP U3 IPOU3BOAHON KaTeropuu Db(A) B IPOU3BOJIHYIO KaTero-
puto D®(B) . Byzem ropoputs, uto dbyHkTop F orpanuden, eciu cymectyor z € Z, n € N
Takme, 9To J1e oboro oobekta A € A koromonornn H'(F(A)) pasusr 0 mpu i & [z, z+n] .

Jlemma 3.2.3. Ilycmo M u X - npoexmuenvie mnozoobpasus u M eradkoe mrozo06pa-
sue. Ecau mounud dynxmop F : DY(M) — DY(X) umeem aeswidi conpasicennoiii, mozda

OH 02PAHUYEH.

IMoxkazaTenbeTso. O6osmauny uepes G : DY(X) — DP(M) nessiit conpsixennbiii k. F .
Sacdukcupyem odeHn obmabHOE JuHEHHOE pacciaoenwe £ Ha X . OHO 3aJaeT BIOXKEHNE 1§ :
X — PN . Jjna noboro k < 0 mmeercs mpasast pesosbsenta myuka O(k) ma PV B repmmmaax
nyukos O(j), rme j =0,1,.., N, Koropast umeer Bu

O(k‘)L>{%®0—>V1®0(1)—>---—>VN®O(N)—>0}
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rae Bce V; — BekTopHble pocTpancTsa ([2]). Orpamudenne 9Toit pe3oabBeHTsl Ha X JTaeT
pesoabBenTy mydka LF B Tepmmmax nyuakos L7, rme j = 0,1,...,N. Tak Kak m1a BCex
j = 0,..., N nenynesrie Koromosorun obbekrtos G(L7) npuHaiexRar HEKOTOPOMY OTpe3-
Ky, TO Hafizjercs nesoe 2z m HarypanbHoe n' Taxkue, uro jid Becex k < 0 Koromosjoruu
HYG(LY)) paupr 0 npu | € [2/,2' +n/]. Dro cpasy ciepyer u3 CyleCTBOBAHUS CIICK-

TPaJIbHOH 1OC/IeI0BATEIbHOCTH
EY" =V, ® HY(G(LP)) = H"(G(L)).

Mycrs A € DY(M) — mexoroperit o6mext. I3 obmasrocTr paccioennst £ ciiejyer, 9To ec-
au s dukcuposanroro §j mveem Hom’ (L1, F(A)) = 0 ans Bcex i < 0, Torga KOTOMOJIO-
rus H7(F(A)) pasua 0. Ilo npeamonozkennto, GyHKTOp G SBJISETCH JEBBIM COTPIZKEHHBIM

k F'. CregoBarenbho,
Hom? (L', F(A)) = Hom’ (G(LY), A).

Paccmorpum Tenepns mydok F  Ha MHOroobpasmm M . Tak Kak KOrOMOJIOTHEH OOBEK-
ToB G(L') ama Becex i < 0 cocpemoTodensl Ha oTpeske |2,z + n'], To mMeem [TO
Hom/ (G(LY), F) =0 anascex i <0 u j & [~z —n/,—2 + dim M] (31ech Gbr1 mcmosn-
30BaH TOT (PAKT, YTO FOMOJIOIMYECKass padMepHocTh kareropuu coh(M) pasma dim M ).
CrieioBaTeIbHO, TIPH TeX ¥Ke 3HadeHnax j mmeeM, uro HI(F(F)) = 0 mns moboro myuxa

F . U 3uagur dpyukrop F orpanudes. O

3ameuanne 3.2.4. Zamenasn ecau neobrodumo Gyrnkmop F npu nomowu cdsuza 6 npous-
6800101 Kamez20puu, ¢ IM0O20 MOMEHNG U HA NPOMANCEHUY BCEU 2Aa6b HYIeM NPeINosG2amY,
wmo 0as a106020 nyuxa F na M wxozomonozuu H'(F(F)) AGAANOMCA HEHYAESHLMU TOADKO

npu i € [—a,0], 2de a — wexomopoe PUKCUPOSAHHOE HATMYDAABHOE YUCAO.

3.3. IloctpoeHne ob6bEKTa, MIPEACTABJISIONIETO BIIOJIHE cTpoTruii pyHKTOpP. B 310M
naparpade M0 TOYHOMY BIIOJHE cTporoMy (byHKTOPY F - CTpOUTCS HEKOTODBIH OObEKT
£ € D"(M x X), a B cienyiomenM maparpacde Gyner nokaszano, 910 GyHKTOpel F 1 Pg
nzomopdubl. [locTpoenne oObeKkTa TPOUCXOAWT B HECKOJIBKO HTANOB. B Hagamse paccMmor-
pUBAeTCs HEKOTOpoe 3aMkuyToe Bioxkenue j : M < PN u crpourcst HekoTopbIH 06b-
ekt & € DP(PN x X). BareM HOKa3bIBAeTCS, YTO HA CAMOM JE/I€ STOT OOBLEKT HPUXOIUT
¢ mojmuoroobpasuss M x X | To ecrb cymectByer obbekr £ € DP(M x X) rakoit, uro
&' =RJE, rne J = (j xid) — 3amxnyroe Baoxenne M x X B PV x X . B creayomem
naparpade mokasbiBaercd, aro GyukTop [ mzomopden dbynkropy Pg .

Bribepem ouenn obmannoe jmHeiinoe paccioenne L Ha MHoroobpasmum M Takoii, 4TO
HY(LF) = 0 msa Bcex k > 0 u Becex i # 0. Yepes j 0603HAUMM 3aMKHYTOE BJIOKEHHE
muOr006pasusa M B mpoekrusroe mpocrpanctso PV | zamaBaemoe pacciaoennem L.

Ha npowussenennu PN x PN CYIIECTBYET TAaK HA3bIBAEMAasl PE30JIbBEHTA MArOHATN (CM.
[2]). DTO KOMILIEKC TIYIKOB CIEAYIONIErO BH/IA:

(31)
0= ON)RON(N) X ON+ )RV YN 1) = - - O(-1)R Q') T orO.

DTOT KOMILTIEKC SIBJISIETCST PE30JBBEHTOH cTpykTypHOro myuka Oa , Tme A — nuaronasb Ha

nponssenennn PN x PV
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O6o03maunM vepes F' dynkrop u3 xareropuu DP(PY) B kareropmo DY(X), koTopsrit

sisieTcst Kommogunueit F' o Lj* . PaceMoTpuM muarpaMMy TpOeKTinii

PN x X 7T—,> X
1|
PN
Ob6o3HaunmM depes
@' € Hompy  (O(~1) B F/(Q(3)) , O(~i + 1) B F/(Q(i — 1))
obpaz mopduzmMa d_; OTHOCUTETBHO CJAETYIOIIEro CKBO3ZHOIO OTOOPaXKEHUs.

Hom(O(—i) R Q¥ (i), O(—i +1) Qi — 1)) —
Hom(O K Qi(i), O(1) KQi~1(i — 1)) =
Hom(Q(é) , HY(O(1)) ® @~ 1(i — 1)) —

Hom (F'(Q'(i)) , HY(O(1)) ® F/(Q (i — 1)) —

~

Hom(O X F'(Q'(i)) , O(1) X F/(Q1(i — 1))) —

Hom(O(—i) X F'(Q!(i)), O(—i+ 1) R F'(Q1(i — 1))

! !
He cioxno mposepuTh, 4ro Kommnosumus d_,,; o d_; papnHa 0. CiemosaTe/bHO, MOXK-

HO PACCMOTPETh CJIEJYIONIUI OI'DAHUYEHHBIN KOMILIEKC 00'beKTOB IIPOU3BO/IHON KaTEeropuu
DY(PN x X):

/

(32) C' :={O(-=N)X F'(QV(N)) CL—N> o — O(-1) R F(QY(1)) g OX F'(0)}.
IMpu [ < 0 umeem

Hom!(O(—i) B F'(Q'(i)) , O(—k) X F'(QF(k))) =
Hom!(O X F'(2'(i)) , HY(O(i — k)) ® F'(Q"(k))) =

Hom'(j*('(1)) , HY(O(i — k)) @ j*(Q*(k))) = 0

Cremosarensro, o jgemme 3.1.2 cymecTByer cBeprTka s kommyekca, C° ) m BCe CBEPTKHU
mzomopdubl. O6osnaunm uepes &' cpepTky Kommaekca C°, a depes 7y 06O3HAUUM MOpP-
dbusm OX F'(O) Ny ( Ha camom geste mastee 6yaeT BHIHO, 9TO BCEe CBEPTKU KOMILTEKCA
C" wmsomopdubl ApyT ApyTy Kanouwwecku.) Ilycts Teneps Pgr — dyHKTOpP M3 Kareropuu
D(PY) B xareropmo D?(X), ompenenemmniii hopmyzoit (7).

Jlemma 3.3.1. Jlaa scex k € 7 cywecmsytom KGHOHUNECKUE U3OMODPHUIMbL

Ji 1 F'(O(k)) — @e(O(k)),



43

U IMU USOMOPPUSMBL GYHKEMOPUAALHBL, MO ecb 0ad aobozo o : O(k) — O(l) Juaepamma

Fom) = Fow)
fkl le
Per(a)

Dgr (O(k)) B CI)S’(O(Z))

ABAACTNCA nommymamuenoﬁ.

Hoxkazaresnbcrso. CHadasa npegnojioxuM, uro k > 0.

Paccmorpum pesosssenty (31) mus guaronamn A C PV x PN | VvuoxuM ee Ten3opro Ha
O(k) X O wn BO3BMEM TpsaMOlT 06PA3 OTHOCUTENBHO MPOEKIUU HA BTOPOH COMHOXKHUTETH. B
PEe3yJIbTATE MOJIYIUM CIEAYIONTY o pe3oabsenty nydka O(k) Ha IPOEKTUBHOM MPOCTPAHCTEE
IP)N

(HO(O(k — N) @ Q¥ (N)— - — HO(O(k — 1)) ® QL (1) —H(O(k)) @ O} 25 Ok)

13 ycnosus rounoctu dynkropa F' caemyer, uro obwexr F'(O(k)) saBnaserca cBepTKoit

H(O(k — N)) @ F'(QV(N))— - — H(O(k - 1)) @ F'(2'(1)) —H*(O(k)) ® F'(0)

obnexTos kareropun DP(X) . O6oznaunm 3101 KomILieke wepes Dy .

Tenepb BCIOMHMM, 4TO 1O TOCTPOeHU0 o0ObekT &' gBnsercs cpeprkoit kommekca C°
(32). Pacemorpuu kommteke Cy := ¢*O(k)®C" wa PN x X . O6next ¢*O(k)®E' saserca
ero ceeprkoil. I umeerca mopdumsm v : Ok) K F'(O) — ¢*O(k) ® £, kanonuygeckn
nostyvatomuiics u3 ¥y . Kommieke 7, (C}), KoTopelii ecrs npsamoit o6pas kommiekca (C)
Y IPOEKIMK HA BTOPOH COMHOXKHTENb, KAaHOHNYeCKH n3omopden komiiekcy D . Takum
obpaszoM, BuauM, uTo 00bekTel F'(O(k)) n ®g/(O(k)) := Rl (¢*O(k) ® £') oba asasaorcs
CBEPTKAMH OJHOTO U TOTO Ke KoMmIrTekca Dy .

[To mpemmosioxkenuto dhyrrTOp F siBasiercs moaHbIM u crporuM. Cjie0BaTebHO, s

JIOKaJIbHO CBOGOAHBIX myukoB G u H na PN upu i < 0 nMeem paBeHCTBO
Hom'(F'(G) , F'(H)) = Hom'(5*(G) , j*(H)) =0.

9710, B 9aCTHOCTHU, BJI€YET, 9TO KOMIUIeKC D ynoBierBopseT yciaoBusM (25) u (26) semmb
3.1.2. CieoBaTenibHO, IO 9TOH JeMMe CYIIeCTBYET OJHOZHATHO OMPEIeIeHHBIH n30MOPdU3M
fr : F'(O(k)) = ®¢(O(k)) , nenatomuii KOMMYTaTUBHOMN CJILYIONLYTO JUarPAMMY

HO(O(k) @ F'(0) % Fr(o(k))

idl lfk
HO(O(k)) @ F'(0) 2205, ¢ (0(k)).

Teneps mokaxkem, 4o 911 n30MopdusMbl byHkTOpuaasubl. g aoboro o : O(k) — O(1)

HUMEITCAd KOMMYTaTUBHBIEC KBaJpPaThbl:

HO(O(F)) @ F'(0) 2 pr(o(k))
Ho(a)®idl lF’(a)
HO(O() ® F'(0) % Fro@))
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HO(O(k)) ® F(0) =0, ¢ (0(k))

HO(wsia | [#erte
H(O) @ F'(0) 0% a5 (0()
N3 31ux Tpex KOMMYTATUBHBIX KBAIPATOB TOJIYIAIOTCA CACAYIONINE PABEHCTBA!

fro F'(@) o F'(8) = fio F'(8) o (H(a) ®id) = Rarl(y) o (H"(r) ® id)

Der(a) o fr o F'(6;) = Per(a) o Rl (yx) = Rl (y;) o (H() ® id).
Kommnexcer D; u D] y1oBIeTBOPAIOT ycaoBHAM JjeMMbl 3.1.3, u, cirenoBaTesbHO, CyIIe-

crByer equacTBeHHBIN MOpdusm h @ F/(O(k)) — Pg(O(1)), ams KoTOPOTO
ho F/(6) = R () o (H(a) & id).

Taxum 06pazom, mopdusm h coenamaer ogaospemento ¢ f; o F'(a) u Pgr(a) o fi, aro
BJIEUET PABEHCTBO JIBYX TTOCIETHUX.
Teneps paccmorpum cayuail k < 0.

Bosbmvem mpaByio pe3oibBEHTY
Ok) S {VF00 — - — VEON))}

nst iyaka O(k) ma PN . Onsre mpuvensis temmy 3.1.3, HaxoamM, 910 MOPGU3M KOMILIEK-

COB
Vo' ® F'(0) % Vi @ F'(O(N))
id®fol? id®lel
Vi@ e (0) Vi © e (O(N))

3aJ1aeT OJHOZHATHO onpeaesennblii MopdusM fi @ F/(O(k)) — P (O(k)) . Henocpencrrsen-

Had [IPOBEPKA, KOTOPYIO MbI OMyCKaeM, JIaeT HaM (PYHKTOPUAIBHOCTH 3TUX MOpdusmon. O

Bameuanne 3.3.2. Samemum, wmo obsexm E' € DY(PN x X)), nocmpoennuii no dyrxmo-

py F', onpedeser 00n03HAWHO.

Temeps JOKaXKeM CyIIECTBOBAHME TAKOro obbekta B Kareropun £ € DP(M x X)), uro
RJ.E =& rne, kak u Beite, J — Biaoxkenne M x X B PV x X .
Hycrs £ — odenb obuabHOE JjmHeiHOe paccioerne sa M u j : M — PN — proxe-

HUE B TPOEKTUBHOE MPOCTPAHCTBO, 3aaBaeMoe 3TuM pacciaoennem L. Obosnaunm depes A
[e.e]

IpaJIyupoOBaHHYIO arebpy @ HO(M, L)

[Tosoxkum By =k u B lzoAl ot m > 2 oupenesium By, 1o npaBuity
(33) By, =Ker (Bp_1 ® A1 ™5 Br_s ® As)
[I€ Upm—1 — €CTECTBEHHOE OTOOpasKEHHE, OIMpPeIeIsIeMoe 0 NHIYKIINH.

Onpenesenune 3.3.3. Hasosem anzebpy A n-Kowyaesoll, ecau caedyrowas nocaedosa-

MeALHOCTND NPasuiy A-modyaet
B,®@yA— B, 1t A— - — B A—A—k—0

mouna. Anzebpa nasveaemcea Kowyaesot, ecau ona n-Kowyaesa dasn awbozo n .
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[Mpeanomosxkum, uro anrebpa A sasiagerca n-Komymesoii. ITomoxxum Ry = Oy, a aas

m > 1 obo3uaunm depe3 R, A1p0 KAHOHHIECKOTO MOPQU3IMA
By ® Oy — Bp1® L,

ONPEJIEJIEHHOT0 eCTECTBEHHBIM BokeHneM B, — B;,_1 ® A; Ucnoms3ys (33), momyaaem
kaHoHuueckuii mopdusm R, — A1 ® Ry,—1 (Ha camMoM jgeje MOXKHO ITPOBEPUTH, YTO
~ *
Hom(R,, , Rm—1) = A7).
Boaee toro, mpu m < n n-KomymesocTsh anrebpsl A BI€YET TOYHOCTH CJEIYIOIIETO

KOMTILJIEKCA, Ty IKOB:

(34) 0— Ry — B @0y — By 1 QL — -+ — By L™ — ™ — 0.
Ha mpoextusaoM npocrpascree PN cymecrByer TOUHBIH KOMIUIEKC BU/A

(35) 0 —Q™(m) — A"A; @0 — A" A @ 01) — -+ — O(m) — 0.

CymecTByeT KaHOHMYECKOe oTobpazkenue fp, : Q" (m) — R, . [deiicTBuTesnHo, Tak
KaK aarebpa A KOMMyTaTWBHA, TO MMEIOTCs ecTecTBeHHbIe Biaoxkennss A'A; C B; . Tlostomy
cymectByer Mmopdusm u3 Kommrekca (35), orpannaernoro aa M | B kKommtekc (34) u 3HaUUT
KaHOHUYIeCKoe oTobpazkenne f, : j*Q"(m) — R, .

U3gectHo, 4ro aas mo6oro n cymecTByer takoe [, uro asire6pa Bepomese Al =

o0
@ HO(M, L") asnserca n-Komytesoii ( Bosee Toro B crarse [1] goKazano, 4T0 Ha caMom
=0

nene Al spnserca Komrymesoit ms [ > 0).

B nasibueiiiem ograko Kpome n-Kormrynesoctn anrebper Beponese Ham OyayT HyKHBI
HEKOTODBIE JIOTOJHUTEIbHBIE CBOWCTBA. A MMEHHO, NCIOJIb3Ys TexXHUKY crarbu [18] u 3ame-
Heisl Ty90K L HA JOCTATOYHO GOJBINYIO cTemeHb L7 | MOXKHO JOKA3ATH CJIETYIONEe TIPEeIIo-

KeHue.

ITpeanoxkenue 3.3.4. Jlaa 6cAK020 UeA020 N MONCHO HATIMU O0%EHD 00UADHOE AUHETHOE

paccaoerue L maroe, 4mo

1) anzebpa A asasemca n-Kowyaesot, mo ecmv nocacdo8ameibHocms
B,y A— B, 1, A— -+ — B A—A—k—0

moyuHa;

2) womnaexc nyuros na M
Ap_n ® Ry —>Ak:—n+1®Rn71 — s — A 1 ® R — AL, ® Ry Hﬁk —0

mouen dan ecex k>0 (ecau k—i <0, moeda no onpedeaenuro Ai_; =0);

3) Komnaexc nyuxos wa M x M
LT"®R, — - — LTTRR — Oy KRy — Oa
ABAAECNCA MOYHIM, MO eCb daem n-pezosveenmy duazonaat wa M X M .

JlokazaTeabCTBO 9TOTO MPEIOKeHns qaerca B maparpade 3.5 3.5.
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O6os3naunm yepes 1) sapo KaHOHUIECKOTO MopduamMa Ag_, @ Ry — Ap_pni1 @ Ru—1 .
YuauThiBasg CBOHCTBO 2) mpemioxkenns 3.3.4 u TO, 9TO Ext"‘H(ﬁk, T) =0 g n > 0,

HaXOJIMM, YTO JI00as CBEPTKA KOMTIIEKCA,
Ap—n @Ry — Ap—pt1 @ Ry — -+ — A @ Ry,

KaHoHmdIeckn mzomopdua Ti[n] @ LF .
Kanonwaeckne mopdusmer Ry — A1 ® Ry 1 WHAYIAPYIOT MOPQMU3MBI E_k@F(Rk) —
L1 XK F(Ry,_1) . Dro creayer u3 CyImecTBOBAHMS H30MOPMOUIMOB:

Hom(L "R F(Ry), L7*"' X F(Ry_1)) = Hom(F(Ry) , H'(£) ® F(Ry_1)) &
= Hom(Rk. , A1 ® kal)-
BoJtee TOro, mMeeTcs CeyIONi KOMILTEKC 06beKToB B Kareropun D?(M x X)
(36) LT"XEF(R,) — - — LR F(Ry) — Oy KX F(Ry).

[To sremme 3.1.2 komrutekc (36) obagaer cBepTKOi U Bee cBepTKE n3oMopdubl. O603HATNM
a1y cBepTKy depes G € DP(M x X) .
Tast mo6oro k > 0, o6bexr Ry (G ® p*(LF)) aBnsercs cBeprroit KoMILTEKCa

(37) Apn ® F(Rn) - Ak—n+1 ® F(Rnfl) — e — A ® F(RO)

C apyroit cropomsi, o6bexr F(Ti[n] ® LF) makxe siBisiercst cBepTKOi 9TOr0 KOMILIEKCA,
KOTOPBIIl OYEBUIHO YAOBJECTBOPSIET ycjaoButo JjieMMbl 3.1.2. CrenoBarenbHO, UMEETCS W30-
mopdbmam R, (G @ p*(LF)) = F(Ty[n] @ £F).

N3 semmbr 3.2.3 u zameuanus 3.2.4 cienyer, uro Jjis Bcex k > 0 HeTpuUBUAJBHBIE ITyY-
kn xoromomormit HY(Rm (G @ p*(L£F))) = HY(F(Ty)[n]) © HY(F(LF)) cxonmentpuposa-
Hbl HA Obbepunennu [—n — a,—n| U [—a,0] (anciao a onpegento B 3.2.4). Tak Kak my9ox
L obuieH, To mosydaeM, 4To mydkn Koromosormii HY(G) TakyKe CKOHIIEHTPHPOBAHBI HA
[—n —a, —n]U[—a, 0] . Moxk#uo npeanonarars, 9ro n > dim M +dim X +a . B srom ciyuae,
TaK KaK KATErOPUs KOTEPEHTHBIX MyYKOB Ha MHOroobpasun M X X wuMeeT roMOJIOrmIecKyio
pasmeprocTs pasuyo dim M + dim X | noaywaem, uto G =2 CHE, tne £,C — rakue 06b-
extl Kareropun DP(M x X) | nna xoropeix HY(E) =0 upu i € [—a,0] u H(C) =0 upu
i & [-n—a,—n]. Orciona B wacTHOCTH TOTydaeM, uto R, (£ @p*(LF)) = F(LF) . Bamernw,
970 TaK Kak 00bekT (G Ompe/iesieH OJHO3HAYHO KaK CBEepTKa KoMiutekca (36), To m o6bekT
E Tax xKe ONpPeJeSIeH OIHO3HAYHO ¢ TOYHOCTBIO /10 M30MOPdHU3MAa.

Teneps mokazkeM, uTo cymecrsyer mszomopdpusm RJL.E = &', Jlna sToro paccMorpum
oTo6paskenue Kommtekcos Hag DP(PY x X)

O(=n) B F'(Q"(n)) OR F'(0)
lcan F(fn) lcan F(fo)
Rj. L~ K F(R,) - Rj. Oy X F(Ry).

IIpumensts emmy 3.1.3, mosiyuaem cyiiecTBoBanue MopdusmMa Mex iy ceeprkamu ¢ : K —
RJ.G.

Eciu N > n, torpa obbekr K nenzomopden £, HO cyliecTByeT BblIeJeHHbIN TPeyToIb-
HUK

S— K— & — S[1].
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TaxuM e 06pa30M KaK M BBIIIE TIPOBEPAETCA, YTO Mydkn Koromosormii H(S) # 0 Tombko
ecin i € [—n — a,—n]. dro Baeder, yro Hom(S, RJ.E) = 0 u Hom(S[1], RJ.E) =
0, rak kak koromosornn RJ.E ckomnenrpuposama wa orpeske [—a,0]. Orciona ciaemyer
cylecTBoBaHme eauHcTBerHoro Mopduszma 1 : £ — RJL.E | aenaroiero KoMMyTaTHBHOI
Juarpammy

K —~ RJG

! !

g —Y . RJE.

Hawm mzBectrO, 9TO
R7/(£'® ¢"(O(k))) = F(L") = R (€ @ p* (L)),

O6osnaunm uepes Py, mopdusmbr Rl (£ ®q*(O(k))) — R (E@p*(LF)), unaymuposan-

Hble MOpdu3MoM P . Mopduamer 1 MOTyT OBITH BK/IIOUEHBI B KOMMYTATUBHYO JIMATDAMMY:

SkA; @ F(O) - F(£F) —=— Rrl(&' @ ¢*(O(k)))

canl lwk

~

A, @ F(O) 5 F(LF) —=— Rm.(E @p*(LF)).
W3 sroro mosmygaem, 9To Yy ABATIOTCA m3oMmopdmamamu mias Bcex k > 0. Cremomaresnn-
HO, ¥ Takxke ecTb n3oMopdusM. Takum 00PaAZOM, HOJYUIEHO JOKABATEIBCTBO CJIETYFOIIETO

VTBEpK/JIeHUS.

Ipennoxenune 3.3.5. Cywecmeyem u eJuHCMBEHHVIT € TMOYHOCTBIO 00 USOMOPPUSMA
obsexm € € DY(M x X) maxoti, wmo RJ.E = &', 20e & — obvexm us DU(PN x X),

nocmpoenuli 8 3.3.

3.4. IlokazaTeqibCTBO OCHOBHOII Teopembl. B mpembinymeM maparpade, craptya c
BIIOJIHE CTPOTOrO yHKTOpa F' MEXKJIy TPOU3BOIHBIMU KATEMOPUAMU KOTEPEHTHBIX MYYIKOB
Ha MHOroobpasmax M wu X, 6pL1 mocTpoeH obbekT & Ha IPOU3BEJEHHH THX MHOT000-
paswmit u, TeM CaMbIM, MOJyYeH HOBBIM GyHKTOP Pgc. OcHOBHAZ Tenb gaHHOrO maparpada
[0Ka3aTh, 4rT0 31U jBa GyHkropa F u Pg uzomopdubl. st 917010 HaM HYKHO IIOCTPOUTH
€CTeCTBEHHOE TTpeobpa30BaHme MEX Iy JaHHbBIMU (DYHKTOPAMHU, KOTOPOe U HyleT oCcyIiecTs-
JaaTh n3oMopdusM. Ilo mocrpoennio, npeodpazoBaHue y2xKe 3a1aH0 Ha OOMILHOM IOC/Ie10Ba-
TEeMBLHOCTH TUHENHBIX paccioennit na M . Hamma 3amata — mpomomKuTh 9T0 TpeobpaszoBanme
H& BCIO MMPOM3BOIHYIO KATETOPHIO.

B Haugaje majgum 10Ka3aTEIBCTBA HEKOTOPBIX YTBEPKIACHUI PO abesieBbl KaTeropuu, Ko-
TOpBIE TOHAIO0ATCS HAM 10 XOJIy JieJia.

IMycts A — k-nuueiinag abeneBa kareropus ( jajee BCEraa PACCMATPUBAIOTCA AOETeBbI

KaTeropuu, KOTopbie k -JTUHEHHbI).

Onpenenenne 3.4.1. ITycmo {P;| i € Z<o} - nocaedosameavrocmv obsexmos us abe-
aeeotll kamezopuu A . Bydem Hasueams makyo nocaedosamensbHocms 00UNbHON, ecau das
xaotcdozo obsexma X € A cywecmeyem ueaoe wucao N maxoe, wmo das ecex i < N

68BN OJAHEHDL me@ymmue YCnosus:

a) wanonuveckuti moppusm Hom(P; , X)® Py — X a6aAemcA ClOpsekmueHbim,
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b) Ext/(P;, X)=0 0aa ecex j#0,
¢) Hom(X , P;) =0.

IIpumep 3.4.2. Ecau L — obusvHoe aunetinoe paccioenue Ha NpoekmueHom mHo2000pa3uu,
moeda nocaedosamenrvrocms {L'| i € Z<o} asasemes obusvnoli nociedosamesvbHocmvio 6

abeneeoti Kameeopuu KO2EPEHTMHDIT NYHKOB.

JIemma 3.4.3. ITycmov {P;} - obuavhas nocaedosamenvrocms 6 abesesoti kamezopuu A .

Tozda, ecau dns obsexma X u3 xamezopuu DP(A) emnoansemea pasencmeo
Hom"(P;, X) =0
ona ecexr 1 <K 0, mo X asasemca nyaevim 066EKMOM.

HokazarenbcTBo. 3 onpenenenns obuwmbaoctu mia ¢ << 0 mosygaem
Hom(P; , H*(X)) = Hom"*(P;, X) = 0.

Ho mopdusy Hom(P;, H*¥(X)) ® P, — H*(X) nomxen 6bimh ciopbextusen mpu i < 0.
Crenosarensno, H¥(X) =0 nns scex k. To ecte X — HyseBoii 06beKT. O

Jlemma 3.4.4. ITyemov A - abeacsa kamezopun KOHEUHOT 20MOAOLUNECKOT PASMEPHOCTIU,
a {P;} - obuavnas nocaedosamesvrnocmy 6 abeaesoti xamezopuu A . Tozda, ecau obsexm
X € DY(A) maxot, vmo Hom" (X , P;) =0 0usa ecex i < 0, mo X AcAAeMCA HYACCHIM

00BEKMOM.

JokazareabcTBo. Ilpenmonoxum, aro o0bekT X merpuBmaaeHn. CaBuras 3ToT 00bEKT B
[OPOM3BOAHOM KATEIOPHH, €CIH 3TO He0OXOINMO, MOXKEM IPEIIIoJIaraTh, 9T0 Kpaillsds mpaBas
HeHyJeBast KoroMoJsorust oobekrta X mmeer momep 0. PaccMoTpuM KaHOHHYECKHIT MOPQU3M
X — HO(X).Haiizercs HOMep i1 , /Il KOTOPOTO CYIIECTBYET CIOPLEKTHBHOE OTOOPAKEHITe
Pffkl — HY(X) . O6osnauum yepes Y ero apo. [o upenosoxenuto Hom' (X , Pi,) =0,
u snaunt Hom!'(X | Y1) # 0. Jlagee BO3bMEM CIOPBHEKTHBHOE OTOOpAKEHIe Pf’” — Y1,
KOTOPOE CYIIECTBYET Jjid JOCTATOYHO OTPHUIATESHLHOTO HOMEpa io. Uepe3 Yo obo3maumm
s71po 910r0 oTobpaxenus. Crosa, yeaosue Hom' (X, P;,) =0 maer mam Hom?(X , Y5) #
0. Ilpogomkast 3Ty MpOLenypy, HOJIYINM IPOTHBOPEUNE ¢ KOHEYHOCTHIO TOMOJIOIHYECKOM

pasMepHocTH Kareropun A . a

Jlemma 3.4.5. ITyems A u B — abeacew, kamezopuu, u xamezopua A umeem xoHeuhiyo
eomonozuneckyto pasmeprocmy. Ilyemv {P;} — obuavnaa nocaedosamesvnocms 6 Kamezo-
puu A . IIpednonosicum, wmo F — mouwnwnii dynxmop us xamezopuu DP(A) 6 xamezopuio
D®(B) , xomopwiii umeem npasviti u seevili conpascennve dynxmops. F' u F* coomeems-
cmeenno. Ecau omobpasicenun

Homk(Pj , P) Homk(F(Pj) , F(Py))

ecmb uzomoppusmor npu j < i u das ecex k, moeda dynrmop F asasemcs enoane cmpo-

2uM.

o |
HoxkazareabcrBo. Bosbmem kanonwueckuit mopdusm f; 1 Py — F'F(P;) u paccmoTpum
BbBIJICJICHHBI TPEYTObHUK

f:

P, % F'R(P) — C; — Pi[1].
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Ilo mpenmomoxennio npu j < ¢ UMEEM H30MOP(OU3MBL:
Hom*(P; , P,) < Hom*(F(P)), F(P,)) = How*(P; , F'F(P)).

Takum obpasom, Hom'(P;, C;) =0 nopu j < i. I3 nemwmsr 3.4.3 crenyer, uro C; = 0. 11
BHAYUT f; ABIAETCA M30MOP(PUIMOM.
Temeps i Tpow3BOABLHOrO 00bEKTa X PACCMOTPUM KAHOHWIECKOE OTODpaKeHUe ¢x :

F*F(X) — X u BbljiesIeHHBIIl TPEYIOJIbHUK
FFR(X) 25 X — Cx — F*F(X)[1].
WNnmeercs mocnenoBaTeIbHOCTE B30MOPMU3MOB
Hom*(X , P,) = Hom*(X , F'F(P;)) = Hom*(F*F(X), P).

Orcroma caexyer, uro Hom' (Cx , P;) = 0 mgna scex i. [lo nemme 3.4.4 nonygaem, 910
Cx = 0. U zuaunt gx — msomopdusm. UTo u joxkasbiBaet, uro QpyHKTOp F siBisgercs
BIIOJIHE CTPOTI'UM. a

Teneps chopMymupyeM 1 JOKAsKEM OCHOBHOE TIPEJIJIOKEHNE 9TOTO Pa3/iena, KOToOpoe Heob-
XOAUMO HaM JIJTS J0Ka3aTeIbCTBa OCHOBHOIM TeopeMbl 3.2.1 3T0it Tiapbl. Ha1o oTMETHTE, 9TO
JIAaHHOE TIPeJIOYKEHNe TTPECTABIAET TaKKe CAMOCTOATETBLHBIN WHTEPEC.

[Mycrs A — abesieBa kareropusi ¢ o6uabHON 10CIe0BaTebHOCTEI0 {Pi|i € Z<o}. O60-
3HAUUM Yepe3 j BJoxkenuwe nosHoit mogkareropun C ¢ oobekramu ObC := {P; | i € Z}
B Kareropmio DP(A). B 9710if cHTyamm MOXKHO TTOKA3aTh, 9TO €ciy i (yHKTOpa F
D’(A) — D®(A) cymecryer mzomopdusm F |¢ ¢ Toxmecrennniv dbyrkTopom ma C
TOT/Ia, 9TO TIPeoOPaA30BAHNE MOXKET OBITH MPOJOIKEHO 10 n30Mopdu3Ma Ha BCe Db(.A) )

IIpeniioxkenue 3.4.6. [Iycmo A — abeaesa kamezopus ¢ 06UAbHOT NOCAEOOEATNENOHOCTDIO
{P;| i € Z<o}. Obosnanwum wepes j eaoocenue noanot nodkamezopuu C ¢ obsexmaru
ObC :={P; | i € Z<o} & xamezopuro D°(A). IMycmv F : D*(A) — DP(A) — nexomopas
asmosxeusasenmuocms. Ilpednososcum, wmo cywecmsyem uzomoppusm dynrmopos f :
j — F |¢ . Tozda smom usomopgusm mosicem 6vims npodoasicen 0o usomoppusma id — F

na ecro xKamezopuro DP(A) .

HokazaresbcTBo. Bo-nepBhix, Tak Kak F' KOMMYTHDPYET ¢ IPSIMBIMEA CyMMaMHU, TO MOZKHO
OPOJOIZKATE IIpeobpa3oBanne [ Ha BCE MPAMBIE CyMMbI 00beKTOB Kareropuu C ITOKOMIIO-
HEHTHO.

Ormernm, uto obbexr X € DP(A) msomopden obbexry m3 A TOrga m TOIBKO TOTJIA,
korma Hom!(P;, X) =0 mpm j # 0 u Beex i < 0. Orcioma ciaemyer, aro obbekt F(X) B

9TOM CJIydae Takxke u3oMopden o6bekTy u3 A, moromy 4rTo
Hom!(P;, F(X)) = Hom! (F(P,), F(X)) = Hom’(P;, X)=0

npu j #0 mwrcex 7 K 0.

Ilar1. IIycre Tenepsr X — oO0bekT u3 Kareropun A . BadukcupyeM CIOPbHEKTHBHBIN MOpD-

dbuszm v : P?k — X . CymectByer m3omopduzm f; : Pi@k = F(Pi@k) ¥ JIBA BBIJIEJICHHBIX
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TPEYTOJIbHUKA:

y —— p¥% . X — Y[

in
Py L ppehy) F9 px) —— P[]

Hagaiite mposepum, uro F(v)o fiou = 0. Jljst 37010 paccMoTpuM CIOPHLEKTUBHBIH MOP(hU3M

F(u) F(v)

w: Pj@l — Y . JocrarouHo nposeputs, urto F(v)o fjouow = 0. Ilycrs f; : Pj@l = F(Pj@l)
— KaHoHHmYeckuii n3oMopdusM. llcnoan3yss KOMMYTAI[MOHHDIE COOTHOLIEHUs 1id f; u fj,

MMeeM PaBEeHCTBA
F(v)o fiouow = F(v)o Fluow)o fj = Flvouow)o f; =0.
Tak xak Hom(Y'[1], F(X)) = 0, ro no semme 3.1.1 cymiecrByer euHCTBEHHBIIT MOPhU3M

fx : X—F(X), xoTopslit KOMMyTHUDPYET C f; .
Tenepn paccmorpum koryc Cx mopdusma fx . Mcnonbsys uzomopduamb

Hom(P;, X) = Hom(F(F;), F(X)) = Hom(P;, F(X)),

maxoguM, uro Hom’(P;, Cx) = 0 mns Beex j u i < 0. CiepoBaresnsro, 1o aemme 3.4.3
Cx =0 u fx gBagercs n3oMopdU3MOM.

Tar2. Temeps mokaxkem, uro fx He 3aBUCHT OT BhIOOPA HAKPBHITUS U : Pfak — X.
k k
PaccmoTpuyM Ba TaKHX CIOPBEKTHBHLIX MOpdH3IMa VU1 : PZ? '— X u vy Pff 2 — X,
k
Bceerpa moxkuO momobpaTh AgBa TaKHMX CIOPBHEKTHBHBIX MOpdmsMa wi : Pj@l — Pf? ''u
. pdl Dko .
wa : Pj — PZ-2 , 9TO CJAEIYIOMAS JUArPpaMMa KOMMYTATHBHA:

Dl w2 Dko
P

]
Pff’“ U, X,

OueBnIHO, YTO JTOCTATOYHO MPOBEPHTH COBIAIEHIE MpeobpasoBannil fx , MOCTPOEHHBIX TI0

v1 U v1owp . ag aToro maBaiiTe pacCMOTPUM KOMMYTATHUBHYIO THATPAMMY:

PjEBl w1 R?kl v1 X
g | |
F(PPl) S F(PPR) S F(X).

Bnech uzomopdusm fy noctpoer mo vy . Oba KBajpara 3TOM JUATPAMMBI KOMMYTATHBHBI.
Tak Kak cymecTByeT TONbKO oqui Mopdm3m u3 X B F(X), xkoTopEiil KoMmMyTHpYeT ¢ fj,

T0 fx , TOCTPOEHHBIH IO V] , COBMATAECT ¢ MOPGMUIMOM, MOCTPOCHHBIM 1O U] O W1 .

Hlar3. Temeps He0OXOAUMO IIPOBEPUTE, YTO MOPPU3MbL fx 3a/al0T €CTECTBEHHOE [IPeod-
pasoBanue byHKTOPOB Ha Kareropuu A . To ecTh HyXKHO MOKa3aThb, YTO g JIOOOI0 MOp-

dm3ma X Ly MMeeTCsI PaBEHCTBO:
froo=F($)o fx.

PacemorpuM ciopbekTHBHBIN MOphU3M P;Bl . Y. Iloubepem remeps uuaexc i < 0 u

P@k u

CIOPBEKTHUBHEIN Mopdusm FP;*" — X Taxme, 94TO KOMIOZWIUSA ¢ O U TOJHUMAETCA 0
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Mopduzma P : Pi@k—>PJ®l. DTO MOXKHO CIeNaThb, moToMy 910 mpu ¢ < 0 orobparkemrne

Hom(P* Pj@l) — Hom(P®* | Y) ciopbexrusno. Tloyuaenm KOMMY TaruBHbIH KBapar:

.Pi@k u X

e
pol Y Ly
J s
O6osnaamm 1vepes hy m he xommosumum fy o ¢ m F(¢p) o fx coorBercreenno. Mmeem

PaBEHCTBA:

hiou= fyopou= fyovop=F(v)o fjop=F(v)oF(¢)of;

haou=F(9)o fx ou=F(¢)oFlu)o fi = F(dou)o f; = Fluo) o f; = F(v) o F(¥) o f;

Taxum o0bpazom, Mopdusvbl hy npu ¢t = 1,2 gegaror CASAYIONIYI JHArPAMMY KOMMYTa-

THUBHON
zZ —— P®» 25 x — 7]

FWbﬁl lm

F(W) —— F(PP) =% F(Y) —— FW)[1)
Tak kak Hom(Z[1], F(Y)) = 0, ro mo nemme 3.1.1 nosygaem, uro hy = hg. W1 3nagnr
froo=F(®)o fx.
[Mar4. Omnpenemnv mpeobpasoBanue fxi, @ X[n] — F(X[n])
X € A 1o ¢dopmyite

>~

F(X)[n] nra kazxkmoro

fxm = fxn].

Herpyamso nokasarhb, 9T0 OmpeeeHHbIe TAKIM 00pa3oM Ipeobpa3oBaHusd KOMMYTUPYIOT C
n06e Mopdmamom u € ExtF(X | Y) . Heiicrsurensno, seakuii smement u € ExtF(X | V)
MOXKeT OBITH TIPEICTABIEH KaK KOMTIO3WIINSA U = UQU] - - - UL HEKOTOPHIX IJIEMEHTOB U; €
ExtY(Z;, Ziy1), tae Zo = X, Zp = Y . 3HauuT HOCTATOYHO IPOBEPHTH KOMMYTHPOBAHEE C
smemertamu u € Ext!(X | Y) . st 9TOT0 paccMOTPEM AHATDAMMY:

Y — Z —— X s Y[

le lfz lf}/[l}

FY) —— F(Z) —— F(X) 2" poyl.
ITo omHON M3 akCMOM TPUAHTYJAMPOBAHHONW Kareropuu Haijgercs vopdusm h @ X —
F(X) rakoit, aro (fy, fz,h) ecrb mopdusm tpeyronbaukos. C Apyro#i cTOpoHbI, Tak Kak
Hom(Y[1], F(X)) =0, 1o no siemme 3.1.1, mopdusm h ompejesieH 0JHO3HAIHO TeM yCJIOBU-
eM, uro kKoMmmyTupyer ¢ fz . Ho fx maxxe kommytupyer ¢ fz . CrremoBaTeibHO, IOy IaeM,

aro h = fx , u 3HAUNT
fr[lJou= F(u)o fx.

lar5. 3akar0UYATEIBHYIO 9aCTh T0KA3ATENBCTBA OYIeM BECTH UHAYKITUE TT0 JTHHE OTpe3-
Ka, B KOTOPOM HaXOJATCsl HETPUBUAJIbHBIE KOTOMOJIOTHH 00bekTa. [ljist 9T0T0 paccMoTpum

MOJTHYTO TIOAKATEroprio j,, : Dy, < DY(A) in DY(A), cocrosimyio n3 06heKTOB, MMEIOIIX
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HETPUBHUAIbHBIE KOTOMOJIOTHH B HEKOTOPOM (HEe(DUKCHPOBAHHOM ) OTpe3Ke JnHbl 1 . Temeps
OyaeM JI0Ka3bIBaTh, YTO CYIIECTBYET €JIMHCTBEHHOE MPOJIOJIZKEHNE €CTECTBEHHOrO Npeodpa-
30BaHmst f J10 €CTECTBEHHOTO (BYHKTOPUATHLHOTO m3omopdusma, fn : jn — F |p, .

Berimmie 510 yxke 66110 mokazamo mig 1= 1, TO eCTh A9 OCHOBAHUS WHIYKITHH.

Tenepn, aT00BI Cl1e/1aTH AT MHAYKITUY, [IPEJIIIOJI0KUM, 9TO P N = a, a > 1 yrBepxke-
Hue yxKe gokazano. llycte X — HekoTopbiil 00bekT U3 Dyy1 U MOJONKUM, JJIS ONPEIEIEH-
Hoctu, uro koromosiorun HP(X) apngiorca nerpuBuaiabHbiMu npu p € [—a,0]. Bosbmem

P; w3 0buibHOM T0CAeA0BATETEHOCTH C JOCTATOIHO OTPHUIATEILHBIM HOMEPOM ¢ TAaKOi, ITO

a) Hom!(P;, HP(X)) =0 must Bcex p n aus j # 0,
(38) b) cymecTByer clopbekTHBHbIH Mopbusm  u @ PPF — HO(X),
¢) Hom(HY(X), P)=0.

YcsioBre a) W CTaHAapTHAsl CHEKTpasbHAsd MOCAEI0BATEIBPHOCTH AT HAM H30MOPQU3M
Hom(P;, X) = Hom(P;, H°(X)). U suaunt, Mmoxno maiitn Mopduszm v @ PPF — X
TAKOM, UTO KOMIIO3UITASA ¥ € KAHOHMIECKHM MOPQOU3IMOM

X — HY(X) cosmamaer ¢ u. PaccMOTPUM BBHIJEIEHHEIH TPEyTOIbHUK:

Y[-1] — P L X — Y.

()

Tak kax obbexT Y mnpuuagmexut D, , TO MO TPEATIONOKEHUIO UHIAYKIUA W30MOPMU3IM

fy yxe cymecTByer n KomMmyTHpyeT ¢ f; . UMmeeMm gumarpammy:

(2

(39) pe* X PEk(1)

7 Y
l i fx l fr l Jill]

F(v) v
F(PP*) — F(X) — F(Y) — F(P#")[1].

Hastee, ocse10BaTeIbHOCTE T30MOPMU3IMOB
Hom(X , F(PP")) = Hom(X , P*) =~ Hom(H’(X), P®*) =0

JlaeT HAM BO3MOXKHOCTH TIpUMEHUTH jJeMMy 3.1.1 k ¢ pasmomy fy . U3 koTopoit cremyer,
9TO CYINECTBYET eIuHCTBEeHHbI Mopdusm fx : X — F(X) | monoaHgaomuit muarpaMmy 10
Mopdmuzma TpeyroabHuKoB. OueBnaHO, UYTO fx Ha CAMOM Jejie SIBIAEeTCI M30MOPQPU3IMOM,

TaK KaK U30MopgusaMamMu sBiasiorcest f; u fy .

[lar6. Temeps HeoGxoaUMO OKA3ATH, 9TO fx HE 3aBUCHAT OT BeIOopa ¢ u u . [lycTs HAM
JIAHBI 1Ba CIOPBEKTUBHBIX MOPQU3MaA U : Pﬁkl — HY(X) u ug: Pfl’” — HY(X), ymo-
BJIETBOPSIOIIHE yCa0BuAM a), b) u ¢). Toraa mozkem nogo6pars J0CTATOYHO OTPULIATEIBHOE j
U CIOPBEKTUBHBLIE MOP(MHU3IMBI W1, W3 , JETAIOMINE KOMMYTATHBHON CIEAYIONLYIO THATPAMMY:

Dl w2 Dk2
Pt P

[CEE
pPh M HO(X).

. p®k1
: PE

m uy. Tax xax Hom(P;, X) = Hom(P;, H°(X)), To momy«aem, 910 vows = vjwy .

O6ozuaunm vepes vy — X vy Pfk’? — X wMopdusMbl, COOTBETCTBYIONINE U]
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CymiecrByer Mmopdusm ¢ : Y; — Y, Takoii, uro Tpoiika (wi,id, ¢) seiasgercs mopdus-

MOM TPEYI'OJIbHUKOB:

| viow Y l
PP = X Y; PP
T R
P — X oy, P (1),

TO €CTL QY = U7 .
Tak kak Y; u Y wnMeOT HeTpUBHAJBHBIE KOTOMOJIOTUE TOJIBKO B OTpe3ke [—a, —1], To
10 TIPE/IIIOJIOXKEHNUIO0 NH/IYKIIMN MMEEeM KOMMYTATHBHbBIN KBapaT:

vt ¥

fyjl lfYqzl

F(vy) 2 Py

O6osnaunM 1epes %, [y, [ MOpdH3MBL, IOCTPOCHHBIE 10 IIPABUILY, OLUCAHHOMY BBILIE,
KOTOpBIE JIOMOTHAT 0 KOMMYTATUBHON juarpammy (39) mpu v COOTBETCTBEHHO DABHOM
v = vjwi, v = v, v = v2. Kak ObLIO yxKe JOKA3aHO BbINTE, MOPQPU3IM f;; OJTHOBHAYHO

(memma 3.1.1) onpegenen ycioBuem, 9ro

F(y)f{ = fvi, v

C nmpyroit CTOpPOHBI, IMEeM PaBEHCTBA:
F(y)fy = F(oy) fi = F(O)F(y) f%x = F()Fy,y = fv, oy = fv,, y1,

KOTOpBIE HEMEIICHHO naoT f{ = [y . Anasornuno moayuaem f% = fi . Takum oGpasowm,
MopdusM fx He 3aBUCHT OT BbIOOpa i u Mopdu3Ma U : Pi@k — H%X) u , 3maunr,

ompesiesieH abCOMIOTHO OJHO3HATHO.

[Mlar7. Takwmm 06pazoM MOTYIEHO HEKOTOPOE MPOIOKEHTE Tpeobpa3oBanust f, Ha KaTero-
puto Dgyy1 . Ham octanoch g0Ka3aTh, 9TO 9TO MPOIOIKEHNE TAKXKE IB/IA€TCA €CTECTBEHHBIM
npeobpasosanueM u3 jo41 B I |p,,, , TO ecrh, uro ms Beaxoro mopdusma ¢ X — Y,
rae X,Y u3 Dgyiq, TOSYUIAETCS KOMMYTATHBHAS JAUHArpaMMa;

¢

X —

(40) x| |

Fx) 290 Ry,

JlaBaiiTe cBemem 3Ty npobjemy K cuTyarnmu, Korga 0ba odbbvekta X m Y mpumHAmIE)KAT
D, .

CymrecTByeT JBa Ciydasi.

Cayuwati 1. PaccMoTpuM ciaydaii, KOraa crapiias HeTPHBHAJIbHAS KOTOMOJIOTHS 00beKTa
X (6e3 morepm OOUTHOCTHM MOYKHO TIPEJTIOJIATATH, YTO €€ WHAEKC paBeH () MMeeT MHIEKC
crporo boabime uem y obbekta, Y . Bozbmem cropbekTuBHBI MOPGOUIM U : Pi@k — H(X),
YZOBJIETBOPSIFOIIUI YCJIOBUSIM &), b), ¢), ¥ TOCTPOUM KaK ¥ BBIIIIE TIOIHATHE €0 0 Mopdm3Ma

v Pi@k — X . meeM BbIJIEIEHHBIH TPEYTOJIBHUK:

pek M X % 7z — PO

2
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Ecsn BpIOpaTh 7 J0CTATOYHO OTPUIATETBHBIM, TO Hom(Pka , Y) =0. IIpumensas ¢hynkTOp
Hom(—, Y) x sTOMy TpeyroibHWKY, HAXOJAWM, UTO CymecTByer mopdmsm ¢ : Z — Y

Takoit, uro ¢ = Yo . U3pectHo, uto fx , MOCTPOEHHBIN paHee, YAOBIETBOPSIET COOTHOIIIEHUEO
F(a)fx = fza.
Ecan npeamomoxuTs, 910

F)fz = fy,

TOrJa MOJYIUTCH, 9TO

F(p)fx = F(Y)F(a)fx = F(¥)fza = fypa = fy¢.

DTO 3HAYMT, UTO JIsi TPOBEPKH KOMMYTAaTuBHOCTH KBajpara (40) moxHO 3amennTs X
Ha Z . A BepxHsig rpaHb HETPUBMAILHBIX KOTOMOJOTHH 7T Z Ha €JIUHUITY MEHbBIIE, YeM
y X . Bomee Toro, Buano, uro ecan X OpHUHALIEKAT Kareropwun Dy, ¢ k > 1, o Z
npunajaiexur Di_1, a ecsiu X npunajyiexxur Dy, To Z TakxkKe npuHajiexkur Di, HO
HOMED €ro HeTPUBHUAIbHON KOTOMOJIOTHN Ha eMHUITY MEHBIIIE.

Cayuati 2. Tenepb paccMOTpuM JpPYyroit cjydaii: crapiias HeTPUBHAJIbHAS KONOMOJIOTHS
Y (omsTh MOXKeM cUmMTaTh, 9TO ee HOMep paseH () mMeeT HOMEp He MeHbIme deM y X .
BoszbMeM CIOPBEKTUBHBIA MOPMUIM U : PZ@k — HO(Y), ynosierBopsiomnuii ycioBasM a),
b), ¢) u mocrponm mMopdusm v : Pfek — Y | KOTOPBIfl OMHO3HAYHO OnpeseseH Mopdu3Mom

u . PaccMoTpu BbIZIeIEHHBIN TPEYTOIBHUK:

(41) pek v,y P — P&k,

()

ObozHayuM 4vepes 1 KOMIIO3ULUI0 (30 ¢.

Ecnu Temepb MpeAnooKNATh, UTO

F() fx = fw,
rorga, Tak kak F(f5)fy = fw, 6ynem nmers:
(42) FB)(fyé — F(o)fx) = fwB¢ — [(Bd)fx = fwy — F(¥) fx = 0.

CuoBa BBIOEpEM ¢ JOCTATOYHO OTPUIATENBHBIM, TaK YUTOOBI BBIMOJHSIOCH 3aHYJIEHUE
Hom(X | Pi@k) = 0. Tak Kax 0OBEKT F(Pi@k) n30Mopder 06LeKTy PZ@k, TO WUMeeM pa-
percreo Hom(X , F(P®F)) = 0. Tereps npumensist dbynxrop Hom(X , F(—)) x tpe-
yrosbuuky (41), nHaxomum, uro F(5) 3anaer siaoxenue npocrpancrsa Hom(X , F(Y)) B
Hom(X , F(W)). U3 pasencrsa (42) Temneps cpasy caeayer paBeHcTBo fy ¢ = F(¢)fx .

Takum o6pazomM, ITOOBI TPOBEPUTH KOMMYTATHBHOCTH KBajipara (40) MOXKHO 3aMeHUTE Y
Ha 00bexkT W | BepxHsad rpaHnIla HETPUBUAIBHBIX KOTOMOJIOTHN KOTOPOTO HA eAWHUITY MEHb-
megem y Y . Ecmu Y mpumammexxan Dy, k> 1, 70 W npunammexur yxe Dy_q1. Feom Y
npunagiexans Dy, To obbekt W rmakike npunaaiexxur Di, HO HOMED ero HeTPUBUAIBHOM
KOTOMOJIOTHY HA €INHUILY MEHBIIIE.

[Tpeamonoxkum ceiiaac, aro obbexkTter X m Y jexar B Kareropum Dgy1, a > 1. B
3aBUCUMOCTH OT TOTO, KAKOH m3 IByX C/iydaes, 1) mwin 2), IpuMeHuM, MOXKHO 3aMEHUTD JTu60
X, mubo Y mHa obbexT Jexarmuit yxke B Kateropun D, . IloBTopsisi, ecan HEODXOIUMO 3TY
IPOTIENYPY, MOXKHO YMEHBITUTDL BEPXHIOK T'PAHUITY KOTOMOJOTHH 3TOTO 06LEeKTa TaK, 9To

apyroit ciaydait Oymer mpumenuM. Torga MOXKHO OyIeT yMEHBIUTh JIJINHY HETPUBUAILHBIX
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KOTOMOJIOTHIT ¥ BTOPOTO 00bEKTa U MPUATH K CUTYAITMH, KOTa 00a 00beKTa yIKe JIeXKaT B
kaTeropun D, . Takum obpas3oM gesaercs IMar WHIYKINH.

B zakmodennn oTMeTwM, 9TO TPW TOCTPOEHWN W30MOPpu3MOB fx , OHU BCerga OBLIN
OTIPeIeSIEHbI OTHO3HAYHO. DTO 3HAUNT, UTO CTECTBeHHOe mpeobpazosanue u3 id B F', KO-
TOpO€e OBLIO MOCTPOEHO, SIBJISETCsI MHCTBEHHbIM. V 1IpejioKeHrne T0Ka3aH0 O

Hoxka3zareabcrBo Teopemsbr 3.2.1 1) CYIIIECTBOBAHUE. npemioxenue 3.3.5 u jeMma
3.3.1 nossossmor o gpyrkTopy F mocrpouts o6bekt £ € DP(M x X) Taxoii, uro cyrme-
crByeT m3oMopdusM GYHKTOPOB f : F|CL> @g‘c Ha, mostHOM moxxareropun C C DY(M)
e ObC = {L£'| i € Z} u L — odenn obummbnoe pacciaoenne na M, s KOTOPOro
HY(M,LF) =0 ,opu k>0 u i #0.

[To siemme 3.4.5 pyukrop Pg saBisercs Brosne crporum. Kpome Toro, Tak Kak MMEIOTCH

n30MOPPU3IMBI:
F'(f): F'o F|,2ide = F'o ®¢|,,

DL(f) - (I)zoF‘CL @20@5}62 ide

TO OIATE 10 JTemMe 3.4.5 dyukTopsl F' o ®g u ®% o F' Taxk:Ke ABJIAIOTCS BIIOJHE CTPOTAMM.
A Tax Kak OHH CONPSIZKEHBbI APYT APyTy, 1o 51i ByHKTOpel F'ods u &% o F' ma camMoM Jese
SIBJISTFOTCST SKBUBAJIEHTHOCTSIMHY.

Paccmorpum crosa usomopdusm F'(f) : F' o F’c§ ide = F'o @g‘c HA MOJKATErOPUN
C . Tlo npeaoxenmo 3.4.6 MOKHO TIPOTOIKHATL ero 10 m3oMopdusma Ha Becem DP(M) |, To
ects id — F' o &g .

Tak kak F' siBisieTcst conpsizKeHHbIM cripasa K F' | 10 mosygaercss Mopdusm dhyHKTOPOB
f: F — &g, ans xoroporo fle = f. Ocranocs nposeputs, uto f ects mzomopdmsm. [eii-
CTBUTENBHO, MaBaiiTe BozbMeM Kouyc Cz Kanonmdeckoro mopbusma fz : F(Z) — Pg(Z).
Tax xkak F'(fz) asngercs msomopduamom, noaydaeM, uro F'(Z) = 0. CregoBaTenbHo, st
moboro obmekra Y mmeem Hom(F(Y), Cyz) = 0. Janee, tax kax F(LF) = &g (LF) nns

Beex k, MOTy9aeM TIOC/IeI0BATETbHOCTE N30MOP(MU3MOB
Hom'(LF , ®.(Cz)) = Hom'(®g (LK), Cz)) = Hom'(F(LF), Cz)) =0

nnascex k u Q.

[Ipnvenas aemmy 3.4.3, cpa3y HOJydaeM PaBEHCTBO <I>‘!g(C’Z) = 0. CuenoBareJyibHO,
Hom(®g(Z), Cz) = 0. D10 BAeUeT, uTO TPEYTOTBHUK st MOpdu3Ma [z TOJKEH PaCIIer-
asreed, 1o ecth F(Z) = Cz[—1]@Ps(Z) . Ho kak yxe 6b110 nokazano Hom(F(Y), Cz) =0
st oboro Y, u suaunt qyis Z[1] takzke. A 3o moxer 6biTh Tosibko ecin Cz =0, u fz
— m3oMopdu3M.

2) EJMHCTBEHHOCTD. EANHCTBEHHOCTD MTPeJICTABIMIONEro 06beKTa Ha CAMOM JeJ1e Ce-
AYEeT U3 IMOCTPOCHNUA, TaK KaK BCSIKMI pa3 nMeeTcd OJHO3HAYHOCTD ITPU ITOCTPOCHUN O6"beKTa.
Ho nmamaiiTe mpoitaem ato eme pa3. [Ipeanonoxum cymectsyior asa obbekta £ and & B
kareropun D?(M x X) , nns xkoropeix ®g, &2 F = &g, . Paccmorpum dynxrop F' = Lj*oF
rae Kak u Beime j : M — PN — BioskeHHMe ¢ MOMOIIBIO MOAXO/ISIIEro 09eHb 0GUIBHOTO JIi-
weiinoro pacciaoenns. Obbekrel RJE;, 1 = 1,2 06a J0aKHBI OLITH CBEPTKAMU KOMILIEKCA,
(32)

N

C" = {O(=N) R FQV (V) 5 ... O(—1) R FI(Q'(1) 25 0 R F/(0)).
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Ho xax ObLTO TOKA3aHO BBINNIE BCE CBEPTKU ITOTO KOMILIEKCA M30MOp(HBI 0 jJemme 3.1.2.
Taxum o6pazom, RJE = RJ,.E . Ilpumensia teneps npejaokenne 3.3.5, moaydIaeM, 9T0 0
camn £ n & TaKKe M3OMOPQHDI. O

3.5. Ilpusio>keHue: N-koIIyJI€BOCTb OJHOPO/IHONM KoopauHaTHOU ajiredpbr. GakTol
cobpaHHble B TOM MPUIOKEHUN HE ABIAIOTCI OPUTHMHAJIBHBIMEU. B To# mam muoit dropme
OHU U3BECTHBI. O,ZLHaKO, HE nMed Xopomeﬁ CCbIJIKH, Mbl BbIHY2K/ICHbI TIDUBECTU CO6CTB€HHO€
JI0KA3aTeJIbCTBO YTBEPK/IEHUsI, KOTOPOE UCIOIb3yeTCd B OCHOBHOM TEKCTEe U B TO# (opMme,
KOTOpas HaM HEOOXOAWMa. 3/1eCh B OCHOBHOM HCIIOIB3yeTCsl TEXHUKA 13 craTbu [18].

IMycte X — riagkoe nmpoekTuBHOE MHOroO6pasme u L — OUeHb OOMJIBHOE JTMHEHHOe Pac-
croerme Ha X , yAOBIETBOpsIOmee AonoHETEIbHOMY yeaouio HY(X, LF) = 0 mma seex
k>0 nu i# 0. O6osgaunm uepes A koopmunarnyro aarebpy mmaoroobpasuss X OTHOCH-

o
TesrO pacenoenns £, To ects A = @ HO(X, £F).
k=0
Pacemorpum muOroobpasue X™ g mekoroporo n € N. B nanbmeiitem 6ynem obo3na-
v (v
7 1]
u3BejieHne -0t U j-oii KoMroHeHT. OIpeeuM MoJIMHOT000pa3ns AgZ) i) (it 1yesim) © X"

9aTh Uepe3 7w, = mpoekimio X' Ha 1-yIO KOMIOHEHTY, a depe3 ;.  — IpoeKnuio X' Ha Ipo-

CJIeIYIOIIAM 0DPa30M:
(n) . . - =
A(il7-~7ik)(ik+17-~7im) T {(5111, Y :Cn) ‘ Tig =000 = Tigy Tigeyr = 777 7 :Cm} ’

Hns xparkocTu OyjaeM nucaThb Si(n) BMECTO Agz)l) . OdgeBuiHO, YTO SZ.(n) ~ X0,

Temepn, mostoKUM

) ._ (n) 2L A
=A== U AGo)

k=1 k=1

(Ilo ompenenenuto T l(n) n T. 2(71) — IyCTBIE TIOIMHOXKECTBA). JIerko BUAeTh, 910 Ti(n) C SZ-(") .
Ob6oznaumm yepe3 Jyy(n) IYHUOK MIEATOB MOJCKEMbI ¥ X" a gepes Ii(n) OyY0K Ha

X" KOTOpBI SBILETCS AIPOM €CTECTBEHHOro 0To0paxkenus O g — o — 0.
[3

' (m) ~
Bacdukcupyem Ha Bpema m un k < m. Ilycrte s — BIoxKenwe mogmHOTO06pasua S, 0 =

)

— m
XF1x X B XF koropoe 1o onpeesenuo MHOr006pa3mst S,i STBJISTETCS TOYK JECTBEHHBIM
10 mepBbiM k—1 KOMIIOHEHTAM W JUATOHAILHO 110 ocaeaneii k-oit kommonenre. Obo3HauuM
(m)

gepe3 p mpoekimio S, 0 Ha X k=1 koTopoe ecTh mponsBeseHme mEpBHIX k — 1 COMHOKMI-

TeJIel.

Jlemma 3.5.1. Ilyuox I{m) usomopper nyury O, o, a npu k> 1 nyuox I,E;m) u30-
(n

moppen sxp* (Jxw-1)) . B wacmmuocmu npu k > 1 umeromea usomoppusmo:

a) W(xX™ I (LR KL)) =
H(XF L Jogeny @ (LXK L)) @ A psi ona ecex i >0

b RixM(IM @ (ORLK..- K L))

= Rjﬂgi_l)(tfzaﬁn RQORLR - KL))® Ap—gi oan ecexr >0

o) Rir™ (I @ (ORLK---RK L))
~ RIir"V (Jpon @ (ORLR - KL) KL T Gun ecex i
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JokazaTeqabCTBO. YTBEpXKJEHHE NpOo TO, 9To npu k > 1 mydok I,im) n30MOPQeH

$:0* (Jyk-1)) , Cpady caeiyer u3 onpeieseHuii myvxa I,gm) U 1OACXeM T,Em) u S,gm). Bee

OCTAJILHOE HEMEJIEHHOE CJIEJICTBHE ITOTO (haKTa. O
Ucmonb3ys MHAYKIAO M0 1, HECJOKHO TMTPOBEPUTDH, ITO CASAYIONHI KOMILTEKC Ha X"

P :0— Jgm) —>I,(L”) —>Iq(1n_)1—>'-~—>I§n) —>I§”) —0

SIBJISIETCS TOYHBIM. B KadecTBe mpuMepa OTMETHM, UTO TPU N = 2 3TOT KOMILJIEKC eCTh

KOPOTKAas TOUHAA TMOCIeN0BATETFHOCT HAa X X X :
P;:0— Jn — Oxxx — Oa — 0

Jlemma 3.5.2. Ilycmv X — 2aadxoe npoexmusHoe MH02000pa3ue ¢ 00UABHBM AUHCTHDIM
paccaoernuem M . Tozda das 4106020 HAMYPAALHO20 “uCAG K cywecmeyem i mMaxoe, 4mo

ona paccaoenua L= M" uecex 1 <m <k swnoansomes caedyrowue ceoticmea:

a) /(XM Jom @ (LKR---KL)) =0 ona §j#0
(43) D) RIT™ (Jgom ® (ORLR---KL) =0 o j#0
o) RIT™ (Jyom @ (ORLE - RLRO) =0 dan j#0

HoxkazaresabcTBo. s goboro m smuelinsie paccaoennss MKX-- - KM, ORMK.- . - KM
(m)

un OKMM---KMMXO ma X™ gBrgiTCd COOTBETCTBEHHO OOMJIBHBIM, 7  -ODUJIBHBIM

(m) .,
n 7y, -00uababM. IlosTOoMy ATa Kaykaoro u3 HHMX HafifeTcd Tesoe 4ucjo TaKoe, UTO JJId

BCEX CTeleHel 9TUX paccsi0eHnii 6oJIbIIMX JaHHONO YuCIa CBOHCTBA a), b) 1 C) BbIIOJHEHDI.
Bozbmem makcumaibHOE cpeiin dTux unces mo Bcem m < k. O603HAUNM DTOT MAKCUMY
gepe3 . Torma mma £ = M" cpoiictBa a), b) u ¢) TakKe BLIIOJHEHDI. O

Bsenewm crenyrore obo3HaIeHN:
By = HY (X", Jom ® (LR---KL),  Rno1:=Rm"(Jgm ® (ORLK-- KL)).

IIpeanoxkenue 3.5.3. [ycmo L — oueHs 06UAbHOE PACCAOCHUE HA 2AGOKOM NPOEKIMUSHOM
mH02000pasuu X |, Komopoe ydosaemeopaem yciosuro (43) das ecex m maxuz, wmo 1 <
m<n-+dmX +2. Tozda

1) anzebpa A asasemcs n-Kowyaesot, mo ecmb nocaedosamesbHOCb
B, A— B, 1, A— - — B A—A—k—0

moYuHa;

2) Komnaexc nyuros na X
Ap_,. ® R, —>Ak,n+1®Rn_1 — e — A 1 QR — AL ® Ry —>£k — 0

mouen dana ecex k>0 (ecau k—i <0, mozda no onpedeaenuro Ag_; =0);

3) komnaexc nyukos na X x X
LT"®Ry — - — LTTRR — Oy B Ry — Oa

ABAACTNCA MOYHBIM, THO ECTD daem n-pezoaveenmy Juazonasu Ha X X X .
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JlokazaTeJsibCTBO.
1) Bo-nepseix, kom6uaupyst gemmbl 3.5.1 w 3.5.2, mus Bcex 1 < m < n+ dim X + 2

OJIy YaeM:

1) H(X™ I @ (LR K LY) =
(44) HO()(k_l7 Js-1) ® (LX---KL))® Ap—tri = Br—1 @ App—kti
2) H/(X™ I (LR RL)=0 mnpu j#0.

Pacemorpum kommiekent Py, @ (LW --- K L) upu m < n+dim X + 1. [Ipumensist Kk Hum

dbyrxrop HY u mcnonssys yerosue (44), moaydaeM TOUHBIE TOCTIEIOBATEIBHOCTH:
0—>Bm—’Bmfl®kA1 — —>Bl®k:Am71 — Ay — 0

aasg Bcex m<n+dimX +1.

Teneps nojoxxkum m =n + dim X + 1 u o6oznaunm vepes 0 W, komiiekc
T ), o

KOTOPBIil ABJIsIeTCsl IPABOil PE30AbBEHTON My dKa Jy(m) . Bodbmem kommiere W, @ (LK---K

LXK L) u npumernnm k zemy dbyrrrop HY . IMomyanm mocie 0BaTe bHOCTS:
Bp1 ®k Ai — Bm—2 ®p Ai1 — - — B1® Amyi—2 — Amyic1 — 0

U3 cpoiicrsa (44) 2) ciemyer, 9T0 KOTOMOJIOTHN STOTO KOMILIEKCA, €CTh HY (X™, Jym @ (LK
R LK LY). Uz yenosusa (43) b) ciaemyer, 1to

H (X, Jgm @ (LR - R LR L)) = H (X, RO (oo ® (LR R LK O)) @ L)

CiegoBare/ibHO, OHU TPUBUAAbHBL 1pyu j > dim X u 3HAYMT MMEETCs TOYHAA [10CIEA0BaA~

TeJbHOCTD:
B, @k Am—nti-1 — Bn—1 @k Am—nyi — - — B1 @k Amti—2 — Amyiz1 — 0

opu i > 1. A opr i < 1 Toumocts ObL1a mokazama pamee. 1o ecth anrebpa A asiaserca
n-Koriysiesoii.

2) JIoka3aTeJbCTBO aHAJOTHYHO JTOKA3ATEIBCTBY MyHKTa 1). MeeMm m3oMopdu3MBI:

(45) RO D (I @ (ORLR K L) @ Apps
2) Rir\™ (I @ (ORLKE---RL))

IMpumensas Teneps GyHKTOP ROWET) Kk Kommiekcam P, @ (OK LK --- K L)) upu m <

1) ROMEI™ @ ORLRE. - -K L)) =
L

)
0 st Becex j#0

n+dim X + 2| monydaeM TOUHBIN KOMILIEKC MydyKoB Ha X :
0— Rp1— A1 ®@Rpo0— — Ay 29®@R — Ay 1 @Ry — L™ —0

ang m<n+dmX + 2.
Pacemorpum m = n + dim X + 2. Ilpumenssa hysrTOp ROTI'ET) K KOMILTIEKCY
W, @(ORLK---KRLRLY),

IoJIiydaeM KOMIIJIEKC

A, QRy—9g — - — Am+i73 QR R — Am+i—2 ® Ry —> £m+i—2 — 0.
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ITo croiicTBy (45) KOrOMOJIOTHE 9TOTO KOMILTEKCA €CTh
RIm\™ (Jyom @ (ORLE -+ K LK L)) =
Rip, (RO7™) (Joom @ (OR LK - K LEO)) ® (0K L)),
KOTOpPBIe TPUBHAJBLHLI IpH j > dim X . 3HaYUT MOCAEA0BATEILHOCTE MYIKOB Ha X
A n @Ry, — A i1 @Ry 1 — - — A 1 QR — A @ Ry — )

ToYHa 14 Bcex k > 0.
3) Pacemorpum xommieke Wy o @ (ORLK---KLK L") na X" . [Ipumenss Teneps

byHKTOP Roﬂi?:f%)* K HEMY, ITOTy9IaeM CIeayIonmil KoMmaeke ua X X X :
(46) L"XR, — - — LIXR — Oy KRy — Op

Benomunag ycinosme c) semmel 3.5.1 u yeaosue (43) b), maxoamMm 9T0 KOTOMOJIOTHH 9TOTO

KOMILTEKCA M30MOPQHBI MyIKaAM

Riz{2) (Jyin © (ORLE-RLRO)) @ (ORL™),

KOTOPBIE 10 cBOiCTBY (43) ) pasabl 0 pu j > 0. To ecrb KoMILIeKC (46) ABIAETCS TOTHBIM.
O

4. HPOI/IBBO,ZLHBIE KATEITOPUU KOTEPEHTHBIX MIYYKOB HA K3 MMOBEPXHOCTAX

4.1. K3 nosepxuoctu n peinerka Mykau. IDTa [JiaBa MeJUKOM IMOCBSIIEHA TTPOU3BOJI-
HBIM KaTEropusiM KOT€PEHTHBIX ITyYKOB Ha MOBEPXHOCTSX Tuita K3 Ha mosieM KOMILJIEKCHBIX
ances. OCHOBHOI BOMPOC, KOTOPBIM HAC WHTEPECYET, W HA KOTOPBIA JAeTCsl OTBET B ITOM
TJjIaBe: KOTrAa ABEC PA3HBIX K3 ITOBEPXHOCTU UMECIOT 9KBHUBAJICHTHBIC KATCIOPHUN KOT€PCHTHBIX
ny4ukoB. Kak u paHbIlie TPOU3BOJHBIE KATEMOPUHN PACCMATPUBAIOTCS KAaK TPUAHTYIMPOBAH-
HBbIE U 9KBUBAJIEHTHOCTH OHUMAITCs, KAK dKBUBAJEHTHOCTH MEXK/Iy TPHAHTYJIUDPOBAHHBIMU
KaTerOpUsMU.

HaHOMHI/IM, qTO AJIAd TVIQJKUX ITPOCKTUBHBIX MHOFOO6pa3I/IIU/I C O6I/IJII)HBIM KaHOHNYCCKUM
WM AaHTUKAHOHUYIECKUM KJIACCOM CYIIIECTBYET TIPOIETyPa BOCCTAHOBJIEHUS TPOU3BOIHOMN Ka-
TErOpUH KOTEPEHTHBIX Iy 9IKOB (cM. Teopemy 2.1.3). Oanaxo st MHOT00Opasuii Ipyroro TH-
13, BOITPOC TOT HETPUBUAIBLHBIN U 0COOEHHO WHTEPECEH IJIsi MHOT00Opa3uil ¢ TPUBUATLHBIM
KaHOHNYCCKUM KJIaCCOM.

Haumem ¢ ocHoBHBIX HeobOxoauMbIX HaM pakToB npo K3 moeepxmoctu. HamomuwmMm, 4To
MOBEPXHOCTL Tha K3 — 3T0 KOMIAKTHAST TJIaJIKast aaredpandeckasi MOBEPXHOCTE S, MJIst
koropoit Kg = 0 m H(S,Z) = 0. Taxue mMOBePXHOCTH Ha CAMOM Jeje SBIISIOTCH OJHO-
cBa3HbIMA. MOXKHO TTOKA3aTh, 9TO BTOPbLIE KOTOMOJIOTHH H2(S, 7Z) He MMET KPyYeHWs U
SIBJISTFOTCST Y€THON PEeIIeTKoi paHra 22 oTHOCUTETBHO (OpMBI TIepecedenusi. Kpome Toro, u3
dbopmymbt Herepa caenyer, uro py(S) =1 u hM(S) =20.

OpHuM U3 OCHOBHBIX WHBapHUAHTOB ToBepxHocTH Trna K3 aBisierca ee rpymnma Hepomna-
Cesepu NS(S) C H%(S,Z), xoropas B 3T0M caywae cosmamaer ¢ rpymoii [Tnkapa Pic(S).
Panr pemmerkn NS(S) me npesocxoqur h! = 20 . O6o3mauny yepes Tg pemeTky Tpanciie-
JIEHTHBIX IUKJIOB, KOTOpas [0 ONPEIeJIEHUI0 €CTh OPTOIOHAJIBHOE JIOTIOJIHEHHE K DPENIeTKe

Hepoma-Cenepnr NS(S) Bo Bropeix koromomornsx H2(S,Z) .
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Tenepn, obosnaunm uepes tdg kmacc Tomma moBepxHOCTH S, KOTOPBIH €CTH SJEMEHT
H*(S,Q). Ox mmeer Bug 1+ 2w, roe 1 € HY(S,Z) — 310 exuauna KOIbIA KOTOMOJIOTHIL
H*(S,Z), n w € HY(S,Z) — dbynnamenrampmbii Konukr S . PaccMOTpUM TOI0KITeTHHBIT
KBaIpaTHBIT Koperb \/tdg = 1 +w , koropsrii A K3 HOBEPXHOCTH JICKHAT B KOIBIE IE/TBIX
koromostoruit H*(S,Z) .

st mo6oro KOrepeHTHOTO MydKa Ha S

ompeeseH XapakTep UepHa, KOTODBIHA [0 aIINTUBHOCTH MHPOIOJIZKAETCA Ha BCIO IPOH3-
BOJIHYIO KQTErOPHUIO KOTEPEHTHRIX MydKoB. Bcam F' — obbekT Db(S ), To xapakrep YepHa

ch(F) = r(F) + c1(F) + =(c? — 2¢9)

N

OPUHAIIEKAT HeJbIM Koromomnoruam H*(S,Z) . g moboro obbekta F ompemennm se-

v(F) = ch(F) - \/tds € H*(S,Z)

1 Ha30BEM ero BeKTOPOM, acconunpoBanublii ¢ F (wam Bekropom Mykan).
Ha pemerke xoromonoruit H*(S,Z) onpenennmv cummerpuueckyto bununeiinyio dhopmy

0 TIPABIITY
(w,u')=7r-8 +s-7 —a-o € H(S,2) 27

A71s Besikoit mapel u = (r,a, 8),u’ = (', o/, s') € HY(S,Z) ® H2(S,Z) ® H*(S, Z) . Pemerxy
koromostoruit H*(S,7Z) ¢ aroit 6ununeitnoit popmoit (,) mazosem pemerkoit Mykau u o6o-
3HAYUM Yepes ﬁ(S, Z) . Ormernm, uro nanHasg OumuaeiiHass (GopMa OTINIAETCT 0T OOBIYHOM
dopmbl mepeceuenns 3uakoM (—) Ha BTOpPBIX Koromojorusax. W smaunt pemerka Mykan
H(S,Z) msomopcra pemerke UL — H2(S,Z), rae U — rumep6osnteckast permerka (938)-

s mrobeix 1Byx obbexkTo F' m G, cnapupamne (v(F),v(G)) ecTh mo omnpemeseHuro
H*-xommonenTa saementa ch(F)Y - ch(G) - tds . Crenosarensio, o Teopeme Pumara-Poxa-

FpOTeH,ZLI/IKa nMeeM paBEHCTBO!:

(0(F),v(G)) = x(F,G) ==Y (~1)' dimExt'(F , G).

i

Ha pemrerkax ﬁ(S, Z) uw Tg uUMerTcsa ecTecTBeHHbIE CTPYKTYPhI Xo/Ka. B manuoM ciy-
gae 10 CTPYKTypaMu XOJzKa MOHUMaerca To, uyro B mpocrpancrsax H(S,C) m Tg @ C
saduKCIpoBanO onHOMepHOe mogmpocTpancTeo H20(S) .

Onpenesenne 4.1.1. Ilyecmv S1 u So — dee K8 noseprrnocmu. Crasicem, wmo ux pewem-
xu Myxau (cooms. pewemmu mparcuedenmusis 4uka06) Xo0rHceso usomempuutsy, ecal Cy-

WECMBYEM USOMEMPUI MENCIY HUMU, KOMOPAA NEPEGOJUM 00HOMEPHOE NOINPOCMPAHCMEO

HQ’O(Sl) 6 H2’0(SQ) .

[Tyets cetigac € — 9T0 TPON3BOJIBHBIN OODLEKT U3 TPOU3BOIHON KATETOPUH TTPOU3BEICHIS

DY(S; x So). Paccmorpny anreGpamdecKuii KT

(47) Zg :=p"\/tdg, - ch(E) - m*\/tdg,
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Ha IpoM3BeIeHun S| X So, [Ie p U 7T — IPOEKINN B IUarpaMMe

Sl><52 L>SQ

g
S1.

B ciyuae K3 mosepxmocTeit nnka Z , KOTOPBIHA & priori gBJAETCA PAITMOHAIBHBIM, Ha CAMOM

JeJie TeJTbli.

Jlemma 4.1.2. [31] Jas scaxozo obsexma € € DP(Sy x Sz) zapaxmep Yepna ch(E) u yuka
Zg ABAAOMCA YEABMU, MO ecb npunadaescam H*(S1 x Sa,Z) .

Takum obpasoM, MUK Z 3aaeT 0TOOpaKeHne U3 PEIIeTKH IIeJIbIX KOTOMOJIOTH IIOBEPX-

HOCTH S| B IEJBIE KOTOMOJIOTHH S :

fz: H*(S1,Z) — H*(S2,7)
(48) U U
! = (2 - pHa)).

Coieaytomee mpejiozKenne aHajorudio reopeme 4.9 u3 paborsr [31].

Ipeanoxxenne 4.1.3. Ecau dan obsexma € dynxsmop g us xamezopuu DP(S1) 6 xa-
mezoputo DP(Ss) aeasemes enoane cmpozum, mozda:

1) fz. asasemca usomempueti mescly peutemramu ﬁ(Sl,Z) u ﬁ(Sg,Z) ,

2) obpammnoe omobpasicenue x [ cosnadaem ¢ 20MOMOPHUIMOM

f/: H*(SQ,Z) — H*(Sl,Z)
U U
5 = p(Z¢ T (0)),

onpeOereHHuM YUKAOM

Z¢ = p*\/tds, - ch(EY) - T \/tds,,

2de £V := R "Hom(E,Og, xs,)-

Joka3zaTeabcTBo. JleBbiit u npabiil conpsikennbie GyurTopel K Pg m3oMopdHBI U 3313~
FOTCA 110 (popMye:

0; = 0 = Rp. (£ & ()2
Tax xak ®¢ BHosme crpornit, To Komnosunusg PcoPe m30MOPOHBI TOXKAECTBEHHOMY (DYHK-
Topy idps(g,) -

Toxnecrsennpiit ynkrop idpe(g,) 3amaerca crpykrypubsiv nyukom Oa anaronanu A C
Sl X Sl .

Ucnonwbays dopmyny npoeknun u Teopemy Pumana-Poxa-1I'poTenjinka, MOXKHO HAWTH, 94TO
koMmmosuimus f' o f mpencTaBasercs MUKJIOM p’{\/% - ch(Oa) -p%/@, roe pi,p2 —
npoexnun S1XS7 Ha comHOKUTEN. OUaTh 110 Teopeme Pumana-Poxa-I'porenguka naxoanm,
9T0 5TOT MUK ecTh KA A . Cre10oBaTeIbHo, KOMIO3UIH o f SBISeTCs TOXK IeCTBEHHBIM
orobpakenueMm, u 3HaunT f ecrb m3omopdusm mexay H*(S1,Z) m H*(S2,7Z), no roit

TpuYnHe, 9TO 0be OHU SABJISTIOTCST CBO60,£[HBIMI/I abesIeBbIMI TpymmmaMn OJJUHAKOBOTO PaHTa.
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O6o3naunm uepes vg : S — SpecC crpykrypubiit Mmopdpusm S . Torma cmapuBanme

Vv

(o, ') ma pemerke ﬁ(S, Z) wmoxHO 3ammcath Kak Vi(a¥ - o). U3 dopmyasl mpoekin

oIy YaeM:

(Oé, f(ﬂ)) = VSQ,*(Q\/ : 77*(77-* V tdSz : Ch(g) : p* \ tdSI p*(ﬁ))) =
= Vg, (7"(a) - p*(B) - ch(€) - \/tds, xs,) =
VS1><Sg,*(7T*(05v) p*(ﬁ) : Ch(g) Y td5'1><52)

1tst ipousBoaibHbIX o € H*(S9,7Z), 6 € H*(S1,Z) . Ananoruaubiv o6pa3oM uMeeM:

(B, () = vy xso (P (BY) - 7 (a) - ch(€)" - /tds, xs,)-

Carenosarensno, (a, f(3)) = (f'(«), ). Tak xkax f'o f — ToxmecTBeHHOE OTOOpAZKEHNE, TO

(f(@), f(@)) = (f'f(), &) = (a,&).

W zuaunr f — 310 M30MeETpHS. O

4.2. Kputepuii 3KBUBAJIEHTHOCTH AJis1 IIPOM3BOAHBIX KATeropuii KOrepeHTHBIX
nyd4koB. B stom naparpade naercs kKpurepuii TOro, KOrja IIPOU3BOJIHBbIE KATETOPUHU KO-
TEPEHTHBIX TIYYKOB Ha JIBYX K3 TTOBEPXHOCTHAX IKBUBAJECHTHBI KaK TPUAHTYJINPOBAHHBIE Ka-
TErOpUKM. DTOT KPUTEPHUI 110 BUY OUYEHb HAIOMHUHAET CTPOryi reopemy Topesin jyis K3
MOBEPXHOCTEH, KOTOpast TOBOPHUT, UTo aBe K3 mosepxuoctn S n S2 M30MOpP(hHBI TOrIa 1
TOJILKO TOTJIA, KOTJ[a WX PEIIETKH BTOPHIX KONOMOJIOTHIl XOJIKEBO M30METPUYHBI, TO €CTb

CYIIIECTBYET U30METpud
H?(S1,7) = H%(S,,Z),

IPOJIOJIZKEHNE KOTOPOi /10 0TOOparkKeHUsl KOMILIEKCHBIX KOTOMOJIOTHI IEPEBOINT MO/IIPO-
crparcreo H20(S1) B H2Y(Sy) (em. [39],[27]).

Haimr rnaBubrit pe3yabTaT 3TOM IJIaBbI BLITJIAAUT TakK.

Teopema 4.2.1. Ilycms S1 u So — dse 2aadkue npoexmuenvie K3 noseprrocmu wa nosem
womnaercruvixr wuces C. Tozda npoussodnvie xamezopuu kozepenmuox nywros DP(S1) u
D(S2) sksusasenmNIbL KAK MPUAHLYAUPOBAHIBIE KAMEZOPUL M0200 U MOABKO Mo20a, Ko2da
cywecmeyem Xodowcesa usomempus [ : H(S1,Z) — H(Sy,Z) meorcdy pewemxamu Myxau
noseprrocmett S1 u Sz .

Dra TeopemMa MMeET W JAPYroil BapHUAHT, KOTODBIH TaKyKe MOXKET ObITh WHTEPECEH (CM.
Treopemy 4.2.4).

HoxkazarenbcTBo Teopembl 4.2.1 pazobbem Ha jBa TpeiokeHus. Jloka3zaTeabpCcTBO IepBo-
ro TPEJJIOKEHN CYIIECTBEHHO OMMUpPaeTcs Ha TJABHYIO TeopeMy 3.2.1 mpebiayiieit riaBbl,
TaK KaK WCHOJb3yeT TOT (PAKT, UTO Ji0basd HKBUBAIEHTHOCTH MOYKET OBITH MPEACTABICHA

00BbEKTOM Ha MPOU3BEICHUH.

MMpennoxenune 4.2.2. Ilyemv S1 u So — dee K3 moseprmocmu maxue, 4mo ux npo-
U3BOOHBIE KAMELOPUU KOZEPERTNHBIL NYUK08 sKsusaschmuo. Toeda cywecmeyem Xodocesa

uzomempus mexcdy peuwemramu, mpancyedernmunix yuxaos LTs, u Tg, .
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HokazareabcTBo. [1o Teopeme 3.2.2 cymmecTByeT 00beKT &£ Ha MPOU3BEJACHUN S X S92,
KOTODBI 3a/jaeT dKBUBasIeHTHOCTL. V3 npejnnoxenus 4.1.3 cienyer, uro fz. 3amzaer Xoj-
JKEBY M30METPWI0 Mexay permerkamu Mykan ﬁ(Sl,Z) n ﬁ(SQ,Z). Tak kak muka Z siB-
nfeTcs anrebpamaecKuM, TIOTyaaeM ABe H30MeTpHn fq, : — NS(S1) LU — —NS(S3) LU u
fr:Ts, — Ts,, rae NS(S1),NS(S2) — pemerku Hepona-Cesepu, u Tg,, Tg, — pemerku
TPaHCIEAEHTHBIX THUKI0B. OUeBUAHO, I9TO fr dBIsTeTCS XOMKEBOH H30METPHEN. O

JlokazaTesbeTBO B 0OPATHYIO CTOPOHY CYNIECTBEHHO HUCIIOJB3YeT Pe3YJIbTaThl crarbu |31,
r7ie MCCIe0BAHBI MHOT0OOpa3usa Momyieit paccmoennii na K3 moBepxHOCTSX, a TakXKe HC-
nob3yer Teopemy 2.1.5, B KOTOPOIt raercst Kpurepuii TOro, KOrmaa PyHKTOP SB/IS€TCA BIOJIHE

crporum (cM. [7])

Ipeagnoxenne 4.2.3. Iycmo S1 u S — dee npoexmuenwvie K3 noseprrnocmu. Ipednono-
olcum, wmo cywecmeyem Xo0rHcesa usomempus

£+ H(S,,Z) =5 H(S1,7Z).

Tozda ozparuventvie NPOUBOIHDBIE KAME20PUY KOZEPEHMHVT NYUKOE Db(Sl) U Db(Sg) K-

6UBAACHITIHDL.

Hoxkazareabcrso. [Monoxum v = f(0,0,1) = (r,l,s) mw v = f(1,0,0) = (p,k,q). Bes
norepu OBIITHOCTH MOXKHO TPEInoaarars, 9o r > 1. JleficrBurenpno na pemerke Mykan
CYIECTBYIOT JIBA TUIA XOIKEBBIX n3oMeTpuil. [lepBriii THI — 3T0 YMHOMKEHNE Ha XapakTep
Yepua e IUHEHHOTO PacCIOeHUS:
L)
Om(r,l,8) = (r,l+rm, s+ (m,l) + om ).

Bropoit Tun — 310 mepecramoBka r u s. Mcmomp3yd 9TH nBA THIA TEPECTAHOBOK, MOXKHO
zameHuTb [ Takum 0bpasom, 4yrodbnl 1 craso Gosabmie 1.

Ouesugno, uro Bekrop v € U L —NS(S1) sasasiercs uzorponasiv, 10 ectb (v,v) = 0.
B sameqarenproit pabore Myxkan [31| mokasano, 9T0 B 9TOM CJiydae CYIIECTBYET MOJIAPH-
sammst A wa nosepxmoctu K3 S rtakas, aro muoroobpasue momyneit M 4(v) paccroenmit
CcTabMIIBHBIX OTHOCUTENBHO mongpusanun A, jis KoTopbix BekTop Mykau COBIaiaer ¢ v,
SIBJISIETCsT TTaKoM mpoekTusHON K3 mosepxHocThi0. Bostlee Toro, Tak Kak CyIIECTBYeT BEK-
Top u € U L —NS(S1) Takoit, uro (v,u) = 1, T0o MHOroo6pasme momyeit M(v) aBid-
ercsa ToukuM. CreoBaTenbHO, CYIMECTBYET YHUBEPCATLHOE paccaoenne £ Ha TPOU3BEICHNN
Sl x M A(U) .

Yuusepcambaoe paceioesne £ 3amaer dyakrop g : DY(M(v)) — DP(Sy) . das sToro
dynkTopa ycaosusa reopembl 2.1.5 serko nposepsrorcea. eiicteurensno ®g(Oy) = &, rue
& — crabunbHoe paccmoenue Ha Sp, A kKoroporo v(E) = v. Bee atm myuku mpocTeie w,
komeuno, Ext' (&, &) =0 mus i ¢ [0,2]. Yro maer yeaosme 2) Teopemsr 2.1.5.

Tak kak FE; crabwisasr, To Hom(&:, , &,) = 0. U mo asoiicreennoctu Ceppa
Ext?(&, , &,) = 0. Uzorpomnnocts BekTopa v Baeder, aro u Ext!(&;, , &,) = 0. Takum
obpazom, myuku &, u &, OPTOTOHATHHBI s JTIOOLIX PA3HBIX TOUeK t1,ts. [lo Teopeme
2.1.5 nonmyuaem, ato dpyurrop Pg sBIAAETCI BIOIHE CTPOTHUM.

Ha camowm gene, pyukrop Pg He TOMLKO BIOJHE CTPOrUil, HO U ABIAETCI SKBUBAJIEHTHO-
crhio. Crenyrornee paccyKJIeHIe, OCHOBAHHOE Ha JTOKAa3aTeIbCTBE TeopeMbl 3.3 u3 [9] moka-

3eBaeT 970. O6o3HaunM depes D o6paz xareropun DP(M4(v)) B DP(S1). Tak xak oma
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SIBJISIETCS JIOMTYCTUMOM (CM. ompesesierne 2.2.2), TO CYIIECTBYIOT TPABbI U JIEBBI OpPTOTO-
HaJIBl K HEll, KOTOpbIE U3-3a TOr0, YTO KAHOHWIEeCKU Kjaacc Ha K3 moBepxHOCTU TpUBUAJIEH,
COBTAIAIOT IPYT C APYTOM B JAHHOM Cjaydae. Takum obpazoM, TMOJIyOPTOTOHAIBHOE Pas3JIo-
JKEHUe BUA <DL, D> ABJIFETCS TIOJTHOCTHI0 OPTOTOHAIBHBIM. PaccMOTpUM OUeHb 0OMIBHOE
nmneiinoe paccioenne £ ma Ma(v). Bee crenenn £%° apiasiorcs HEpas3aomuMbIME 00bEK-
TaMH ¥ 3HAYAT IPUHAJIEKAT KAKOH-HIOY/Ib mokaTeropus D wim DL | i Bce — oH0# 1 TOI
Ke, TaK KaK HUKAKasg I1apa U3 HUX He gBJIgeTCd MOoJHOCTBIo opToronansuoil. Ho {L£'} obpa-
3YI0T OOMJIBHYIO TIOCAENI0BATeNLHOCTE (cM. onpenenenne 3.4.1). Tlo memme 3.4.3 oproronan
K TIOJIKQTETOPHUH, TTOPOXKIEHHON 00MIBHON mocaesoBaTeabHOCThI0 paBeH 0. Takum obpazowm,
Tak Kak D He TpHBHAJIbHA, HoaydaeM, uro D+ = 0. Ciegosaresnsno, g — SKBHBAJIEHT-
HOCTD.

Teneps, ukn Zg , onpenenenusiii no dpopmyne (47), uagynupyer XomzKeBy H30METPUIO
g:H(Ma(v),Z) — H(S1,Z) raxymwo, uro ¢(0,0,1) = v = (r,1,s) . Ciegosarensto, f tog
TaKKe aABjsgercs Xojzkesoilt uzomerpueit u nepesomur (0,0,1) B (0,0, 1) . Cnenosarensho,
f~1 g manynupyer XoKeBy H30METPHIO MEXKJy PEIICTKAMHI BTOPBIX KOIOMOJIOIH{l TTOBEPX-
nocreit So u My (v). U, cneposarensno, mo Teopeme Topemmn nosepxaoctun Sy 1 M 4(v)
usomopdust ([39],[27]). O

amnoe mpenioxkenne n npejioxenne 4.1.3 gaoT qoKa3aTeaIbCTBO TeopeMbl 4.2.1.

CymecrByer gpyras Bepcust Teopembl 4.2.1, KoTopas JaeT KpuTepuil IKBUBAJICHTHOCTH

OPOU3BOJAHBIX KATETOPUl B TEPMUHAX PEIIETKHA TPAHCIEAeHTHBIX ITUKJIOB.

Teopema 4.2.4. Ilycmov S1 u So — dse anadxue npoexmusnne K3 noseprrocmu nad no-
aem C. Tozda npouseodnvie xamezopuu kozepenmuvz nywwos DP(S1) u DP(S) axsusa-
AEHMHGL KAK MPUAH2YAUPOSGHHDBIE KATNE20pUY 0200 U MOoALKO mozda, Ko20a cywecmeyem
Xoodoicesa usomempus fr : Tg, —— Tg, meorcdy pewemramy MpancyedeHmmuvls YUKAOS

nosepxrocmeti S1 u Ss .
DTO yTBEPKIECHNE ABIAETCA CAEACTBUEM TeopeMbl 4.2.1 W CJIeyIOmero npeoKeHns.

IIpensnoxkenue 4.2.5. [33] Ilyemv ¢1,¢02 : T — H - dea npumumusnmz srodcenus pe-
wemxu T 6 wemnyro ynumodyaspuyto pewemry H . Ipednosooicum, wmo opmozonaavhoe
donoanenue N := ¢1(T)L 6 H codepoicum zunepbosuneckyro pewemxy U = (9 §) xax noo-
pewemxy. Toeda ¢1 u P2 IKEUBAAEHMHDL, MO ECMB CYWECMBYEM USOMEMPUA Y PEUEMKL

H maxan, wmo ¢1 = v¢s.

JefACTBATEILHO, IPEAIOI0KAM UMEETC XOIXKEBA, H30METPH
fr:Tg, — Tg,.

MpbI 3Ha€M, YTO OPTOTOHATBHOE IOMOJHEHHME K PEIIeTKe TPAHCIEAEHTHBIX IHKJIOB Tg B
pemerke Mykan H(S,Z) msomopdno pemerke — NS(S) L U. U 3HAYAT 1O TPEABLIYIIEMY
npejtoxkeruio 4.2.5 cyrecTByer n3omeTpus

f:H(S2,Z) — H(S1,7Z)
TaKasl, ITO = f, . Takum obpaszoMm, uzomerpust f sIBasteTcs TakxKe Xomxkepoit. Caemo-
’ Tg P ’ P
2

BaTeJbHO, 110 TeopeMe 4.2.1 Tpom3BOAHbIE KATETOPUN KOTEPEHTHBIX ITYYKOB Ha TTOBEPXHOCTSIX

S1 m S9 3KBUBAJICHTHBI.



65

5. ABEJIEBBI MHOT'OOBPA3USI

5.1. DKBUBAJEHTHOCTH MEXKIY KATErOPUIMU KOTEPEHTHBIX MYyYKOB Ha abesieBbIx
MHOTOo0Opas3uax. B 37oit riaBe n3ydaroTcss MpOU3BOAHBIE KATETOPHH KOTEPEHTHBIX My IKOB
Ha a6eﬂeBbIX MHOFOO6paSI/IHX " X T'PYIIIbLI ABTO3KBUBAJIEHTHOCTEI.

[Mycts A — abemeBo MHOTOOOpaswe pasMepHocTH 1 Ha moseM k. Bymgem o6osnadaTh
qepes m : A X A — A Mopdu3M KOMIO3UIMH, KOTOPBIA CIHTAETCS OIpeIeJeHHbIM Hal
mosleM k, m depe3 e — k—TOUKY, KOTOpas sIBJSIeTCS eIUHUIEH TPYIIoBOit CTpyKTyphl. st
moboit k-toukm a € A cymecrByer apromopdusm caura m(-,a) : A — A, koropsrii Oyger
obosHavarses Ty .

Ob6oznauuM uyepes A IBoiicTBerHOe abereBo MHOroobpasne, KOTOPOe SIBISIETCS MHOT006-
pasneM MOIyJIeil JUHEHHLIX paccjoeHnil Ha A, IpuHaIIesKallmx PicO(A) . Bosiee Toro, A
SABJIAETCA TOHKUM MHOr00Opasuem moyneit. [Tosromy wa npownssegernm A X A CyIIECTBYeT
yHUBEDPCATBHOE JIMHEHHOE paccaoenne P, KoTopoe Ha3zbiBaeTcs paccaoennem lyankape. 91o
PACCTIOEHHE OTTPEIENISTeTCST OTHOZHATHO TeM, IT0 JsT 060 k—Todkn o € A OTpaHmIeHIe
P na A x {a} mzomopdno nuneiinomy pacciaoennio u3 Pic’(A) | coorsercTByomemy o, i

B JOIIOJITHEHUW OT'PaHUYCHNE P JOJIZKHO ObITH TPUBUAJIbHBIM.

{e}x R
Omnpenenenne 5.1.1. Jlunetnoe paccaoenue wa A, xomopoe coomeemcmeyem k-mowke
a € A, b6ydem obosnauams dasee Py.

Boaee moeo, ecau umeemes neckoavko abeaesvir mnoz000pasuti Ai, ..., Am u k-mouxa
(1 .oy i) € 21 X oo X Em , mozda bydem obosnaramy uepes Py, . qp) Aumelinoe paccao-
enue Po, X--- NP, na npousseedenuu Ay X -+ x Ap.

st mroboro FOMOMopCbI/BMa abesnesBbix MHOroOOpasmii f: A — B onpeieien JTBOMICTBEH-
HEI POMOMop(bHSM f B — A. Horoweuno o YCTPOEH TaK, UTO TOUKY (3 € B [IEPEBOINUT
B TOUKY & € A Torna u ToONBKO TorJa, Korja JnHeitHoe paccioeHue f*Pg coBmamaer ¢
paccioermem P, ma A. R

JIBasK Bl JBOMCTBEHHOE abeieBO MHOTr00Opasue A voxeT GHITE CCTECTBEHHBIM obpasom
oToxkJiecTBiieHo ¢ A npwu nomory paccioenuii Ilyankape ma A X g mra AxA. Jpyru-
MU CJIOBaMU, CYIIECTBYET €JIMHCTBEHHBIH m3oMopduam K4 : A A TAKOIi, 4TO HOAHATHE
paccnoenus Ilyankape Py mnpu mzomopdusme 1 X kg : Ax A" Ax A COBITAJIAET C
paccioennenm ITyanxape Pa, me. (1 X ka)*Pyp =P,

Takum 0bpazom, ~ dABJIIETCS WHBOJIIONUEH HA KaTeropuu abeeBbIX MHOr000paswmii, T.e.
KOHTPOBAPUAHTHBIM (DYHKTOPOM, Ueit KBaIpaT N30MOpdeH TOXKIECTBEHHOMY (DYHKTOPY K :
id 5 =.

Paccnoenne Ilyankape P mpemocraBiisier HaM NPUMED TOYHON SKBUBAJEHTHOCTH MEXKIY
IPOMU3BOAHBIMU KATETOPUAMU KOTCPEHTHBIX MMYYKOB JIBYX, B O6H_IeM CJry9dae HeI/I3OMOp(1)HbIX,

MHOTOOOpasuit A n A, PaccmoTrpum npoexnium
AL axa L4

u dyakrop ®p : DY(A) — Db(;l\), onpesesennbiit 1o dbopmyse (7): Pp(-) = Rg.(P ®
p*(+)) . Crenytomee nipegoxkenne gokazano B ([29]).
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IIpeasoxkenue 5.1.2. ([29]) Ilycme P — paccaoenue yankape na AxA . Tozda $ynrmop
¢p : DV(A) — Db(;l\) ACAAEMCA MOYHOT IKGUSAACHINHOCTDIO, U CYULLCTNEYEM USOMOD-
Pusm PyHEMOpPos

Upodp = (—1a)%[n],

ede (—14) - omobpasicenue e3amua 06PaMHO20.

Sameyganue 5.1.3. B crarse ([29]) 510 yrBepKenue 1oka3aHo A1 abesieBLIX MHOT0OOpa-
3uil Ha, 1 aJredbpandeckn 3aMKHY THIM mojieM. OHAKO OHO BEPHO U HAJ ITPOU3BOIBHBIM TTOJIEM,
T.K. JIBOWCTBEHHOE MHOrooOpasue u pacciaoenue [lyaHkape onpese/ieHo BCerja HaJl TeM 2Ke
cambIM TosieM (eM. Hampumep [32]). A yTBep:KaeHre PO SKBUBAJIEHTHOCTD OYIET CJIeI0OBAThH

u3 jgeMMsl 5.1.9.

Paccmorpum k-rouky (a,a) € Ax A. C xax10ii Takoii TOUKOWH MOXKHO CBA3ATH (DYHKTOD

n3 DP(A) B cebsa mo npasuy:

(49) Pg,0)() = Tas () @ Pa = T2, (+) @ Pa.
OyurTop P(qq) NPEJCTABIACTCA LyUIKOM

(50) Sta,e) = Or, ® p3(Pa)

na npomssenennn A X A rne I, — 310 rpaduk asromopdusma casura, T, . Ouenano, 910
byukrop P4 o) ABIACTCH ABTOIKBUBAICHTHOCTHIO.

Muoxecrso dynkropos ®(, ), napamerpusosanubix A X A, MOXKHO COEIMHUTDL B OjlUH
bysxrop u3 DP(A x A\) B DY(A x A), koTOpBIH Gy1eT HEPEeBOSUTH CTPYKTYPHBIH IIyd0OK
T09KH O(g,0) B S(a,a) - (3aMeTnM, 4T0 3THM ycioBHeM (DYyHKTOP He ONPEeIe/IAeTCA OTHOZHAM-
HO, & TOJBKO ¢ TOYHOCTBIO 70 YMHOMXKEHUS Ha JIMHEHoe paccioenue, nogasToe ¢ A X A.)

Mer onpenennm stor dyakTop ®g, : DP(A x 2{) — DY(A x A) KaK KOMIO3HIIIO J[BYX
JIPYTHX.

Pacemorpum obbext Py = pi,On @ phsP € DP((A x A) x (A x A)) u obossaunm yepes
pa:Ax A— Ax A mopdusm, Koropelit nepesogut Touky (ai,az) B (a1, m(ai,az)).y

HAC TOSABIATOTCS Ba (DYHKTOPA:
Op, :DY(Ax A) — DY(AxA),  Rpua :D(AxA) — DA x A).
Omnpepenenne 5.1.4. Qynuxmop Pg, ecmv xomnosuyus Ry, o Pp, .

IIpensoxkenne 5.1.5. Qyuxmop g, ssasemca axsusarenmmuocmsvro u das Kastcdot k-
mouru (a,a) € Ax A

a) cmpyrmyphowl nyuox mousy O o) nepesodum 6 nyuok S(q.q), onpedeaenwvid gop-
myaot (50);

b) aunetinoe paccaoenue Py q) na A X A nepesodum 6 obserm O(_g1xa @ p5Paln] .

HoxkazarenbcTBo. Oynkrop Pg, dABIAeTCT MO OMpeneseHnIo KOMIO3NIe QyHKTOPOB
Ruya. m ®p, , KOTOpEIE €CTh IKBUBAJICHTHOCTH: IIEPBBIM II0 OUEBUIHBIM COODDarKEHUSIM, a
JIJIst BTOPOTO 9TO cJiemyer u3 npemiokenns 2.1.7 u npemroxkenus 5.1.2.

Oynxrop Pp, mepesomuT cTpyKTypHBIH myuok ToUKE O(qq) B IyI0K O gxiq) @ piPa .
Hanee dynkrop Rpax moceumaer mydok O gy iq) @ piPa B mydox Or, ® pi(Pa)-
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TaxmM xe oOpa3oM, IpuMeHsd npearoxenne 5.1.2, maxoauwm, uro pyskrop $p, mepeso-
JUT JEHefiHOe paccaoenne P(q q) B 00beKT Of_q)xA®@p3Pa(n], a bynrrop Rya. mockimaer
06berT Of_qyxa ® p3Pan] B cebs. O

peanonoxkum, uto A m B — nBa abenesbix MHOro06pasnst, MPOU3BOAHBIE KATETOPHHU KO-
TEePEHTHBIX ITYYKOB KOTOPBIX 3KBUBAJICHTHBI. BaCbI/IKCI/IpyeM HEKOTOPYIO 9KBUBAJICHTHOCTb.
IIo Teopeme 3.2.2 ona npejictaBiasgercd o6bEKTOM Ha ITpou3BeeHun. Takum obpazoMm, ume-
erca obwexT £ € DY(A x B) u sksupanentrocts g : DY(A) —- DY(B).

Paccmorpum dyukTop

Ads : D*(A x A) = DB x B),

KOTODBIiT ompeensiercst opmystoit (11) u gByisiercsst SKBUBAJIEHTHOCTHIO. PaccMOTpuM KOM-

DO3UIII0 (PYHKTOPOB <I>§; o Adg o ®g, .
Ounpeaesienune 5.1.6. O6osnanum wepes J(E) obsexm, npedcmasasrowuts Gynrmop
@5; o Adg o ®g, .
TakuMm 06pa3oM, CYIMECTBYeT KOMMYTATHBHAS THATDAMMA!
DY(A x A) —S4. Db(A x A)
(51) %(al lAds

DB x B) —2- DB x B)

Creayromas TeopeMa 103BOJIsAeT BbIUMCAUTb 00bekT J(£) n ABAfeTcs OCHOBHOM 1pu
OIMCAHNU abesIeBBIX MHOT00Opa3uii, 00/1aJar0NINX SKBIBAICHTHBIMEI IIPOU3BOJHBIMI KaTeTo-

pPUAMH KOI'€PEHTHLIX ITYyYKOB.

TeopeMa 5.1.7. Cywecmeyem zomomoppusm abesecsbix MH02006pa3uu fe: Ax A— Bx
B, ABAANOUUTICA USOMOPPUIMOM, U Aunetinoe paccaoenue Lg wa AxA maxoe, wmo obseKrm
T (E) usomopden ix(Le), 20e i — amo aooicenue mmozoobpasus Ax A 6 (Ax A)x (Bx B)
6 Kauecmee epadura usomoppusma fe .

[Tpex e gem mepeiiTu K AO0KA3ATEILCTBY TEOPEMBbI, CChOPMYIUPYEM JIBE JIEMMBbI, KOTOPBIE
II03BOJIAT HAM CUUTATh T0JIe k anrebpamdeckn 3aMKHYTHIM. Q603HaunM depes k anrebpan-
geckoe 3ambikanne k. Iomoxum X = X x Spec(k) Spec(k) u o6o3maunm gepes F oGpaTHBIH
obpaz F ormocurensHo mopduzma X — X .

Jlemma 5.1.8. ([37]). IIycmv F Kozepenmuniii ny«ox na 2aadkom mnozoobpasuu X . Ilpeod-
NOAOHCUM, MO CYUELCMBYIOM 3aMKHYMOoe nodmmuozoobpasue j : Z — X u obpamumv
nywor L na Z makot, wmo F = 5, L. Toeda cywecmeyiom 3amEHymoe nodmmozoo0pasue

1Y — X wu obpamumwiti nywox M na Y maxot, ymo F =i, M u j=1.

Cremyrormasi leMMa TOBOPUT HaM, 9TO CBOWCTBO (DYHKTOpPa OBITH BIOJHE CTPOTUM (I9KBU-

BAJICHTHOCTHIO) CTaOMILHO OTHOCUTEIBHO DACIIHPEHMUsT TOJIEH.

JIemma 5.1.9. ([37]). Hycme X u Y — enadkue npoexmuensie mruo2o006pasus nad noiem

k, u nyecmv € - obsexm npoussodHoll Kamezopui Db(X X Y) . Pacemompum pacuwupenue
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noaett F/k u mnozoobpasus

X' =X x Spec(F), Y =Y x Spec(F).
Spec(k) Spec(k)
Obosnawum wepes E' nodnamue obsexma € 6 kamezopuro DY(X' x Y') . Toeda dynxmop
de : DY(X) — DY) enoane cmpozuti (sk6usarenmmocmy), eciu u MOALKO ecau diyms-

mop ®gr : DY(X') — DP(Y') asasemca snosne cmpozum (9K6U6AACHMHOCTIIO).

JokazaTesbcTBO TeopeMbl 5.1.7. ITonn3ysacs gsemvanu 5.1.8 u 5.1.9, moxkuo nepeiitu
K aJrefpamyecKoMy 3aMBbIKAHWIO MOJsT K .

IIlaz 1. OGo3Hauum vepes e u € 3aMKHYTBIE TOYKH MHOroobpasmii A X A u cooTser-
creenno B x B , KOTOpBIE SIBIISTIOTCST €TNHATIAMI TPYTITIOBBIX CTPYKTYD. PaceMoTpuM TydoK
nebockpebos O u BhraucIMM ero obpas orHocuTebHO bynkTopa @ 7(g). Tlo onpesenennio,

MBI 3HEL€M7 qTOo
-1
B 7e) = O3l 0 Adg 0 B,

ITo npegnoxkennto 5.1.5 dynkrop Pg, mepeogur nyuok O B CTPYKTYPHBI IyHOK Jua-
ronamn Op(q) #a A X A. Tak Kak CTPYKTYpPHBIHl IMy9Y0K JMATOHATN TPEJCTAB/IACT TOMXK-
TecTBenHbI hyHKTOP, To U3 dopmyner (12) creayer, uto Adg(Oa(a)) €CTb CTPYKTYDHBII
nyuok nuaronanun Oa(p) Ha MHOroobpasuu B X B. A on B CBOIO 04epejib NEPEXOJIUT B
crpykTyphbiii ydok Oy 1o jeiictBueM hyHKTOpA @g; OTATH IO TIpeIoXKernio H5.1.5.

Mgz 2. Takum 00Pa30M, MOIYyIAEM, GTO

L
j(5> ® O{e}x(BxB) = O{E}X{el}’

13 sroro ciemyer, uro cymecrsyer adbdunnas okpecraocts U = Spec(R) Ttouku e B TO-
nosloruu 3apuckoro takas, 4to obwekt J' = J(E) |Ux(B><B) €CTh KOT€PEHTHBIN Tyd0K C
HOCHTeJIeM, KOTOpBil Iepecexaer cioit {e} x (B x B) B touxe {e} x {¢'} . Hanomuuwm, uro
HOCUTENH JTH060T0 KOTEPEHTHOTO TYyYKa STBISAETCH 3aAMKHYTHIM TTOIMHOKECTBOM.

Paccmorpum Temeps HeKoTOpyIo adbdurnyio okpectaocth V = Spec(S) toukm € B B X
B. [Tepeceuenue Hocurend nyudxa J' ¢ gononHenueM B X B \ V' aBasercst 3aMKHYTBIM
O TMHOYKECTBOM, TIPOEKITHST KOTOPOTO Ha A X A - 3aMKHYTOE TIOJMHOYKECTBO, HE COEPKAIIEE
TOUKY €.

Takum ob6pazom, ymenbmas, ecam HeoOxoumo, U, MOXKHO CUMTATH 9TO OHO BCE €ITe
addunno, a nocurens nyuxka J' cogepkurca 8 U X V. D10 3Ha4nT, 4TO CyLLIECTBYET KO-
reperTHblil nydok F ma U x V' rtakoit, aro j.(F) = J', tne j - 310 Baoxenne U X V
B U x (B X E) O6ozmaunM depe3 M KOHEUHO MOPOKIEHHBIA R & S-MOAY/Ib, KOTOPLIi
COOTBETCTBYeT Iy4uky JF , TO ecTh JF = M. Kpowme Toro, 3amernm, uro M gaBagerca KoHed-
HOTIOPOXKAEHHBIM R MOjysieM, Tak Kak npsaMoil obpa3 npu npoeknun KOrepeHTHOrO Iy YKa
J' = j«F 4BIAETCS KOTePEHTHBIM IIyYKOM.

[Iycts m — makcumasibHbId ugeasn B R, coorBercrByiomuii Touke €. Mbl 3HaeM, 4T0
M ®r R/m = R/m.

SHAYNT, CyIIecTByeT roMoMopdusM R-moayneit ¢ : R — M , KOTOpBIit ITOCIe TEH30PHOTO

yMmuOKeHus Ha R/m cranosurca nzomopdnzmom. Takum 06pa3zoM, HOCUTEIN KOTEPEHTHBIX
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nyukoB Ker ¢ m Coker ¢ me coyep:kar Touky e. [losTomy, 3amenass U Ha MeHBIIyO ad-
(PUHHYIO OKPECTHOCTHL TOYKH €, KOTOpas He MePeCceKaeTcsa ¢ HOCHTeIsIMHu nydkoB Ker ¢ u
Coker ¢, MBI TIoJygaeMm, 9To ¢ ectb w3omopduszm. ClaeaoBaTesbHo, CYIIECTBYET MOACXEMA

X(U) C U x (B x B) rakas, uro npoexius X (U) — U siBsiercss w30MopdusMom u

J' = J(€) |U><(B><F))g OX(U)'

Illaz 8. Mb1 nostyanau TeM CaMbIM, 9TO Jjist JiE000i 3aMKHyTOH TOUKn (@, o) € U

®7(6)(O(a,a)) = O,

I HeKOTOpoit 3amkayToit Toukn (b, ) € B X B. Ecin Telnepb pacCMOTPerhb LPOU3BOJIb-
HYIO 3aMKHYTYI0 TOUKy (a,a) € A X A, TO ee Beera MOJKHO TPEACTABHTD KaK CYyMMY
(a,a") = (a1,01) + (a2, a2), Tae roukn (a1, 1), (az, a2) npunragmexkar U . O6ozmadum de-
pes (b1, 1) n (b2, 32) obpasp arux Touex orHocurebHO bynkTopa @ 7). Oynkrop Pg,,
KaK Mbl 3HAEM, IEPEBOJUT CTPYKTYPHbII y40K O(qq) B IYYOK S(4 o) - Obo3HAUMM Yepes G
o6bexT Adg(S(q,q)) - ITOOBI BEMUCIATE ero Bocmosb3yeMcs cooTHomtennem (12). Mmeercs

N30MOPPU3M
O = Pgo (I)(a’a) o q)gl.

Ho dynxrop @4 q), KoTopsiit mo onpesenennio (49) ecth T, () ® Po, MOXKHO TIPEICTABUTS
KaK KOMIOSUIIIO P (4; 01)P(ay,a,)- TAKIM 00pa3oM, MOy IaeM MOCTEIOBATENLHOCTE M30MOD-

bu3MoB
DG = DeoBya)o0P;! = DsoB (g 0,)0Ps" = Peoy, 0,0 P! = Dy, 5)0P 3y ) = P, 9)

rae (b,8) = (b1,01) + (b2, 42) . U swamur, obbekr G msomopden S ). OxomuaTenspHO

[OJTYIaeM, 9TO
®7(6)(O(aa)) = O,

s o060l 3aMKHYTOH Toukn (a, ) € A X A.

Tenepn, nosropsts mporeaypy Illara 2, moxkem st Kaxk 0¥ 3aMkuyTO# Toukn (a,a’)

HaiiTu HekoTopyto okpecrHocTs W n nogexemy X (W) C W x (B X B) Takyio, 4T0 IPOEKIus
~
X (W) — W asagercst uzomopduzmom, u J ‘W><(B><B)_ Oxw) -

CkurenBast BCe 9TH OKPECTHOCTH, HAXOANM 1o MHoroobpasme i: X — (A x A) x (B x B)
Takoe, uro npoekius X — A X A ectb uzomopdusm, a nyuok J(E) mzomopden myuky
<L, rme L — ymnueiinoe pacciaoenne #a X . ITomvmmoroo6pasme X 3amaeT roMoMopdu3M
m A X A B B X B, KOTOpBIHl WHIYIUPYET SKBUBAJICHTHOCTH TMPOU3BOIHBIX KATETOPHI.
CreoBaTeIbHO, 3TOT TOMOMOPMU3M SIBJISIETCS N30MOPMOUIMOM. O

B wacTHOCTH, M3 TEOPEMBI CPa3y CIejyer, 9To ecu abeaesbl MEOTOOOpasus A u B umeror
9KBUBAJEHTHDBIE TTPOU3BOIHBIE KATETOPUH KOTEPEHTHLIX TMYYKOB, TO MHOT00Gpa3ns A X A n
B x B uzomopdubl. Huxke 6yjer mokazano, 91o 310T u30MOPGMU3M JI0TKEH YIOBJIETBOPATH

HEKOTOPOMY JIOTIOJTHATEIBHOMY YCIOBHIO (CM. mpegoxkenne 5.1.15).

Caencreue 5.1.10. Hsomoppusm fs nepesodum k-moury (a,a) € A X A s mouKy
(b,8) € B x B mozda u moavko mozda, K020 9K6UEAAEHMHOCTNU

D40 Db(4) = D(A), @, 5 : D'(B) — D'(B),
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onpedeaennvie no gopmyae (49), c6a3anb CACOYIOUWUM COOMHOUEHUEM:
Ppp) 0 Pe = Pe 0 Py 0y,

UAU 8 MEPMUHAT 06BeKmo6 9mo SHAYUM, 41Mmo

Tb*g ®Pﬁ = T—a*g & Pa = T;g ® Pa

HoxkaszarenbcTso. [To reopeme 5.1.7 pyrkrop P 7(g) mEpeBOAUT CTPYKTYPHBIH TyH0K TOU-
Kk O(gq) B crpykrypabiit nydok rouku O gy, tae (b, 8) = fe(a,a). Us npepnoxenus
5.1.5 cienyer, uro dynkTop Pg, noceutaer mydok O(gq) B S(ga) - A OYU0K S(4 4, B CBOIO
odepesib, MPeJCTaBIIeT (DYHKTOP

(I)(a,a) = Ta*(') ® Pa.

Tenepb, ucnoab3ys uarpammy (51), Haxoaum, 4To npu orobpaxkennu fg Touka (a,q) 1e-
pexogut B Touky (b,3) Torma w Tosbko Torga, Korga Sy = Ade(S(ga)). Tlpuvenss
dopmyry (12), maxomum, uro @, gy = Pgo Py o) 0 q)gl . O

B nanpreiimem Ham moHamo6uTes sisHast hbopmya st oobekra J(E) B 9acTHOM Cydae,

korma A = B u sxsusatentHocth Pg ecth P(, o), ompenenennas dopmymoit (49).

IMpengnoxenue 5.1.11. Ilyemv A = B. Paccmompum obsexm S(qq) na A X A, xomo-
poiti npedcmasasem sxsusasenmmuocmv P, oy, onpedeaennyro Gopmyaoti (49). Tozda nywox
T (S(a,a)) ecmv APy _qy, 2de A 2mo duazonaavtioe eaodcenue AxA s (AXA\)X(AXA\)

U Pla,a) aunetinoe paccaoenue na A X A onpedenennoe 6 5.1.1.

Hoxkazarenabcrso. I3 npennoxkenna 5.1.5 caexyer uro, dpyakrop Pg, moceLraer CTpyk-
TypHbIi yT0K Oy o) BIYIOK S(yr o) Ha AX A (bopmyna (50)). Haree dbynkrop Adg,
nepeBoJuT My4oK Sy o) B cebs, Tak Kax 1o dopmysne (12) obbexr AdSm,a)(S(a’,a')) npes-
cTaBasgeT (pyHKTOP

-1
(a,@)"

Ca0) © P(a) 0P
Koropsiit, B cBoto ouepenp, nsomopden Py o), Tak Kak Bee Takue (byHKTOPBI KOMMY-
TUPYIOT APYT ¢ apyroMm. Takum obpaszom, nogaydaeMm, 9To (HYHKTODP, 3a/1aBAEMbBIi ITYUIKOM
J (S(a,a)) TIEPEBOMT CTPYKTYPHEIIT TYHOK JTI060# TOUKE B ce0sl, X 3HAYAT, 9TO €CTh HEKOTO-
poe snHeiiHoe paccioenne L, cocpegoroueHHoe Ha JUArOHaJIH.
Yrobbr maliTy Tenephb JuHENHHOE paccaoerue L, mocMoTpuM, Kyaa 3TOT (PYHKTOP mepe-
BOIUT paccioenne Py o). CHOBa mpuMmensis mpeyioxkenue 5.1.5, UMM, 9TO QYyHKTOD
®g, mepesomuT paccioenne Py B 00beKT Of_gyxa ® p3(Por)[n]. Herpymno mpose-

pUTH, 9TO majiee HTOT 0O0BLEKT Toj geficTBueM (DyHKTOPA Ads(aa mepexoanT B OOBEKT

)
Ot—a'tayxa ® P3(Parya)[n] - U, cnepoparensho, paccioenne Py o) 107 jieficTsiem dyHk-
TOpa, 3371aBaeMoro MyaKoM J (S(q,q)); TEPEXOAUT B paccaoenne Pyt q q/—q) - 1O eCTh pac-
cnoenmne L mzomopduo Pg,—q) - O

st abenesbix muOT00Opasnit A u B o6osnaunm uepes £q(A, B) MHOXKECTBO BCEX TOY-
HBIX 3KBUBAJEHTHOCTEH ¢ TOYHOCTHIO A0 M30MOPQMU3IMa 13 KATETOPUN Db(A) B KaQTErOPHUIO0
D’(B).

Hasaiite BBeieM B paccMmorpenue jsa rpynmnonga 2A u D (T.e. Kareropum B KOTOPBIX

Bce Mopdusmbl o6patumbl). O6HLeKTH 000Mx — 370 abenessbl MEHOrO0Opasus. Mopdusmbr B
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rpynmouge A OyayT nzoMopdU3IMBl MEXKIY HUMU KaK aarebpamdecKumu rpynmnaMu. Mop-
dbusmbl B B — 3TO TOUHbIE SKBUBAJEHTHOCTU MEXKIY KATENOPUSIMU KOMEPEHTHBIX MYYIKOB

Ha abejieBbIX MHOT000pa3nsix, TO CTh

Mora(A, B) :=1Iso(A, B),
Morp(A, B) :=E&q(A, B).

ITo Treopeme 5.1.7 umeercs orobpaxkenne u3 muoxkecrsa Eq(A, B) B muoxecrso Iso(A x
A, B x B), koropoe conocrasysier 3ksusaneataocrn Pg umszomopdusm fe . Paccmorpum
orobpaxkenne F' m3 © B A, KOTOpoe COMOCTABIIIET abeIeBy MHOT00Opa3nio A MHOT00Opa-

sme A X A u Ha MOpdU3MAX JEHCTBYET OMMCAHHBIM BBIIIE CIIOCOBOM.
IIpeanoxkenne 5.1.12. Omobpasicenue F : D — A asasemca dynxmopom.

JokazaTesabcTBO. UT00b! 10KA3aTh YTBEPAKIEHUE, HAJIO TOJBKO IPOBEPUTD, uT0 F' yBaxKa-
€T KOMITO3UITHIO MOphu3MoB. Pacemorpum Tpu abeneBsix MHOr00Opasus A, B,C' . I nycts
& u F — obbexrsl Kareropuit DY(A x B) u DY(B x C) cooTBETCTBEHHO TaKue, 9TO (hyHK-
TOPBI

e : D°(A) — D(B),

or: DY(B) — DP(C)

SIBJISIIOTCS SKBUBasIeHTHOCTAME. O603HaunM yepes G oobext B DP(A x C) , KoTopsIii mpe/-
CTaBJIAET KOMIIO3UIIAIO 9TUX (DYHKTOPOB.
Coorromenue (10) naer nam uzomopdusm Adg = Adr o Adg . U1, cnenosarensHo, noty-

9gaeM, 4To
D77y 0 Pr(e) = () 0 Adg o Bg,) o (P 0 Adg 0 Bg,) = g 0 Adg o ®5, = P 7(g)

ITo reopeme 5.1.7 Bce obbexkthr J(E), J(F), T (G) ABAAIOTCH NUHEHHBIMEA DACCIOCHUSIMU,
COCPENOTOYEHHBIME Ha Tpadukax nzomopdusmos fg, fr, fg . Takmm obpazom, momyaaercsa

paBeHcTBo fg = fr- fe. O

Caencreue 5.1.13. ITycms A — abeaeso muozoobpasue u Pe — a6MOIKGUSAAEHMHOCTVD
npouseodnoti xamezopuu DP(A) . Tozda coomeemcmeue Pg — fe 3adaem zomomopdusm
epynn

Y4 : Auteq DP(A) — Aut (4 x A).

Takum o0bpasom, nmeercsi pyakrop F : D — . Hama janbHefiinas nejib — ONucaTh
ero. Jljist 9Toro HeoGXOAUMO BBISICHUTE, Kakue dj1eMedThl 13 1so( A X g, B x E) MOT'YT OBITH
peanm3oBaHbI KaK fg i HeKOTOporo &, a TaKyKe OTBeTWTH Ha BOMPOC, KOTJA I JIBYX
sxsuBasenTHocreit £ u £ umeerca paseHcrso fg, = fg, .

PacemorpuM nmpomssosbabiil Mopdusm f 1 A X A — B X B. Y100H0 3ammucarb ero B

BHJI€ MATPHUITHI
a 3
v 6
rae o — 3ro Mopdusm uz3 A B B, f§ — u3 A s B, v —u3 As é, mé —us A s
B. Kax et Mmopdpusm f onpegensier asa apyrux f u f w3 B x B s Ax 121\, UMEIOIITNe
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CTEYIOIINE MATPUUIHBIE (DOPMBI:

f:(i ?); f=< § - )
7 a -4

Omnpenemum muOKecTBO U(A X A B x E) KaK TOAMHO)KeCTBO B [s0(A x g, B x E) ,

cocrosiee w3 Takux f, 9ro f copmamaeT ¢ o6paTHLIM K f, T.e.

Q) @)

U(AxE,Bxé):z{feIso(Axﬁ,Bxé)]fszl}.

Eciu B = A, 1o 910 MHOXKecTBO Oyjem obosnauars U(A X A) Ormermy, uto U(A x A)

sBjIsieTCs moarpymmoit B Aut (A 121\) .

Omnpenenenne 5.1.14. Haszosem usomoppusm f: A X A BxB N3OMETPUYHBIM, €CAU
on npunadsescum U(A x A, B x B).

Ipeanoxxenne 5.1.15. Jaa ecaxoti sxsusasenmuocmu Pg : DP(A) = DY(B) usomop-

Pusm fe ABAAECMCA UBOMEMPUBHBIM.

JokazaTenabcTBo. [lepexons Kk anrebpamyecKOMy 3aMBIKAHUIO, €CJTU 9TO HEOOXOINMO, MBI
MOXKEM TPEIOIAraTh, 9T0 1oje k anredbpandecku 3aMKHYTO. JIjist IPOBEPKU PaBEHCTBA
fe = fe L' nocrarouno ycraHoBuTh cobmajeHne 5THX MOpQU3MOB Ha 3aMKHYTBHIX TOUYKAX.
IIycts fe mepesogut Touky (a,q) € AX A B TOUKY (b,8) € Bx B . MBI 10/KIHBI OKA3aTD,
aro fe(b, ) = (a, ) wm, 9T0 TO Ke cAMOe, OKA3ATh, YTO f\(fb,ﬂ) = (—a,q).
Nzomopduzm fe 3amaerca abenesbiM nogmuoroobpasuem X — A X AxBxB. Curenosa-
TeJILHO, HAJI0 NPOBEPUTh, 9T0 P(00,5,—b) ® Ox = P(a,—0,0,0) ® Ox . Un, 4To sxBUBaJIEHTHO,

[IOKa3aTh, YTO IyIOK
J" =P aap-v @I (E)

uzomopden nyuky J(&).

ITo npepnoxenuto 5.1.11 dynkrop, 3azaBaemblii nyukoMm J', gBjsercs KOMIIO3ULMEH
byHKTOPOB, MpecTaBIeHHbIX 00beKTaMu J (S(—q,—a)) , J(E) 1 T (S, p)) - Takum obpazowm,
J' cosmagaer ¢ J(E'), rae £ obbext m3 DP(A x B), Koropslit pecTasiser hyHKTOP

Pp,p) 0 Pe 0 P(g,—q)-

A srta kommosunus no ciaeacrsuio 5.1.10 uzomopdua dynkropy Pe. To ecth o6bekr &
uzomopden &, n snaunr J' = J(E) = T(E). O

Kax crnencrsue TeopeMmsl 5.1.7 u npegsoxenns 5.1.15 moaydaeM cieayrommit pe3yabTaT

Teopema 5.1.16. llycmv A u B — dsa abeacevixr mrozoobpasus wad noaem k. Ecau
npouseodnvie Kamezopuu Kozepernmuns nywkos DP(A) u DY(B) skeusasernmmo, Kak mpu-
AH2YAUPOSAHIBIC Kamezopuy, mozda mescdy AX A u B X B cywecmeyem usomempusisvil

UBOMOPPUSM.

Ob6paTHOe YTBEpKIEHNE TaK»Ke BEPHO Mg abe/eBBIX MHOTOOOpa3nit Haja aaredpamdeckn
3aMKHYTBIM moJieM xapakrepuctuku 0 u mokasano B [38]. B maparpade 5.3 maercs apyroe

JI0KA3aTeILCTBO 9TOTO (DAKTA.
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Caencrsue 5.1.17. Jlasa a0bozo abeaesa mrozoobpasua A cyuecmsyem moavko KOHEUHOE
YUCAO HEUZOMOPPHBLL ABEACEBL MHO2000pa3UT, NPOU3BOTHBIE KAME20PUL KOZEPEHTTIHBLEL N~

K06 Komopuix sreusasenmmun xamezopuu DP(A) (kax mpuanzyiuposammvie xamezopuu,).

HokasaresberBo. B crarbe [26] qokaszano, uro st Kaxkgoro abesesa MHOroobpasusi Z
CYIIECTBYET C TOYHOCTHIO /10 n30MOPPU3Ma TOJIHKO KOHEYHOE YUC/I0 aDEIeBhIX MHOTO00DA-
3mii, JOMYCKAIOIIMX BJOXKEHHE B Z B KadecTse abeeBa moaMHoroobpasmd. Ilpumenss 3To
yTBep:kaenne Kk Z = A X An ucroJib3ysi Teopemy 5.1.16, nosryuaem TpedyeMblil pe3ysibTart.
O

5.2. O6'beKTbHI, IIPEACTABJISIONUINE SKBUBAJIEHTHOCTU, U IPYIIIbI aBTO3KBUBAJIEHT-
HocTel. 13 npemioxkennit 5.1.12 u 5.1.15 caegyer cyiecrBoBanne romoMmopdnama n3 rpy-
Bl TOYHBEIX ABTOIKBUBaJICHTHOCTEH Auteq Db(A) B IPYIILY M30METPUIHBIX aBTOMOP(U3MOB
U(A x E) . B aTom maparpade naercs ommcanue sjapa 3Toro romoMopdusma. Ham yixe ns-
BeCTHO u3 mpeanoxenus 5.1.11, uro Bee sxpuBanenTnocTn P4 o) [n] npuHamTexar aapy.
ITokazkem, 94TO OHM B TOYHOCTU U COCTABJLAIOT dTO sipo. g mokazaresnbcTBa sT0r0 hak-
Ta HAM TOH3IOOMTCA YTBEDPXKIEHWME, KOTOPOe camMo 1o cebe mpencrapaser wHTEpec. Bymer
MOKA3aHO, UTO B CAydae abeseBbIXx MHOTO0Opasuii, eciu ¢pyukrTop Pg samagercs sxpuBa-
JIEHTHOCTBIO, TO OOBEKT &£ Ha CaMOM Jiejle €CTh MyY0K Ha, MPOU3BEJICHNN, ¢ TOIHOCTHIO JI0
C/BUTA B IIPOU3BOJHON Kareropuu. Ormernm, 4To Hanpumep g K3 noBepxHocTeil 910 He

BEPHO.

Jlemma 5.2.1. ITycmo € — o6sexm na npoussedenuu AX B | xomopuwiii sadaem sxeusaserm-
nocmv g : DP(A) — DP(B) . Pacemompum npoexyuro q: (Ax A)x (Bx B) — Ax B u
obosnavum wepes K npamoi o6pas Rq.J(E), ede J(E) - obsexm onpedesennniti 6 5.1.6.
Tozda K usomoppen obsexmy € @ (EV]0,0)), 20e £V — 0bosnauenue daa Komn.iex-
Ca BEKMOPHBLL NPOCMPAHCING, KOMOpouil ecmb obpamubili 0bpas obsexma R Hom(E,Oaxp)

npu saoscenuu mowky (0,0) 6 abeaeso mnozoobpasue A X B

Joxkazaresnbcrso. Paccmorpum abeneBo MmHoroobpasue

Z=(Ax A)x (Ax A) x (BxB)x (BxB)
1 00bEKT

H = pia34Sa ® pisE [n] @ piE @ pigrsSp[2n]

13 upepyioxkenns 2.1.2 0 komnosuiun dyHkTOpoB u guarpammbr (51) caeayer, uro J (&) =
p1o7s«H , 1 3uaunT 06bekT K ectb pi7«H . UTOOBI BHIYHCINTD MOCJETHHUHN, CHAYAIA PAC-

CMOTPHM IIPOEKIN0 Z Ha
V=Ax(AxA)x(BxB)xB

n obo3HaunM ee depe3 v . Teneps, 9To0BI BRIYUCIUTE Uy H |, BcmomanM, ¥TO byHKTOD Pg,

— 310 Komnozunua Pp, m Rypas, roe
Py = pi,0a @ pisP € DP((A x A) x (A x A)).

Jlerko BuseTh, 910 pPi3asPa = Or,[—n], rne T C Ax Ax A nomvuoroobpasue, nzoMopdHOe
A u cocrostmee n3 Touek (a,0,a) . lanee, yaursiast pasenctso fi4(aq,az) = (a1, m(ay, az)),
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HAXOJIMM, UTO P134+54 Takxke mzomopden O, [—n]|. AHAJIOrMIHO MPOBEPSETCS PABEHCTBO
Y% _
P134xS;[2n] = Oy .
Takum obpazom, nmeem, ITO

v H 2 plysOr, @ p5sE” @ pis€ @ pasgOry,
wa V . Paccmorpum BiiOKeHUE
j:AXxAxBxB—1YV, (a1,a2,b1,b2) — (a1,0,a2,0,b1,b2).
Ob6bext v H mzomopdern j. M, roe
M = (£¥)(0,0) @ 120, @ P33 @ P34On .
I okorvarensHo moaydaeM, 4to K = ppM = (EY]g0)) ® £. O

IIpeasoxkenune 5.2.2. lycmo A u B — abeaesv, mrozoo6pasus, u € — obsexm xamezo-
puu DP(A x B) mawoti, wmo dynrmop ®g : DY(A) == DP(B) ecmo mounas sxeusaienm-
nocmov. Tozda € umeem moavko 00HY HEMPUBUAALHYIO KO20MOAOZUIO, M.€. OH UOMOPPENH

obsexmy Fn|, 2de F asasemca nywkom na A x B.

JokazareabcTBo. PaccvMoTpum npoexiuio
q:(Ax A)x (BxB) — Ax B

u 00o3HauMM Yepe3 ¢ ee orpaHudeHHe Ha abeaeBo MOAMHOroobpasme X , KOTOpOE €CThb
nocurens nydka J(E) wm rpaduk mzomopdusma fe. Tlo Teopeme 5.1.7 myqox J(E) ectn
ix(L), rme L numeiinoe paccioenue vHa X .

O6ozrauny gepes K o6oberT R'¢J(E) = R'¢. L. Mopdusm ¢ asrserca romomopdms-
MoM abesieBbIX MHOTo0Opasnii. Ilycrs d — 310 pasmepnocts Ker (¢') . Torma dim Im (¢') =
2n — d , n 3nagnT, myukn xKoromosoruit H7(K) rpusnamsus s § € [0,d].

C apyroit croponsy, no semme 5.2.1 obbexr K usomopden € @ (€Y |(0,)) -

Capuras, ecim HEOOXOIUMO, 00LEKT £ B MPOM3BOAHON KATETOPHUH, MBI MOYKEM TIPEIIIO A~
raTh, 9TO caMas IpaBas HeHyseBad kKoromonorua & ects HC(E). Ilyers HY(E), i >0, —
9TO KpaiiHsa cieBa HemyaeBas koromosorus £, a HF(EY) — crapimas menyaeBas KOroMO-
norus obbekTa £V . 3aMendd, ecam neobxomumo, £ Ha T&b)c‘,’ , MOXKHO CUHUTATh, UTO TOUKA
(0,0) mpumazmexutr HocuTemo myuka HF(EV). Tak kax HocuTenb € COBMAJAET C HOCHTE-
nem K | To HocmTenm Beex mydkos Koromosoruit € mpmmagexkar Im (¢'). B gacrHocTH,
mmeem Hepasenctso codim Supp H*(£) > d. CrenosarebHo, Bce KOTOMOIOTHH 00HEKTa,
(H=4(&))V[~i] crenenn menbireit i + d TPUBUATBLHEI

Kanonwaecknii mopdmzm H~(E)[i] — € muAyNMUpPYeT HOTPUBUAIBHBINH MOPhU3M
£V — (H'(&))[-i]-
Tak Kak HOMEpa HeTPUBUAJBLHBIX KOIOMOJIOTHIT BTOPOro 00beKTa MpUHAJJIeKAT Jydy [i +

d,o0), momywaem, aro k > i 4 d, rae HF(EY), kak um pambime, — crapias HeHyIeBas

koromosiorust £V . Takum ob6pazoM, 0ObeKT
(52) K =¢&" |0 ®E

UMeeT HETPUBUAJBHYI0 KOTOMOJIOTHIO C TEM 2Ke caMmbiM HOMepoM k > ¢+ d. C mpyroii

CTOPOHBI, HAM YK€ M3BECTHO, 9TO BCe myuku Koromosnornii HI(K) rtpusnanbubl qis j &
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[0,d] . 970 BO3MOKHO TOBKO Tipu yesaosuu ¢ = 0. U sHauuT, 00beKT £ MMEeT TOIBKO OJHY
HETPUBHAIBHYIO KOTOMOJIOTHIO ¢ HOMepoM 0, ¢JIefloBaTeIbHO, OH W30MOPMDEH MyUKY. O

Pacemorpuum ceituac caygait B =2 A . Tlycrs € —nydok Ha AX A takoit, uro g sBasiercs
ABTOYKBUBAJICHTHOCTHIO. MBI X0THM onmcars Bee Takue & , 71 KOTOPLIX fg TOXKIECTBEHHOE
orobpaxenue, r.e. ero rpabuk X spisiercd juaronasnsio B (A X A\) x (A x ;1\) Takum

obpazoM, momygaeM, 9To 0ObeKT
K= g\/ ‘(070) RKRE = RQ*j(g)

nmeer Bug A, (M), e M —obbexkrna A,a A: A — AXA — quaroHaabHOE BIOKEHUE.

B nagasne npeanosoxum, uro rouka (0,0) mpumamiexur nocurenio myuka & . Caegosa-
TenbHo, £ |(g0) ABISETCH HOTPHBHATBHBIM KOMILIEKCOM BEKTOPHBIX HpocTpancTs. Torsa
yeaosue K = A,(M) Breder cymecrsosanue nmyuka F na A takoro, uro £ = A, (F).
Cnenosarensuo, Pg(-) =2 E® (+). Tak kak Pg — aBTOIKBUBAIEHTHOCTH, TO E sBasercs
JUHEHHBIM paccaoerueM. Herpynno nposepursb, 4to yeiaosue fg = id MOXKeT BBITOJHATCS
Tomero ecmun B € Pic(A).

Ecm Touka (0,0) me mpuHamie:xut Suppé, MOXKHO 3aMeHHTL & Ha Iydok & :=
T
er, uto fgor = fe. Kak 6110 nokazano seime, nmeerca uzomopdmsm & = AL(E'), tae

ar,a0)+€ TaK, uro ero wocurens yxe cogepxur (0,0). W3 npeamoxenna 5.1.11 cueny-
E' € Pic%(A) . Crneposarensuo, £ T(ay—a2,0)+A+(E") . Taxum 06pa3om, mOTYIACTCS CITe/I-

CTBHC.

Mpennoxenne 5.2.3. ITycms A — abeaeso mmnozoobpasue. Tozda adpo 2omomopdusma
v4 : Auteq D?(A) — U(A x A)

cocmoum us asmoskeusarenmmuocmets 6uda P [i] = Tox(-) @ Pali] u, caedosamenvrio,

uszomoppro epynne Z @ (A x //l\)k , 2de (A x A\)k — epynna k-mouex abesesa mH02000pa3UA
AxA.

Caeacrsue 5.2.4. Hlyemv A u B — dea abeseswvixr mrozoobpasus, a £ u 2 — obvek-
mur 1a npouscedernuu A X B, xomopvie 300a10m 9K6UCAACHMHOCTIU MENHCOY NPOUSEOOHDIMU

Kame20puaMy Kozepenmnur nyukos. Toeda, ecau fg, = fe, , mo
82 = Ta*gl & Pa ['L]
oaa nexomopot k-mouku (a,a) € Ax A.

5.3. IlonyonHopoagHbIe BEKTOPHBIE paccjoeHus. B mpegbiaymmx maparpadax 6nL10
nokazamno, uro skpupanenTHocTs Pg uz DP(A) B DY(B) mmaymmpyer m3oMeTpHUHbIH M30-
MopdusM MHOroobpasmit A x A u Bx B. Batou maparpade mpenoaraeTces, I9To mnosie k
anrebpanyuecku 3aMkHyTO u char (k) = 0. U B 9THX IPeIIONIOKEHNAX, HCIONL3YS TEXHUKY
crarbu [30] u pesynbraTel U3 [7], Gymer nmokazaHo, YTO KaXK bl N30MeTPUUHBII n30Mopdu3M
fiAX A — B x B voxer 6uITh peanmuzoBan Takum obpaszom. ToT drakt, 9TO CyIIECTBO-
BaHNe M30METPUYHOr0 M30Mopdu3Ma Mexay MuHoroobpasmamu A X A u B x B sreder
SKBUBAJIEHTHOCTD Mpou3Boaubix Kareropuii DY(A) u DP(B), 6bu1 nokasan B crarbe [38].

Mps1, TakuM 06pa3oM, JIaeM JIPYTroe J0Ka3aTeIbCTBO 3TOT0 PE3YIhTATA.
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B mauasne mamoMumM, uTo Jr000€ JMHelHoe pacciaoenne L Ha abeaeBoM MHOrooOpa3uu
D naer orobpaxkenne ¢y us D B lA), KOTODOE IIOCBLIAET TOYKY d B TOUYKY, COOTBETCTBY-
roryto paccioermio TiL ® L71 € Pic?(D) . 91o coorsercrrme zanaer piowxenne NS(D) B
Hom(D, ﬁ) . Bosiee Toro, uzBectHo, uT0 OTOGpaKeHUe ¢ 1 D — D OPUHAJIEKUT 06pazy
NS(D) Torga m TONBKO TOTA, KOTIA $ =0¢.

[Tonyomuopoisbie paccioenusi Ha abesieBOM MHOT000pa3uu MO3BOJIAI0T 0BOOIIUTEL OTTUCAH-
HBIi BBIIIE (beHOMeH caepytomuM obpazoM. C KaxkapiM snementoM u3 NS(D) @ Q moxkHO
CBSA3ATH HEKOTOPOE COOTBeTCTBHE HAa D X ﬁ, u Jirob0e TaKkoe COOTBETCTBUE MOIYYALTC U3
HOJIYOIHOPOAHOrO paccaoenus (cm. npeanoxkenue 5.3.6 u jemmy 5.1.10 Huxe).

B magasie HATTOMHUM OTIpeIeIeHHsT OJHOPOIHBIX U TIOJIYOTHOPOTHBIX PACCIoeHmi Ha abe-

JIEBBIX MHOI000pa3usx U HEKOTOPhie PaKTHI PO HUX.

Onpegenenne 5.3.1. Bexmopnoe paccaoenue € na abesesom mmozoobpasuu D nasviea-
emca opHopogHsim, ecau 15 (E) = E dan xaocdot mowku d € D .

Onpegesnienne 5.3.2. Bexmopnoe paccaoenue F na abeaesom mnozoobpasuu D nasviea-

EMCA YHUMOTEHTHBIM, ECAU CYULECNEYEM PUALMPAUUAL
O0=FpCcFH C---CF,=F
makas, wmo F;/Fi—1 = Op oOan scex i =1,..,n.
Cremyiomee IpeaIoKeHne JaeT XapaKTePU3allnio OJHOPOIHBIX BEKTOPHBIX PACCIOCHHH.

IIpeasoxkenue 5.3.3. (28], [30] Ilycme £ — sexmopnoe paccaoenue na abeac6om MmHo20-
obpasuu D . Tozda caedyroujue ycaoeus K6UBAACHINMHDL:
(i) € - odnopoodnoe,
(ii) eywecmeyiom aunetinve paccaoenus P; € Pic®(D) u ynunomenwmmusie paccaoenus
Fi makue, wmo £ = O(F; @P;).
(2

Onpegenenne 5.3.4. Bexmopnoe paccaoenue € na abesesom mmozoo6pasuu D nasviea-
emesA NONYOLHOPOAHBIM, ecat das Kaorcdoti mouku d € D cywecmesyem auneliHoe paccioeHue

L na D maxoe, wmo T;(E) = ERL . ( Ommemum, wmo L 6 amom cayuae npuHaoiesHcum

Pic’(D) ).

HamomumM, 9T0 BEKTOPHOE PACCIOEHHe Ha MHOrOOOPAa3HH HA3LIBAETCS IPOCTHIM, €CJIH €r0
asirebpa 3H0MopdU3MOB COBIIAAAET C mojeM k.

Creayromee yreepKienue jokazano B [30].

Ilpenmoxxenme 5.3.5. ( [30], Th.5.8.) IIycmv € — npocmoe sexmopnoe paccaoerue na

abenesom mrozoobpasuu D . Toeda cacdyroujue Ycaosus sK6UBANCHTTIHDL:

(1) dimH/(D, End(E)) = (?) das awobozo  j=0,...,n,

(2) & - noayodnopodnoe paccaoenue,

(3) &nd(E) - odnopodroe paccaoerue,

(4)  cywecmeyrom usoeenus Y — D u aunetinoe paccaoenue L na 'Y maxue,

ymo € = i (L).
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[Mycts £ Oymer BeKTOpHOE paccyoenne Ha abemesoM MHOT00Opasun D . O6o3HaunM uepes

p(€) Kiace 3KBUBATEHTHOCTH d:zg) B NS(D)®zQ.
C sir06BbIM 3/IEMEHTOM 4 = @ € NS(D)®zQ, u 3nauur, c 1106biM paccaoenueM £ , MOKHO

N (l7¢£)
cazarb nexkoropoe coorsercrsue ®, C D X D, zagannoe no npasuiay @, = Im |D —

~

D x ﬁ} .Tne ¢r — xopomio uzsectroe oTobpaxkenue u3z D B D | KOTOpOE HOCHLIAET TOUKY d
B TOUKY, cOOTBeTCTBYIONIy10 paccioenuio 1T5L® L1 € Pic’(D) . O6oznauum uepes g1 u go
npoekrnun ¢, Ha D m D coorsetcreento. B wactHOM CIy4ae, KOTIa PacCIOeHNE sIBJISTETCS
JuHEHHBIM paccioeareM L | mogydaercs rpadpuk orobpaxenus ¢p @ D — D.

B paBore [30] gaercst mosiHOE onucaHue BCEX MPOCTHIX MOIYOJHOPOIHBIX PACCJIOEHHIA.

IIpeasoxkenue 5.3.6. (|30], 7.10.) Hycmo p = @ , 2de [L] - amo xaace sKeUBAAEHTIHO-

cmu paceaoenus L 6 NS(D) wu 1 nexomopoe nosoosrcumenvroe uyeaoe wucao. Tozda

(1)  Cywecmsyem npocmoe noayodrnopodnoe sexmopnoe paccioenue F
¢ nakaonom p(€) = p.

(2)  Beaxoe npocmoe noayodnopodnoe sexmopnoe paccaoenue ' ¢ HaKAOHOM
(&) = p umeem 6ud € Q@ M daa nexomopozo aunetinozo paccroenus
M e Pic®(D).

(3)  Buwnoanenw pasencmea 7(E)? = deg(q1), u x(€)? = deg(qa).

Crenytoiiee yTBep2K ieHNE TI03BOJISET 0XapPaKTePU30BaTh BCE TIOJIYOTHOPO/IHBIE BEKTOPHBIE

pacC/IOEHns B TEPMUHAX MPOCTHIX PACCIOEHUIA.

IIpeasnoxkenue 5.3.7. ([30], 6.15, 6.16) Beakoe noayoduopodnoe sexmoproe paccaoenue F
C HOKAOHOM [L UMEEM HUALTDAUUIO

O=FCHh C---CF=F

maxyro, umo & = F;/Fi—1 npocmvie nosyooHOPoOHbBIE BEKMOPHBIE PACCAOCHUA C MEM IHCE

CaAMbM HAKAOHOM [ . U scaxoe npocmoe TlO/L’yO(?HOpO()HOG paccaoerue cmabuaAbHo.

Crenytomiue 1Be JIEMMBI [IPO TTOJIYOJIHOPOIHBIE PACCIOEHHUST, KOTOPBIE SABJISFOTCS ITPSIMBIMU

CJIEJICTBUAMMY TIPEJIBIIYIINX YTBEPKIAEHUN, Oy/IyT T0JI€3HBI HAM B JaJIbHEAIIeM.

Jlemma 5.3.8. /Jlsa npocmoix noayodnopodnnz paccaoenus 1 u E2 ¢ 00HUM U meMm dce

HAKAOHOM L4 AUBO USOMODPPHDL, AUbO 0pmo2oHasbry, Opye dpyey, m.e. aubo £ = &, Aubo
Ext’ (&1, &) =0, Ext'(&, £) =0
dasa ecer 1 .

HokazareabcTBo. U3 npemioxkenus 5.3.6 caeayer, arto & =2 & ® M, u, ciegoparesis-
HO, Hom(&1, &) sBAsIETCS OMHOPOAHBIM paccioeHreM. Besikoe 0THOPOIHOE PACCTOCHHE 0
OPeIJIOXKEHHNIO 5.3.3 IPeICTaBIsgeTCd B BUIE CyMMBI YHAIIOTEHTHEIX PACCI0EHN, IOAKDPY IeH-
aeix Ha, smraeiinne n3 Pic’ (D) . Tlosromy, 6o Bee kKoromomornn Hom(Ey, E) paBHEI HyIIO,
u 3HaunT, paccaoeruss £ u E oproroHanbhbl, mubo y Hom(E;, &) cymecTByer Hery.e-
Boe ceuenne. B mociemgmem caydae mosaydaeM Hemyiaesoil romomopduam uz £ B & . Ho
STH IBa PACCIOeHHs CTAOWILHLI M UMEIOT ONMHAKOBBIM HAK/IOH. 3HAUNT, JI000H HeHy/IeBoil

roMoMopdu3M Ha CAMOM JIe/ie SIBJIAETCT W30MOPGUIMOM. O
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Jlemma 5.3.9. ITycmov £ — npocmoe noayodnopoonoe 6eKMOPHOE PACCAOEHUE WG ADEALEOM
mmnozoobpasuu D . Tozda T5(E) = E @ Ps, ecau u moavko ecau (d,0) € O,

JoxkazarennbcTso. lasaiite B Havase MOKayKeM, 9TO s Kaxk0i Toukn (d,0) € O, mme-
erca nsomopdusm 17(E) = € ® Ps. Heiicteurensho, noaoxuM | = r(€) n L = det(E).
Mzt 3naeM, 1To 10 onpegenenuio P, Moxuo 3amucars (d,6) = (lx, ¢o(x)) masa HekoTOPOI
roukn x € D . Tak kak £ MOIyOQHOPOIHO, Hafizercs muHeiinoe paccioenne M € Pic?(D)

TaKoe, ITO

(53) THE) = EQM.

~Y

CpaBHEBas IeTEPMUHAHTHI, moaydaeM pasencrso 1:(L) = L ® M® . Ilo onpenenenuto
0TOOparKeHust G , 3TO ZHAUUT, UTO Py () = M®_C apyroit cTOPOHBI, WTepHpPYst PABEHCTEO
(53) I-pas, nonyuaem

Ti(E) =2 E@ M = E@Py(0).

1, crenosaremsro, T (E) = € @ Ps, tak kak (d,6) = (lz, po(x)) .
B o6parnyio cropony. dasaiite seegem moarpynmy L0(£) C D, 3azanuyio ycaoBmem

(54) &) :={6eD | E@Ps =&}

Tax kak & mnoayomHOpOsHO, TO paccaoenue End(E) OTHOPOTHO IO TPeIoKeHuio 5.3.5.
Takum obpaszom, End(E) moxknO mpencTaBuTh Kak cymmy O(F; @ P;), rae Bce F; yHUIIO-
(3

2

rerranr. Cremonarensro, HO(End(E) @ P) # 0 we Gosee uem st 12 THHEHHBIX PACCIOCHTT

P € Pic’(D). To ecrs mopsaox rpymmsr L0(E) me Gombme 72. C Apyroif CTOPOHBI, H3-

BecTHO, aTo q2(Ker (q1)) C X°(&) . CnemoBaTensno, nomydaem paserctsa ord X0(£) = r? u

@2 (Ker (1)) = 2°(€) .

[Ipeanmonoxum Teneps, aro 1;(€) = £ ® Ps ansa mexoropoit touku (d,0) € D X D.
Paccmorpuy HekoTopyto Touky & € D rakyo, uro (d,d') € ®,, . Kak yxke OblI0 TTOKA3aHO,
B 9TOM Ciydae umeercs usomopbusm T (E) = & ® Py . Cneposarensho, £ @ Pi_gy =
&, u smaunt (§ — &) € X9(&). Ho tax xax X°(€) = q2(Ker (q1)), o Touxa (0,6 — &)
npunaanexur ®, . U snaunt, Touka (d,0) rakxke npuHagiaexur P, . 0

Temeps mpuBeeM KOHCTPYKIUIO, KOTOPAs MOKA3BIBAET, KAK 110 M30METPUIHOMY H30MOPD-
duzmy f MoxHO nmocrpouth 06bekT £ Ha NPOU3BEACHUHM TAKOW, 4TO OH 33/aeT IKBUBA-

JIEHTHOCTH TPOW3BOIHBIX KATErOpUil, M 77151 KOTOporo fe coBmagaer ¢ f .

Koucrpykums 5.3.10. Taraiite 3adukcnpyem nzomerpuanniii nzomopdpusm f @ A X A—s

Bx B . Ob6ozunaunm uepe3 [ ero rpaduk. M3omopdusm f, kax u parbiie, OyaeM 3aIuChiBATE

()

Mper mpeamnosoxum, ato y : A — B aBagercs nzorenueii. B 9ToM cyduae MOXKHO COMTOCTa-

B MaTpPUYHON (hopMme

BuTH oToOpaxkernto [ snement g € Hom(A x B, Ax ﬁ) ®zQ, KOTOPBIit MMEET CJIE YOI TO

dbopmy:
gV v
—?1 wy—l
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DJIeMeHT ¢ 3aJaeT HeKOoTopoe coorsercriue Ha (A X B) X (ﬁ x B) . JIerko npoBepuTh, MTO
U30METPUYHOCTL [ BJI€YeT PABEHCTBO § = ¢ . DTO 3HAUUT, YTO JIEMEHT ¢ HA CAMOM Jiejie
npunasexut o6pasy NS(A x B) ®z Q npu xanonnueckom siozxernnn 8 Hom(A x B, A x
E) ®z Q (cm. maupumep [32]). CuegoBaresnbro, cyuecrByer (= [lﬁ € NS(A x B) rakoe,
gro P, coBmagaer c¢ rpaduxkom coorsercTBud ¢. llpemmoxkenme 5.3.6 roBopuT HaM, ITO
O KayKJIOMY [ MOYKHO IOCTPOUTBH IIPOCTOE TOJIYOJIHOpO/IHOe paccioenne € Ha A X B ¢
HakgaoHoM ((E) = .

Yy1s mmxe Gyger mokasano, aro dyaxrop $g u3z DP(A) B DY(B) spiaserca sxsusa-
aenTHOCTRIO U fe = f. Ho cHauana nasaiire cpasHuM rpadukn I' m @, . Ecimu Touka
(a,a, b, 3) npunagrexur ', To

b =u(a) +y(a), a= -y 'z(a) + y (),
U, CIEJ0BATENBHO,
B =z(a) +wla), B= (z—wy'z)(a) + wy ().

1 ) = —37*1. U snauwmt, Touka (a,a,b, )

NsomeTpuanocTh [ BIEYET paBeHCTBO (2 — wy ™
npuuagieskuT rpaduky I' Torma u Tosbko Torma, Korma (a, —o,b, ) mpmmagmexur P, .

Takum 06pa3om, MbI HAXOIUM, 9TO
Q) = (1a,—1p,1p,1p)T.

B wacraocTn, us-3a Toro, uro f msomopdusm, ciaegyer, uro mpoexruun P, wa A X A n

B X B gBasrorcs n30MOpQpU3MaMHA.

Mpennoxenne 5.3.11. ITycmo € — noayodnopodnoe paccaocerue na A X B, nocmpoennoe
Nno UBOMEMPUYHOMY u3omopPuamy [, onucannovim eviwe cnocobom. Tozda dynkmop Pg :

D%(A) — D(B) sasasemca sxsusasernmmocmuio.

HoxkazareabcrBo. O6ozuaunm yepes &, orpannvenue paccrnoenus € na caoii {a}x B . Ilo
Teopeme 2.1.5 Ji71g TOTO, 9TOOBI TOKA3aTh, 9T0 Pg BIOJHE CTPOTHH, TOCTATOYHO MPOBEPUTH,
9TO Bee paccioennst £, TPOCTHIE W OPTOTOHAIBLHBI APYT APYTY JJIsT PA3HBIX TOYEK.

Bo-tiepBbix, 3aMeTM, 9TO paHT pacciaoenns £ paBeH Mo TPeJIoKeHuio 5.3.6 KBaapaTHo-
My KOpHIO U3 cremnenn orobpaxenus ®, — A x B, 1.e. ects 4/deg(f) .

W3 nonyopuopogHoct € HEMEJIEHHO CJIEAYyeT, 4TO BCe paccioeHus &g TaKXKe [0JIy-
ommopoxHbl. Kpome Toro, maxmon orpammdenms ju(E,) pasen 03! € NS(B) ® Q C
Hom(B, B Y®Q . O6ozmaunm 37! 11g KpaTKoCTH Uepes vV, pACCMATPHUBAL €0 KAK SJIEMEHT
NS(B) ® Q. Mpennoxenune 5.3.6 yTBepKmaer CymeCcTBOBAHUE MTPOCTOTO MOJIYOSHOPOIHOTO

paccioenust F Ha B ¢ jgannbiv HakioHoMm ((F) = v. Ouesujgno, uro @, B 9roMm ciyvae

~ (8,6 ~ ~ (8.5 ~
ectb Im [A B B x B} . Tak kak [ wzomopdmam, To orobparkenne A 4] B x B aBnger-

cs BroxenneM. CjieoBaTeIbHO, OISTh IPUMEHssT TPeJIoKerre 5.3.6 moaydaeM PaBeHCTBO
r(F) = /deg(B) = r(&,). Takum obpaszom, asa paccioenuss F u &, NOSYOMHOPOJHBI U
AMEIOT OIMHAKOBBIE HAKJIOH 1 panr. KpoMe Toro, paccioenne F mpoctoe. M3 npemoxennit
5.3.7 n 5.3.6 (2) cnenyer, uro &, TaKKe MPOCTOE PACCIOCHHE.

Hanee, nz jgemmbr 5.3.8 cuegyer, uro pacciaoenusi Eq, u Ey, I JBYX TOYEK a1,a2 €
A 6o oproroHa bHBI, MO0 u3oMopdHBL. IIpemmomoxnuM, wTo onn n3oMopdubl. Tak Kak

paccioerre £ TOMYOIHOPOIHO, TO

(55) T(22_a1’0)5 = 5 ® P(Q:B)
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st HekoTopoit Toukn (a, 3) € A X B. B gactHoCTH, TIOJTydaeMm
5a2 ®P[3 = gal = az-

Caenosarensno, Pz € ¥(&,) (em. (54)).

Mo nemmve 5.3.9 u npegioskennio 5.3.6 mopsyku Y0(E) u X0(&,) pasuer 2. M yrsep-
#JlaeM, uTo ectectsennoe orobpaskenne o @ L0(E) — BU(E,) apaserca mzomopduzMom.
JleficTEUTe/bHO, B IPOTUBHOM C/Iydae HAILIach Obl Touka o € A Takas, 410 £ ® Py = E .
1 no semme 5.3.9 rorga (0,¢/,0,0) € ®,. A 370 HPOTHBOPEUUT TOMY, YTO NPOCKIHS
¢, — B x B ects n30MOPGU3M.

Temnepn, ecn ¢ m3omopdmam, To Hajigercs Touka o € A Taxas, uto £ @ Py g = E.

U3 pasenctsa (55) ciemyer, 94ro
T(tz2—a1,0)5 =E® P(a_a/70)-

ITo semme 5.3.9 310 3HauuT, 4T0 Touka (az — a1, — ', 0,0) wmpunagnexxknr P, . Ondars,
TaK Kax npoexknua ¢, — B x B ectp n3oMopduU3M, TO MOJTyYaeM PaBeHCTBO ag — a1 = 0.
Taxkum obpazom, g AByX pasHbIX Todek a1 and ag paccnoenus &, u E;, OPTOTOHAIDL-
uer . U, creposarensno, dyukrop g : DP(A) — DP(B) apasercs smosme crporum. ITo
TeM K€ COODPAKEHUAM COMPSIKEHHBIH (hyHKTOp Wev Tak ¥Ke dBAAETCS BIOJTHE CTPOTHM.

CraemoBarenpao, Pe — 9KBHBAIECHTHOCTD. O

IIpeamoxenne 5.3.12. [ycmv € — noayodnopodhoe paccioeniie, NOCTPOECHHOE ONUCAHHHLM
ebiwe cnocobom no usomempuunomy usomopgusmy f: Ax A — B x B . Toeda umeemces
pasencmeo fe = f.

JokazareabcTtBo. Obo3nauum yepes X rpaduk mopdusma fe. N3 cueacrsus 5.1.10 cie-

ZyeT, 9To TouKa (a, v, b, ) npuHammexut X TOrAA M TOJTBKO TOTA, KOTIA
Th& @ Py 2 T1E @ P

YTo paBHOCHJIBHO PABEHCTBY
T(*a,b)g 2E® ’P(_a”g)-

Crenosarespno, no jaemme 5.3.9 nomydaem, uro X = (14, 1y, 1p,15)®, toe p = p(€)
s1o Hakjaon & . C apyroit CTOPOHBI, IO KOHCTPYKIWMH, onucanuoii B8 5.3.10 rpacduk ' oTob-
paxxenns f rakxke ecrb (14, —1p, 15,15)®, . Suaunr, uzomopdusmsr fe u f cosuagaor.
O

[Ipu moctpoennn pacciaoenns £ mo u3oMOppuaMy f MBI TPEATONOKAIN, ITO 0TOOpayKe-
HEE Y : A — B ssastercs msorenneit. Eesm 910 e TaK, TO MPeACTaBUM [ KaK KOMITO3UIIAFO
aByx orobpaxenuit f1 € U(A X A, B x E) u fo e U(A X f/l\) JUTST KOTOPBIX Y1 W Yo sB-
JISTIOTCST U30TeHUSAMHU. JIerKo yBUIETh, 9TO 3TO BCEra MOYKHO C/Ie/IaTh. Ternephb /s KaxK 10T
fi waiimem cBoit 06bexT &, najee paccCMOTPUM KOMIO3uIU0 GyHKTOpoB Pg, 1 BO3bMEM
00HEKT, ee TTPeACTABISIONINIA.

VTBepXKACHUS, JOKA3aHHBIE B 9TOM W IPEIBIAYIINX naparpadax, Mbl MOXKeM 00beIUHUTE

B CJIEJVIONINE TEOPEMHBI.

Teopema 5.3.13. Ilyecms A u B - dsa abeaesvir muozo0bpasua nad aszebpaudecku 3a-
MEHYMBIM noaes zapaxmepucmuryu 0. Toeda ozpanuvenmnvie npouscodnvie Kame2opul Ko-

zepenmuniz nyuxos DP(A) u DP(B) sxeusasenmmus, Kax Mpuanzysuposanmble Kame2opu
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mozda U Mmoabko moada, xozda cyuiecmsyem usomempuyunsli usomoppusm f 1 A X A —
B x B.

Teopema 5.3.14. ITycmov A abeaeso m102006pasue Had ai2e6PAUBECKY 3AMEHYMBIM NOAEM
zapaxmepucmury 0. Tozda 2pynna MowHBT G8MOIKEUBAAEHMHOCTET NPOU3BOOHOT Kame-

zopuu. Auteq Db(A) MODHCEM, OBIMb BKANOUEHA 8 CACOYOWYIO KOPOMKYIO MOYHYIO NOCAedo-

8aMEADHOCITNG 2PYNN.’
0— Zd (Ax A)y — AuteqD?(4) — U(A x A) — 1.

Taxum o6pazom, rpymma Auteq D?(A) mmeer sopMasbryio moarpymmy (A x E) & , KOTOpasd
cocronT u3 GpyHKTOPoB Buga Tus(-) ® Py, Tae (a,a) € A X A . ®agrop 10 3TOf TOATPYIIE
SIBJISIETCA TeHTPANTbHBIM pacimpenunem U(A X A\) ¢ moMOIpBIo 7 .

DTO TEHTPAJBHOE PACIIUPEHNE OMUCHIBACTCS HEKOTOPBIM 2-KOIMKJIOM (DOPMYILY JIJIsT KO-

TOPOTO MOXKHO Haiitn B [37].

IMpumep 5.3.15. Pacemorpum abeseso Muorootpasme A, st KOTOPOTO KOJIBIIO SHIOMOP-
dusmos End(A) uzomopduo kombity Z . Torga rpynma Hepora-Cesepu NS(A) mzomopdua

-~

rpymne Z . O6osaaunm wepes L uw M obpasyromme NS(A) u NS(A) coorsercrenno. Kom-
nosunust Ga0¢, ectb N-idy ¢ mekoropeim N > 0. B srom cayuae rpynma U (A X 121\) COB-
najaer ¢ kourpyent-noarpynmoit Lo(N) C SL(2,Z) . Janee, mycts B — 310 npyroe abeieso
MHOroobpasune Takoe, 4ro B X B mzoMopduo A X A. Jlerko IIPOBEPUTH, YTO JII0O0H TaKOM
n30MOPQU3M ABJIeTCA n30oMeTpudYHbIM. AbesieBo MHOroOOpasue B MOXKHO IIPEeACTABUTE KAK
kid, mée), 4 x A . MosKHO canTaTh, UTo H.O.O.(k,m)=1.

O6osnaunm gepe3 1 stoT Mopdusm u3 A B B. dapo ¢ ects Ker (mer) N Ax . Tak kax

o6pa3 Hekoroporo Mopdusma, A

H.O.JI.(k,m) = 1, To na camom gene Ker (¢) = Ker (¢2) N Ay . C apyroit ctoponsr, nmeer
mecto Bratouenne Ker (¢) C Ay . Takum obpasom, 6e3 morepu 0GIIHOCTH MOXKHO CUUTATH,
aro k asnaserca geanrenaeM N . Kaxaeiii k geanrens N uuaynupyer abeaeBO MHOT000-
pasue B := A/(Ker(¢r) N Ag). OueBuano, 9ro aBa pasubix geauress N uHemzoMopdHbie
abeseBbl MHOT006pasus. Bosee TOTO, JIETKO MPOBEPUTH, 9TO BaOKeHne B B A X A pacrmern-
JgeTcst Toraa u Toa6Ko Toraa, korma H.O.J1.(k, N/k) = 1. Cnenosarenbho, aucio abeaeBbix
MHOTO06pasuit B Takux, uro D?(B) ~ DY(A) cosmagaer ¢ 2°, rae s — UHMCIO HPOCTHIX

penureaeir N .
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